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PREFACE TO THE THIRD EDITION. 

I HAVE endeavoured in the present work to exhibit a 
comprehensive view of the Differential Calculus on the 
method of Limits. In the more elementary portions I have 
entered into considerable detail in the explanations with the 
hope that a reader who is without the assistance of a tutor 
may be enabled to acquire a competent acquaintance with 
the subject. To the different chapters will be found ap- 
pended Examples sufficiently numerous to render another 
book unnecessary. These examples have been selected 
almost exclusively from the College and University Ex- 
amination Papers : the greater part of them will be found 
•to present no very serious difficulty to the student, although 
a few may reqtdre peculiar analytical skill. 

My own experience with pupils has been decidedly un- 
favourable to the system of Differentials; many successful 
teachers whom I have consulted have expressed a similar 
opinion, and I have therefore adopted exclusively the method 
of Differential Coefficients. 

I have frequently given more than one investigation of 
a theorem, because I believe that the student derives ad- 
vantage from viewing the same proposition under different 
aspects, and that, in order to succeed in the examinations 
which he may have to undergo, he should be prepared for 
a considerable variety in the order of arranging the several 
branches of the subject, and for a corresponding variety in 
the mode of demonstration. 

As my sole object has been to produce a work of utility, 
I have not hesitated to avail myself of existing elementary 
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VI PREFACE. 

works; of those to which I am chiefly indebted a list is 
subjoined. 

My thanks are due to many friends who have taken 
an interest in the book, and who have favoured me with 
valuable suggestions and corrections which have relieved it 
from various imperfections it would otherwise have con- 
tained. 

The former editions contained a few pages on the Integral 
Calculus; these have since been incorporated in a distinct 
treatise on that subject, and they are consequently not re- 
printed here. The space thus gained has enabled me to 
explain more ftdly some parts of the subject which were found 
by experience to be difficult for students. 

I. TODHUNTEE. 

St JohiC$ College, 
March i860. 
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DIFFERENTIAL CALCULUS. 

CHAPTEE L 

DEFINITIONS. LIMIT. INFINITE. 

1. Suppose two quantities which are susceptible of 
change so connected that if we alter one of them there is 
a consequent alteration in the other, this second quantity- 
is called a fimction of the first. Thus if a? be a symbol to 
which we can assign different numerical values, such exr 

{ressions as a?^ 3*, log a?, and sin a;, are all fwncttons of x. 
f a function of x is supposed equal to another quantity, 
aa for example sina;=y, then both quantities are called 
vartabUsy one of them being the independent variable smi 
the other the dependent variable. An independent vari* 
able is a quantity to which we may suppose any value 
arbitrarily assigned; a dependent variable is a quantity the 
value - of which is determined as soon as that of some 
independent variable is known. Frecjuently when we are 
considerinff two or more variables it is in our power to fix 
upon whidiever we please as the independent variable, but 
having once made our choice we must admit no change 
in this respect throughout our operations; at least such 
a change would require certain precautions and transforma- 
ti.oiis« 

2. We generally denote functions by such symbols as 
F{x)y /(a?), 4> {x\ -Jr (oj), and the like, the variable being 
denoted by x. Sucn an equation &8 y=^6 {x) implies that 
the dependent variable y is so connected with the independent 
variable x, that the value of y becomes known as soon as 
that of Of is given, and that if any change be made in the^ 
numerical value assigned to x, the consequent change in y 
can be found. , . . . 

T. D. C. B 
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2 DEFINITIONS. 

3. The student has probably already had occasion to con- 
sider the meaning of the terms " variable quantity" and 
"function" which we have here introduced. In treatises on 
the conic sections, for example, the equation jr = 2 n/oS occurs, 
where a? is a general svmbol to which different numerical 
values may be assigned, and a is a symbol to which we 
suppose some invariable numerical value assigned, and which 
is therefore called a " constant.'* For every value given to x 
we can deduce the corresponding numerical value of y. In 
the equation y = 2 J ax, since the value of y depends u])on 
that of a as w^U as that of a?, we may say that y is a fimction 
of a and x. Hence such symbols may be used as F{ay x) 
to denote a function of both a and Xj and such an equation 
as y^^{Xj Zj t) indicates that ^ is a function of the three 
quantities denoted by the symbols x, e, and t 

4. In the equation y = 2 Jcuc, if we know that a is to be 
a constant quantity throughout any investigation on which 
we may be en^ged, we shall frequently not reqtiire to be 
reminded of this constant, and shall continue to speak of y 

as a ftmction of x. So the equation y = - V(<*"— ^ niay be 

represented bv y — ^{x)y where we express only that sym- 
bol X which throughout our investigations will lie considered 
variable. 

5. If the equation connecting the variables x and y be 
feuch that y alone occurs on one side and on the other side 
some expression involving x and not y, we say that y is 
an explicit function of x. When an equation connecting x 
and y is not of this form, we say that y is an implicit function 
of X. Thus if y = aa? + bx + Cj we have y an explicit func- 
tion of X, If ay* — 2Ja?y + ccc'+5' = 0, yisan implicit Amotion 
of 05, The words implicit function assume that y really is*- 
9, function of « in the sense in which we have used the word 
function. This assumption may be seen to be true in the 
example given, for we can by the solution of a quadratic 
equation exhibit y as a function of a? ; or rather we can infer 
that y must be one of two explicit functions of ar, namely 

cither ^^"^"^^^^'"'^^'^"'^^ or ^'^""^^^^'^'^^'^'"'^l ^e 
a a * 

shall return to this point hereafter, in Art. 58, 
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EXAMPLES OF A LIMIT. 3 

6, Explicit functions may be divided into algebraical and 
transcendental. The former are those in which the onlj 
operations indicated are addition, subtraction, multiplication, 
division, and the raising of a quantity to a known power 
or the extraction of -a known root ; the latter are those which 
involve other operations, as exponential functions, logarithmic 
functions, and ^trigonometrical functions. We suppose here 
that the number of the operations indicated is finite; for as 
we shall see hereafter a transcendental function may be equi- 
valent to an infinite series of algebraical functions. 

To the independent variable in an equation we may 
suppose any value assigned, either positive or negative, as 
great as we please or as small as we please. If we suppose 
a series of different values assigned to ar, beginning with 
some negative value numerically very large and gradually 
increasing algebraically up to some large positive value, 
the series of values we obtain for y may present to us very 
different results. For example, it y=^a?^ then the values 
of y will form a series beginning with a negative value 
numerically large, and increasing algebraically up to a large 
positive value. If y = aj*, the values of y are always positive, 
and form a series first decreasing and then again increasing. 
If y = *J{c? — a^^ then the values of y are unreal for every 
value of X not contained between — a and + a. 

7. We proceed to another example more important for 

•27 

our purpose. Suppose y= , and consider the series 

of values which y assumes when to x are assigned 
different positive values. When aj = 0, y = 0, and when 
X has any positive value, y is a positive proper frac- 
tion. If we put y in the form 1 — , we see that 

as X increases so does ^, but y being a proper fraction can 
never be so great as unity. The difference of y from unity 

is ; this fraction diminishes as x increases, and can he 

l + oj' 
made smaller than any assigned fraction^ however small, by 
giving a sufficiently great value to x. Thus if we want to 

make y differ from unity by a quantity less than ^^ , 

B2 
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4 EXAMPLES OP A LIMIT, 

make iK = 100,000 and the required resxdt is obtained. If 
we wish y to diflfer from unity by a quantity less than 

AAA > ^^^ a; = 1,000,000, and what is required is done. 
1,000,000 

Under thjese circumstances we say " the limit of y when x 

increases indefinitely is unity," 

8. The importance of the notion of a limit cannot be 
over-estimated ; in fact the whole of the Difierential Calculus 
consists in tracing the consequences which follow from that 
notion. The student has probably already fallen upon cases 
in which the word limit has been used, to which it will be 
useful to recur. For example, the sum of the geometrical pro- 
gression l + i + i+J + &c. continued to n terms is 2 —-^^x , 

and hence he has deduced the result that the limit of the 
series when the number of terms is indefinitely increased 
is 2. 

9. A very important example of a limit occurs in works 
on Trigonometry. It is there shewn that if 6 denote the 

circular measure of an angle, the fraction —g- will, if 5 be 

diminished indefinitely, approach as near as we please to 

unity. In other words the limit of —^ , as continually 

diminishes is unity. We shall express this by saying " the 

limit of — g— , when 0=0, is unity;" that is, we use the 

words ^^when ^ = 0" as an abbreviation for *^wkm is 
continually diminished towards zero^^ or for " whjen 9 is 
diminished without limitJ*^ 

10. The proposition "the limit of -g- , when ^=0, is unity" 

is sometimes expressed thus, "when 5 = 0, —^ = 1," or 

"when 5=^0, sin 5 =5." It must however he most carefully 
remembered that suxJi eaypressions are only abbreviations aim 
cannot he understood absolutely. In like manner the result 
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MEANING OP THE WORD INFINITE. 5 

obtained in Art, 7, namely that the limit of when x 

increases indefinitely is miity, would be sometimes expressed 

Alls, "when x is infinite :r— — equals unity." Here both 

parts of the sentence are abbreviations: "when x is infinite" 
can only be considered as meaning " when x is increased 

X X 

without limit," and " equals unity" means strictly " 

can be made to differ from unity by as small a quantity 
as we please." 

11. In the example y = let us now ascribe to x 

X T~ JL 

negative values. Put — « for a?; thus y=-^— f • Now sup- 
pose z to change gradually from to 1 ; the numerator of y 
IS positive and continually increasing, while the denominator 
is negative and numerically continually diminishing. The 
value of y then is negative and numerically continually in- 
creases, and by taking z sufficiently near to imity we may 
make y as great as we please; that is, as z approaches unity 
y has no finite limit. For the sake of shortness, this is some- 
times expressed thus, "when « = 1, y is infinite;" but it must 
not be K)rgotten that this last phrase is an abhremation^ and 
can only be understood thus : " by taking z sufficiently near 
to unity y can be made to exceed any assigned magnitude, 
however great." We shall not proceed forther with the 
example; the reader will see that when z is greater than 
unity y is positive ; that y continually diminishes as z increases, 
and approaches the limit unity when z increases indefinitely. 

12. The student has already seen an example of the same 
kind as that brought forward in the last article, for he has 
probably been accustomed to say " the tangent of an angle 
of 90® is infinity." On reflexion he will see that the only- 
way in which a meaning can be given to this statement is 
to consider it an abbreviation of the following: "as we 
increase an angle gradually up to 90°, the tangent of the 
angle increases, and by takmg the angle near enough to 90® 
we may make the tangent as great as we please." We can 
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6 DEFINITION OP LIMIT. 

form no distinct conception of an infinite magnitude, and the 
word can only be used in Mathematics as an abbreviation 
in the manner of the examples here given. 

If to X the independent variable be ascribed values begin- 
ning with zero and increasing without limit, this is sometimes 
expressed for abbreviation by saying that x increases from 
zero to infinity, 

13. The meaning of the word " limit," or Its equivalent 
"limiting value," will be understood from its use in the 
preceding articles. The following may be given as a defini- 
tion: "The limit of a function for an assigned value of 
the Independent variable, is that value from which the 
function can be made to difier as little as we please, by 
making the . independent variable approach its assigned 
value.' 

14. In the example "limit of — 3— = l when ^ = 0," it 

Bin /J 

is obvious that —g— is never equal to 1 so long as 6 has 
any value difierent from zero, and if we actually make 
^ = 0, we render the expression —p— unmeaning. In other 

words, although ^ approaches as nearly as we please to 

the limit unity, it never actually attains that limit. Some- 
times in the definition of a limit the words "that value 
which the function never actually attains" have been in- 
troduced. • But it is more convenient to omit them ; for if 

we take any function of a?, say , and ascribe to x any 

value, say 1, we can determine the actual value of the 
ftmction, which in this case would be J, According to the 
definition we have given in the preceding article we may 

if we please call \ the limit of when x approaches unity. 

The same holds for any finite value of any function, and 
generally according to the definition of a Emit laid down 
in Art. 13, any actual value of a function may be considered 
as a limiting value. 
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15. lAmtt of\l-\--\. The following theorem, which 

we proceed to demonstrate, is very important, "When x 

increases indefinitely the expression (l + -) approaches a 

certain limit which lies between 2 and 3." 

In the first place suppose x a positive whole nnmber, =«* 
say; we shall prove that the above expression continually in- 
creases with m, but can never reach the value 3. Assuming 
the Binomial Theorem for positive integral exponents, we have 

V'^m) -^ + ^m"^~r:2— W^ 1X3 \m)^ 

1.2. ..971 \m) ' 

which may be written 

V^m) "^+T + XF+ TTs '^••• 

. V ~W\ " mj" A '^ m ) f . 



1.2 ...TT^ 



Similarly 

v-^TVin) ^^+1+ 1.2 + no -*" 

...+ 1.2...(m+l) ••'^^^• 

Now in the last two series we see that their first and 
second terms are equal, but the third term in (2) is greater 
than the third term in (1) ; also the fourth term in (2) is 
greater than the fourth term in (1), and so on; moreover in 
(2) there is one term more than in (1). Hence 
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S- INVESTtaAflON OF A LIMIT. 

Therefore if we put m successively equal to 2, 3, 4, &c. the 
expression / 1 + — j continually increases, 

12 3 

But since 1 , 1 , 1 , &c. are all positive and 

m mm ^ 

all less than unity it follows that the series in (1) cannot he 

greater than 

^'*'i'^T:2'^i:2:i+i:2X4"^---"^i.2...m ^^^^ 

however great m may be. 

But the series in (3) is less than the geometrical pro- 
gression 

11.1.1. 1 



1 + 7 + + ^+55+- + 



1^2^ 2*^ 2'^*** ^2**" 



*-i> 



that is, less than 




Hence, [14- — ] is less than 3, however great m may be. 

Since then the expression f I4-— ) continually increases 

with w, but at the same time cannot exceed 3, there must 
be some "limit" towards which it approaches as m is in- 
creased indefinitely. We shall use the symbol e to denote 
this liniit, and shair hereafter shew how to calculate its 
approximate value: we say approximate^ for it will prove 
to be an incommensurable numoer. See Art. 115. 

16. We might perhaps leave it to the student to convince 

himsejf that the limiting value of (iH — J must be the same 

whether we attribute to a? a succession of inte^al or of 
jracticmal values increasing without limit. But it may be 
formally shewn thus. Whatever fractional value be ascribed 
to X there must be two consecutive integers, say m and m + 1, 
between which such fractional value Ues. Suppose then 
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INVESTIGATION OP A LIMIT. 9 

1 +'- greater than 1 +- and less than l-\ — , where n iff put 
X n m * 

for OT + 1. 

Then (l + -)' lies between (l + ^]' and (l + -) . 

Suppose a? = m-fa = w— )8, so that a and P are proper frac- 
tions, then 

^ 1 + i) liea between ( 1+ -) and (^ 1 + ~] , 

that is, between 

If 0? be now supposed to increase without limit, so also do 

m and n. The limit oi (14--) and of ( 1 4- — ) is 6, andas 

B a. 

1 — - and 1 + — have unity for their limit it follows that the 

limit of f 1 + -J is ^. 

17. We may shew that the limit of (1 + -) is also e 
when X is negative and increases without limit. For put 
x^ — Zf then we have to find the limit of [1 — ) when z 
increases without limit. 

"»' ('-r-(¥r-(^)' 

= { — ^J 9 where y = 2 - 1, 

Let now x increase numerically without limit, then z, and 
consequently y, do the same. The limit of ( 1 + -) is e, and 

that of 1 + - is unity, and therefore the limit of f 1 — J is ^. 
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10 EXAMPLES OF LIMITS* 

18. Since the limit of [ 1 -f -j when x increases indefi- 

1 . . - 

nitelj is e, we see, by putting -=:£?, that the limit of (1 + z)' 

when z is diminished indefinite! j is also e. Hence we can 

deduce the limit when « = of (1 + az)% where a is any- 
constant quantity. For 

(l-\-az)'=[{l+azf]\ 

Now as z diminishes without limit, so also does az, therefore 

1 
limit of (1 -f az)"* is e, 

and limit of {l + az)" is e*. 

19. Since log«(l + «)•=: hog« (1 +^5), 

a being any base, we have, by diminishing z indefinitely, 

limit of l5ii(l±£)== limit of log.(l +«)', 

==loga«; 
and, putting e for a, 

20. From the equation 

log,(i+.^^-2i4±f), 
we deduce, by assuming 1 + 2 = a*, 

Now suppose z to diminish without limit, and therefore also v. 
We have then 

limit of — — - when v = 0, 
a'— 1 ' 

1 
« limit of log. (1 + z)' when « = 0, 
log.e. 
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Therefore limit of when v = 0, 

V 

1 



= log.a. 
Suppose a = e'*, 

therefore fi = log, a, 

and limit of when t? = 0, = /*• 

21, The following results will be found in works on 
Trigonometry, If the variable x diminish indefinitely 

limit of = 1, 

X 

limit of = 1, 

X 

limit of = 1. 

X 

22. A few general remarks may be made at the close 
of this Introductory Chapter. It frequently happens that 
a person commencing this subject is discouraged at the outset 
because he cannot discover or imagine any practical appli- 
cation of the somewhat abstruse points to which his attention 
is directed. From what he remembers of the early portions 
of those branches of mathematics with which he is already 
acquainted, he is led to expect that almost as soon as he 
begins the Differential Calculus, he will be able to compre- 
hend its general scope, and to make use of it in solving 
algebraical and geometrical examples; and being disap- 
pomted in this expectation, he is apt to imagine as a reason 
for it, that he has not correctly understood the elementary 
principles of the subject. It may, therefore, be of some 
service to assure him, that the difficulty of which he com- 
plains is probably owing much more to the nature of the 
subject than to his own want of comprehension. The student 
must, of course, leave to his teacher the task of arranging 
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12 INVESTiaATION OF A LIMIT. 

the different portions of the stthject he is studying, and of 
selecting the definitions necessary to he understood J and in 
reading a work on the Differential Calculus, he must be 
satisfied at first with reflecting upon the meaning of the 
definitions, and examining whether the deductions drawn by 
the writer from those defipitions are correct. There are 
innumerable applications of the elementary principles of the 
Differential Calculus, as will be seen in the Chapter on 
Expansions and those following it, but we shall at first 
confine ourselves merely to the logical exercise of tracing the 
consequences of certain definitions. 

A difficulty of a more serious kind which is connected with 
the notion of a limit, appears to embarrass many students 
of this subject, namely, a suspicion that the methods 
employed are only approximative, and therefore a doubt as to 
whether the results are absolutely true. This objection is 
certainly very natural, but at the same time by no means 
easy to meet, on account of the inability of the reader to 
point out any definite place at which his uncertainty com- 
mences. In such a case all he can do is, to fix his attention 
very carefully on some part of the subject, as the theory 
of expansions for example, where specific important formulae 
are obtained. He must examine the demonstrations, and if 
he can find no flaw in them, he must allow that results 
dbsolviely true and free from all approxirrvation can be 
legitimately derived by the doctrine of Limits. 

23. The demonstration in Arts. 15, 16 of the proposition 
that fl+-j tends to some fixed limit as x increases in- 
definitely, has been given in several elementary works on 
the Differential Calculus, and it is accordingly retained here. 
But the following method, in which the Binomial Theorem 
is not assumed, is worthy of notice. 

If w be a positive integer, then, by actual division, 

^l±^^ = (l + ar-^+(l + a)^^ 

hence (1 + a)** — 1 is > ma, 

and is < ma (1 + a)"*"* ; 

therefore (1 + a)"' is >ma + 1 •••••(l)j 
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INVESTIGATION OP A LIMIT. 13 

and (1 + a)'' is <l+wa(l+a)"^ •....' (2). 

From (2) it follows, a fortiori^ that 

(1 + a)"* is < 1 + «ia (1 +«)"* (3) ; 

therefore (l + aris<;-^^ — (4), 

supposing md < 1« 

o 

In (1) put — for a, and extract the m^ root of both 
members of the inequality ; thus 

l + £is>(l+^)~ (5). 

(l + a)"i8<H-yS, 

therefore 1 + ^^^^) is<(l + /gf. (6). 

Baise both sides of (6) to the »**• power ; then 

and therefore by (1) > 1+- tAt ••— (7)- 

Raise both sides of (5) to the w** power, and we have 

therefore by (4) < a • (8), 

m 
supposmg -^ <!• 
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14 INVESTIGATION OF A LIMIT. 

In (7) and (8) put /t for — , and we have 

(l+^r>l+l^j^^ (9), 

^i+^^'^r^ (!<>)' 

where fi is any positive fraction, and in (10) /i^ ia<l. 
Multiply both sides of (9) by 1 4-/3; thus 
(l + i8r^>l + (M+l)A 
or, putting X for /a + 1, 

(H-/3)^> 1+A^ (11). 

Thus the inequality in (1), which required w to be a 
positive integer, is here extended, since X may be any frac- 
tion or integer, provided it be greater than unity. 

In (11) put /8 = — , and raise both sides to the power y ; 
then 

that is, if S be > 7, 

(i+s/->(i+^7 • (1^)- 

From (12) we see that n + -j continually increases as 
X increases. It does not, however, pass beyond a certain 
finite limit; for in (10) write — for /8, and raise both sides 
to the power 7 ; then 

Hence, if we put 7 = 2, we find that (l + -) <»n never 
exceed 4* By ascribing to 7 greater values, we shall obtain 
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IV 



closer limit for fl +- j . If 7=6, we see that (l + -j 
list be less than f- j , therefore less than 3. Since then 
the limit of /l + - j , as a; becomes indefinitely great, must 



lie between 



i^-^'-^i-j 



where n has any positive value, we may, by ascribing 
successive integral values to w, easily approximate to the 
numerical value of the limit. 



a 

ic- 



y; 
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CHAPTEE n. 

DEFINITION OP A DIFFERENTIAL COEFFICIENT. 

DIFFERENTIAL COEFFICIENT OF A SUM, PRODUCT, AND 

QUOTIENT. 

24. We shall now lay down the fdndamental definitioa 
of the DiflFerential Calculus, and deduce from it various 
inferences. 

Def. Let <l>{x) denote any function of a;, and <f>{x-{'h) 
the same function of x + h; then the limiting vsdue of 

— ^ — T_\_l ^ ^heu i ig made indefinitely small, is called 

the differential coefficient of <f> (x) with respect to x. 

This definition assumes that the above fraction retfUy has 
a limit Strictly speaking, we should use an enunciation of 

this form — "If ^-^ ^ — Y_\_l j^ny^ ^ limit when h is made 

h 
indefinitely small, that limit is called the differential coefficient 
of <f> (x) with respect to a?." We shall shew, however, that 
the limit does exist in frmctions of every kind, by examining 
them in detail in this and the following two Chapters. We 
give two examples for the purpose of iUustrating the defini- 
tion. 

Suppose <f>{x)=^a?; 

therefore ^ (a? + A) = (a; + A)'; 

<^(ag + A)-^(a;) _ (a; + A)*-a^ 
h " h 

2xh + A* ^ , 
= — j^ — = 2a; + A, 

and the limit of 2a; + A when h^0,ia2x; therefore %c is the 
difierential coefficient of a? with respect to x. 
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Again, suppose ^ (a?) = j^^ 

Q, 

f herefore ^ (ar+ A) = i^^^'^f^ > 

therefore ii^+^ZliM^-, 



A (A + a;) {b-^x+h)' 

The limit of this when A == is 

which is therefore the differential coefficient of ^ with 

b + x 

respect to x. 

"25. We now give fhe notation which usually accompanies 
the definition in Art. 24. 

Let ^ {x) =9/, then ^ (a? + A) — ^ (a?) is the difference of the 
two values of the dependent variable y correspondii^ to the 
two values, x and x + h, of the independent variable. This 
difference may be conveniently denoted by the symbol Ay, 
where A may be taken as an abbreviatiou of the word 
difference. We have thus 

Ay = ^ (a? + A) — ^ (a:) . 
Agreeably with this notation, h may be denoted by Aa?, so that 
Ay _ ^ (a? 4- A) —xf} (x) 
Aaj"" h 

It may appear a superfluity of notation to use both h and 
Aa? to denote i:he same thing, but in finding the limit of the 
right-hand side we shall sometimes have to perform several 
analytical transformations, and thus a single letter is more 
convenient. On the left-hand side Aa; is recommended by 
considerations of symmetry. 

We say then, according to the definition in Art. 24, that 

the limit oi-~- ^ when Aa? is diminished indefinitely, is the 

differential coefficient of y or ^ {x) with respect to x. This 

limit is denoted by the. symbol —- , 

T. D. C, C 
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18 DIFFERENTIAL COEFFICIENT OF A SUM. 

26. The symbol -<- we consider as a whoU^ and we do 

not assign a separate meaning to dy and dx^ As, howeyer, 

-r^ is a real fraction in which Ay and Lx have definite 

meanings, the student will very possibly suspect that some 
meanings may be given to dy ana dx which will enable him 

to regard ^ as a fraction. This suspicion will probably be 

strengthened as he proceeds in the subject and finds that in 

many cases -j- possesses the properties of an algebraical 

fraction. We remark that there are indeed methods of 
treating the Differential Calculus in which meanings are 
given to dy and dx^ and we shall recur to them hereafter 

(see Chap, xxvii.), but at present we define the symbol ^ 

as above, and only leave to the reader the task of examining 
whether we are consistent with ourselves in the inferences 
we proceed to draw and express by means of our definitions 
and symbols. 

The following notation is also frequently used. If ^(a:) 
denote any ftmction of a?, then ^ (a?) denotes the differential 
coefficient oi<l>{x) with respect to x. 

The operation of finding the differential coefficient of a 
function is called "differentiating" that ftmction. 

27. Differential coefficient of a sum of Functions. 

Let y and z denote two ftmctions of x, and u their sum. 
Suppose that y, «?', u\ denote the values these ftmctions 
assume when x is changed into x + h. Then 

u=y + z, 
u'^y' + z\ 
therefore i*' — i* =y' — y + «' — « ; 

that is Ai* = Ay + A«. \^ 

Divide by h or Ax, then 

Au _ Ay Az 
Ax'^ Ax Ax* 
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DIFFERENTIAL COEFFICIENT OF A PRODUCT. 19 

Now let h diminish without limit, and we have 

dx" dx dx* 

Heqce the differential coefficient of the sum of two functions is 
the sum of the differentiafcoeffidents of the Junctions. 

Similarly, if tt=y — «, 

du ^dy dz 
dx dx dx 



28. The results of Art. 27 may he extended to the case 
of any numher of functions connected "by the signs of addition 
or subtraction. For example, let 

then, as before. Aw = Lw + Ay + A»; 

., ^ Am Aw? ^ ^y Az 

therefore a- = x-+ a^+ a" 5 

Ax Ax Ax Ax 

therefore, proceeding to the limit, 

du dm dy dz 
dx dx dx dx 

29. Differential coefficient of the product of two Functions. 
Let 0(a:) and -^(a?) denote two functions of », and let 

Change x into a? + A, and let u-\-Au denote the new product, 
then « + Aw = (a? + A) -^ (a? + A), 

therefore Aw = 0(aj+A)'^(aj + A)— ^ (a:)'^(a?), 

therefore ^ = -^^"^^[- ^("V (a:+A) 1 ^^-^^)-^^) ^(.), 
Suppose now h diminished indefinitely; then. 

h 

is the diflFerehtial coeflScient of ^ {x) with respect to a?, or ^'(a?) ; 

02 
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20 DIPFEREKtlAL COEFPlCtEOT OP A J»RODUCT. 

ii„,itof±^±%iiM 

IS the differential coefficietit of -^ (a?) with respect to x, or 
limit of i^(aj + A) is '^(a^)> 

therefore 7^; " ^' ^^^ ^ ^^^ "^ ^' ^^^ ^ ^^^* 

Hence ^Ac differential coefficient of the prodttct of two functions 
is found hy multiplying eacTifiictor hy the differential coefficient 
of the other jactor and adding the resulting products. 

Divide each side of the last result by w or («) ^{x) ; thus 
Irfu^f (a?) ^'{x) 
udx <l>(x) -^ (a?) * 

30. An equation similar to that just obtained holds for the 
product of any member of functions. For example, let 

u = toyz^ 
Wj y, z being aU functions of a?. 



Assume 




v = wy, 


therefore 




u=^vz; 


then, by Art. 29 


7 


1 du ^1 dv 1 dz ^ 
udx'^vdx z dx^ 


also 




1 dv 1 dw 1 dy ^ 
V dx^ w dx ydx^ 


therefore 


ldu_l dw Idy Idz 
udx~v)dx y dx z dx^ 


therefore 


du 
d^ 


dw ^ dy ^ dz 



Proceeding in this manner we have as a rale — The different 
tial coefficient of the product of any number of Junctions is 
found by multiplying the differential coefficient of each factor 
by all the other factors and adding the products tiius formed^ 
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31. Differential, coeffioient of a quotients 

Let (l>{x) and y^ (x) deuote two fimctioiis of a?, and let 

Suppose X changed into x+h, and Ifct m + Am denote the 
new value of the quotient. Then 

therefore ^^^ 'l>(^ + f^)f(^)-fi^)f(^ + h) 

•^ (a? + A) -^ [x) 
^ {<f){x + h)-ily{x)] ^ (a?) - {yjr (a; + A)-^-^ jx)} if> {x) ^ 
'\lr{x + h)ylr{x) ' 

<l>{x+h)--<l>{x) . ^{^+h)-ir{x) . 

therefore — = & ^^^ A ^^^^ 

Ax -^ (a? + A) -^ (a;) 

Let A diminish without limit, then 

dfi^ _ ^' (a?) -^ (a?) - '^/r' (a?) ^ (a?) 

Hence we have this rule — To find the dvfferential coefficient 
of a quotient ; multiply the denominator hy the differential 
coefficient of the numerator and the numerator hy the differential 
coefficient of the denominator; subtract the second prodiuyt from 
the first and divide the result hy the square of the denominator. 

32. The result of Art. 31 may also be obtained thus : 

Smce , ?^ =F 7 / X > 

therefore ^ (a?) ^w>^ (a?) ; 

therefore, by Art. 29, 

therefore t («)|=</>' (^) "^t'C'")' 

therefore |, ^ <^' (^) t (f) - ^>) ^ H / 



Digitized by VjOOQ IC 



22^ GBOMETBICAL ILLUSTBATION 

33. Differentiation of a constant. 

1£ y = c where c is a constant, then ;^ == 0. For to say 

that y is equal to a constant is the same thing as saying that 
y cannot vary ; hence Ay = 0, therefore 

Ax 
whatever be the value of Ax ; therefore 

dx 
Hence, making ^ (a;) = a constant c in Art. 29, we have 
dc^{x) ,,, . 

This may of course he obtained directly thus : let 

u=^€^ (aj), 
then u + Am = c^ (a? + A) ; 

therefore ^^^ ^{x + K)-^{x) 

Ax h 

therefore ^ = c^' (a?). 

So by putting ^{x) = c in Art. 31, we obtain 
, c _ olt'ix) 
±M'^ {ir{x)Y' 
dx 
which likewise may be found independently. 

34. We have now defined a differential coefficient and 
have shewn how the differential coefficient of a compound 
function can be found as soon as we know the differential 
coefficients of the component functions. Before we proceed 
to the rules for determming the differential coefficient of any 
known algebraical expression, we shall give some geometrical 
illustrations which wul assist in forming a conception of the 
meaning of a differential coefficient and afford some hints as 
to the applications which can be made of the doctrine of 
limits. 
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23 




35. Suppose we have given the equation y=^ (a?), and 
that we attribute to the independent variable x all possible 
values between — oo and + oo and notice the corresponding 
values of y. Geometry gives us the means of representing 
distinctly this succession of values. We can take x for an 
abscissa measured from a y 
fixed origin along a certain 
axis, and y for the corre- 
sponding ordinate measured 
along an axis perpendicular 
to the first. The values of 
y corresponding to those of 
X in the equation y = <l>{x) 
will belong to a curve 
AMNy the form of which 
will indicate the series of 
values we are considering. It Is necessary to have always 
present in our mind not merely any particular value of x 
and the corresponding value of y, but the whole series of 
corresponding values of these two variables. 

36. Among the properties which the function j> (x), or the 
line which represents it, possesses, the most remarkable, that 
in fact which is the object of the differential calculus and the 
consideration of which is perpetually occurring in all applica- 
tions of this calculus, is the degree of rapidity with which the 
function varies when the variable begins to vary from any 
assigned value* The degree of rapidity of increase of the 
function when the variable is made to increase may differ not 
only in different functions but also in the same function 
according to the value attributed to the variable from which 
the increase is supposed to commence. Suppose we give to x 
a particular value denoted by OP, to which corresponds a 
determinate value of y or ^ {x) represented by MP, Let x, 
starting from the value assigned, increase by a quantity which 
we denote by Ax, and which is represented oy PQ. The 
function y will vary in consequence by a certain quantity 
which we denote by Ay, so that 



therefore 



y + Ay = 0(aj-f Aa;), 

Ay = 0(a; + Aa?) — (a?). 
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24 TANGENT TO A CURVE. 

The new valiie of the ordinate is represented in the figure 

by NQf and NB represents Ay. The fraction -r^ represents 

the ratio of the increase of the function to the increase of 
the variable, and is equal to the trigonometrical tangent 
of the angle NMB formed by the secant MN with the axis 
of X. 

37. It is evident that this fraction is a natural measure of 
the degree of rapidity with which the ftmction y increases 
when the independent variable x increases; for the greater 
this fraction is, the greater will be the increase of the func- 
tion y corresponding to the given increase Ax of the variable. 

But it is important to observe that the value of -~ will 

depend not only on the value given to x, hut also on the 
magnitude of the increment Ax, except in the case in which 
the curve becomes a straight line, 

If then we left this increment arbitrary, it would be im- 
possible to assign to the fraction -^ any definite value, and 

it is thus necessary tQ adopt some convention which will 
remove this uncertainty, 

38. Suppose that after giving to Ax a certain value, to 
which will correspond a certain value for Ay and a certain 
direction for the secant MN, we make the value of Ax 
gradually diminish and become ultimately zero. The value 
of Ay will also gradually diminish and become ultimately 
zero. The point N will move along the curve towards My 
and we shall find in every example we consider, that the line 
MN will ajjproach towards some limiting position MT, This 
is in fact equivalent to the assertion made in Art. 24, that 
by examining every case in detail we could shew that every 
function has a differential coefficient. The limiting position 
which the secant assumes when N coincides with Mia called 

the tangent to the curve at the point M, and thus -^ is the 

trigonometrical tangent of the inclination to the axis of x 
of the tangent line to the curve. 
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39. The limit of the fraction -r^ , when Ax is diminished 

Ax 

indefinitely, may be considered as affording a precise measure 
of the rapidity with which the function increases when the 
independent variable increases, for there remains no longer 

anything arbitrary in the expression. The limit -^ does not 

depend on the value assigned to Ax nor upon the form of 
the curve at any finite distance from the point whose co-ordi- 
nates are x and y; it depends only on the direction of the 
curve at this point, that is to say, on the inclination of the 
tangent line to the axis of x, 

40. As an example of the preceding, we will determine 
the differential coefficient of V (<*' — «?*)> 8^d point out its 
geometrical application. 

Let y = ^/(c? — a^), 

then y + Ay = V{«* - (a? + Kf] ; 

therefore Ay = V{a* — (a? + hY] — ^/{a^ — a^ , 

^^{a'-ix + hyi + ^ia'-x")' 
- (2x1 + 1") 

Ay _ 2x + h 

The limit of this when h is made indefinitely small is 

X 

therefore | = ._^^. 

It will be seen that we have in the above example used an 
algebraical artifice, viz. that of multiplying both numerator 
and denominator of a fraction by V{^*— (^ + A)*} + V(«'— ^^9 in 

order to obtain ^ in a form the limit of which can be easily 



therefore 
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26 TANGENT TO A aRCLE, 

seen. In treating any example without the aid of general 
rules, we should frequently find our success dependent upon 
our readiness in effecting such transformations ; out the next 
two chapters will explain methods of making the problem 
of ascertaining any differential coefficient depend upon the 
knowledge of those of a few standard functions. 

41. From analytical geometry we know that the equation 
y = ^(a*— ai^ represents a circle, and it is also known from 
the principles of that subject that the tangent at the point 
{Xy y) of a circle is inclined to the axis of x at an angle 

whose trigonometrical tangent is — tt-^ 57. Also in the 

case of a circle the line which we have defined as the tangent 
is the same line as that which fulfils the condition of " touch- 
ing the circle," given in Ev^lid^ Book in. 

42. In the chapters on the geometrical application of the 
differential calculus we shall recur to the subject of tangents. 
We have given the above example here that the student may 
at this early period acquire the conviction that important uses 
may be made of a differential coefficient. 

43. The following is another geometrical application. The 
area OAMP, see fig. to Art. 35, must be some function of a?, 
since it is a definite quantity when we assign a definite value 
to Xj and varies when x varies. Denote this function by w, 
and PQ by Ax ; then 

w + Aw == area OANQ^ 

therefore Aw = area MNQP ; 

therefore Aw lies between MP. PQ and NQ . PQ, 

that is, between i/Ax and {y + Ay) Ax ; 

therefore ^ lies between y and y + Ay. 

Hence, diminishing Aa?, and therefore Ay, without limit, we 
have 

du 
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CHAPTER in. ' 

DIFFERENTIAL COEFFICIENTS OF SIMPLE FUNCTIONS. 

44. Differential coefficient ofx* where nis a positive integer* 
Let y = a?*, therefore 

y + Ay=(aj + A)*, 

Ay=(a:-f A)* — »", 

therefore ^ = waj"-i + !?i^:il} x^-'Ah- ... + /r\ 
Ao; 1.2 

Diminish h without limit, and we have 

ax 

45. The same result may also be obtained by means of 
Art. 30. For let 

where the n quantities y^, y,, ...y«, are all functions of x\ 
we have then 

w die yi da? y% dx "* yn da? * 
If now y^ =a?, we have 

Ay^^Ao?, 

therefore -i^* = i 

Ao; 

therefore -J^^ = l. 
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28 DIFFERENTIAL COEFFICIENT OF A POWER. 

Put then y^, y^, ... y,, all equal to x; thus u becomes a?*, and 
we obtain 

1 du _^n 

udx~ X ' 

therefore -T- — nx' 



dx' 



46, If w be not a positive integer, we may by assuming 
the truth of the binomial series for fractional exponents pro- 

ceed as in Art. 44 to determine -^- . But in that case we 

dx 

shall require to assume that "if we have a series containing 

an infinite number of terms and each term becomes ultimately 

indefinitely small, the sum of the terms becomes so too." To 

avoid such assumption we adopt another mode. 

47. Differential coefficient ofx*^, n being unrestricted. 
Let y = aj", therefore 

therefore ^ J^^Kf::^ 

Ax h 

"'^ 1 

Now whatever be the value of n, positive or negative, whole 

or fractional, it may be supposed = - — - , where 2?, J, ^j are 

positive integers. 

Let ^±!^=z, 

X 

therefore h = x{z'-l), 

and -IT- = ^ r • 

Ax ss—l 

As h diminishes indefinitely a approaches the limit 1, and we 
have to find in that case the limit of 
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Suppose v = 2'", then 



z""-! ^•■-l v^-1 v^-v' 
or 



t?« (!;••- 1) 

This last result is obtained by dividing both numerator and 
denominator of the preceding fraction by v— 1. Let now v 
approach the limit 1, then the limit of the last fraction is 



y-j 



> 



therefore ^=^—Sar'=nx'-\ 

ax r 

48. Differential coefficient ofx" by another method. 
Let y=a^, therefore 

y + Ay =(« + *)•, 

therefore ^J^+I^lz:^, 



=?{(-S"-} 



Assume - = z and (1 + «)* — 1 = v, then z and v are quantities 
which diminish indefinitely with h. Thus 

Ax z 

From the above assumptions 

(i+«r=i+v, 

therefore log, (1 + v)=^n log, (1 + «). 
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30 DIFFERENTIAL COEFFICIENT OF AN EXPONENTIAL. 

From Art. 19 the expressions 

Z V 

both tend to the limit unity. Hence we may assume 



J^2ii-i+s, 



where each of the quantities y and 8 has zero for its limit. 
Hence 

V ^ 1 + S log,(l + t?) 

z l + 7'log,(l + «) 

« n -T- — from above ; 
1 + 7 

therefore the limit of - is n, and 
z 

dx 

49. Differential coefficient of a!'. 
Let y = a*, therefore 

therefore ir-= «* ^ 7 • 

Now, by Art 20, the limit of 

a*-l 

when £ is indefinitely diminished is log, a ; therefore 
J = a-log.«. 
Next let y as o"; then 
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DIPFEEENTIAL COEFFICIENT OF A LOGARITHM. 31 

hence by the rule just proved 

|=(«riog.a- 

=> a" clog, a. 
Hence if y = 6**, 

dx '^ ' 
and if y =: e*, 

dx 

50. Differential coefficient oflog^x. 
Lety = log«a:, therefore 

7/'^Ay = \oga(x + h), 
therefore Ay = log^ {x + A) - log^ or 

, x + h 

, a? + A 

therefore -t^= , 

Aa? A 

Assume A = a?«, therefore 

Ay_l log,(l + g) ^ 

Aa? a; « 

By Art. 19 the limit of ^^Sa{l+z) ^^^^ ^ diminishes 



indefinitely is hg^e, therefore 



t=^«g-« 



X ' log,a * 
Hence if y»log,a? 

dx <D* 
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32 SINE, COSINE. TANGENT. 

51. Differential coefficient of mi x* 
Lety = sma;, therefore 

y + Ay = siif(a; + A),^ 
therefore Ay = sin (a? + A) — sin a?, 



= 2 cos fa; + - j sin - , by Trigonometry, 



. h 
sm: 



, i. Ay / A\ 2 

therefore ^ = cos (aj+T?!) -^— 



h 



sin- 
Now when h is indefinitely diminished, the limit of *-r2 

is unity "by Art. 9, therefore 2 

dy 

:r-=cosaj. 

aa; 

62. Differential coefficient of coa x. 
Let y = cos a?, therefore 

y + Ay=:cos(aj+A), 
therefore Ay = cos (a? + A) — cos x 



= -2sinf"-*^- * 



. h 

therefore =^ = -sinfa: + -]^ 

Aa; V 2/^^' 

2 

therefore -~ = — sin a?, 

ax 

53. Differential coefficient of tan a;. 
Let y=tana;, therefore 

y + Ay = tan(a;4-A), 
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COTANGENT, SECANT. 
Ay = tan (aj-f A) -tana 

_ 8in(a?-hA) sinaj 
co8(aj + A) cosaj 



33 



sin A 



therefore 
therefore 



cos {x + h) cosa; cos (a? + A) cos a; ' 

Ay sinA 1 

Aa? A cos (a? + A) cos a;' 

^ L_.. ,, >, 

oa? cos*;b ' 



54. Differential coefficient of cot ;». 

By proceeding as in the last example, we find that if 

y = cot a?, 

^^ 1_ 

da? sin*a5* 

55* Differential coefficient of sec a?. 

Let y = sec a?, therefore 

y + A^ = sec(aj + A), 

Ay = sec (a? + A) — seca? 

_ 1 i _ cofliC'^cos(a; + A) 

""cos (aj + A) cosaj". coso^cos (a?+A) 

A 



2 sin 
cos X cos 



therefore 

therefore 
T. D. c. 



/ , A>y . A 

(a;/+A) ' 
/ . A\ .A 



Ay 

Aa? cos X cos (x + A) A 
2 
<?y_ sina? 
rfa? "" cos^'aj * 
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56. Diferential coefficient of cosec a?. 

Let v = cosec a;; proceed as in the last example, and we 
find 

dy ^ cos X 
cfo **" sin*aj ' 

57. Since tan a:, cot a?, sec a;, and cosec x are all fractional 
forms, we may deduce the differential coefficient of eaoh of 
these functions by Art. 31 from those of Sin x and cos x. 
Thus, let 

' sin a; 

V = tana;= , 

^ cos a? 

^sina; . ^cosa; 
, cosa? — ^ sma? — -^ — 

therefore -y- = a , Art. 31, 

oa? cos'a? ' ' 

as —J Arts. 51 and 52, 

1 



Similarly we may proceed with cot a;, sec a?, and cosec x. 

Since vers aj=l — cosa?, the differential coefficient of versa? 
by Arts. 27 and 33 

as — differential coefficient of cos x 

as sin a?. 
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CHAPTER IV. 

DIFFERENTIAL COEFFICIENTS OEl.THE INYEBSE TRIGONOME- 
TBICAL FUNCTIONS AND OF COMPLEX FUNCTIONS. 

58. Let y = ^ (a?), so that y is a known function of a: ; it 
follows from fliis that x must be some function of y, although 
we may not be able to express that function in any simple 
form. The best mode for the reader to convince himself of 
this will be to recur to algebraical geometry and suppose x 
and y to be the co-ordinates of a point in a curve the equation 
to which is y = ^(a?). For every value of x there will be 
generally one or more values of y, positive or negative, as 
the case may be. So for any value of y there will be 
generally one or more definite values of a?, which, as they 
really exist, may be made the subjects of our investigations, 
even although our present powers of mathematical expres- 
sion do not . fiimish .us with simple modes of representing 
them. 

59. A simple example will be given in the equation 

t/^q?-2x + l (1). 

Solve this equation with respect to a?, and we have 

« = l±y* (2). 

Here (2) shews that if any value be assigned to y we must 
have for ^ one of two definite values. 

Now in (1), X being the independent variable and y the 
dependent variable, we have by Arts. 28, 3a, and 44, 

| = 2«-2 (3), 

In equation (2) we may treat y as the independent variable 

D2 
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and X as the dependent variable, and we find, by Art. 47, 

|=±iy-» w- 

From (2) aJ-l = ±y, 
therefore r = ± jr"^. 

Hence, from (4), | = 2^^ (5). 

Comparing (5) with (3), we see that 

^x— =1. 
dx dy 

The theorem which holds in this simple case we shall now 
prove to be universally true. 

60. To prove -T- X t-— !• 

"^ ax ay 

Let y^4>{x) ....(1), 

since from this it follows that x must be some function of y, 

suppose .a = '^(y) - ....(2). 

Let X in (1) be changed into x + Aa?, in consequence of which 
y becomes y + Ay, Ihea 

y + Ay=<^{a? + Aa;) (3). 

Now in (2) it may happen that x has more than one value for 
any assigned value of y, but if the value of y in (2) be the 
same as that in (I), then amongst the values which x can 
have, one must he the value we supposed assigned to x in (1). 
Hence we may suppose x and y in (2) to have the same 
values as the same symbols respectively had in (1). In equa- 
tion (2) change y into y + Ay^ where y has the same value 
as in (1) and (3), and A^ the same value as in (3). Then 
ampngst. the values which the dependent variable is sus- 
ceptible of in (2), one must be x + Ax, the symbols having 
the same values as in (3). ; 
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OF AN INVERSE FUNCTION. 37 

Hence x + Ax = '^{y+Ay) (4). 

From (1) and (3) 

Ay_ 4>{x + Ax)'-'4>{x) 

Ax Ax •• ^^^ 

From (2) and (4) 

Ay" Ay W- 

In (5) and (6) the same symbols have the same values, and 

since in that case x^ x -r— = 1, we have 
Ax Ay ' 

<f> (x + Ax)--<t>(x) ^ yfr (y + Ay).--yJr{y) ^ ^ 
Ax Ay 

Now diminish Ax and Ay without limit, and we have 

f (^)x^'(y) = i; 

or, as it may be written, 

^x— = 1. 
dx dy 

61. The demonstration given in the last article may 
appear laborious. In reviewing it; the student will perceive 
that this arises from the necessity of proving that flie x, y, 
Ax, and Ay, which occur in (5), have the same numerical 
values as the quantities denoted hy the same symbols respec- 
tively in (6). This point is sometimes assumed, and it is 

considered sufficient to say "since x^ ^ T~=l always, we 

dti dx 
have, by proceeding to the limit, -^ x -p = 1," but it would 

appear necessary at least that the assumption should be 
noticed.. 

62. Suppose « = ^(a;), 

so that y is a function of z, and z a function of x. It follows 
that if we substitute for z its value in -^ («), we make y an 
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38 DIFFERENTIAL COEFFICIENT 

explicit function of x, and consequently y must have a dif- 
ferential coefficient with respect to x. For example, i{ z = a? 
and y = «', we have by substitution f/ = x\ Now this is 
a function of x of which we know the diffisrential coefficient, 

by Art. 44. Hence -r- = 6a/^. But i{ z = cos x and y = a*, we 

find y = a*^*, a function of x which we have not yet seen 
how to differentiate. Hence the necessity and use of the rule 
demonstrated in the next article. 

63. Differential coefficient of a Junction ofajiinction. 
Let z=^<l>{x) (1), 

and y = tW (2), 

so that y is a function of x ; required the differential coeffi- 
cient oit/ with respect to x. 

Let X be changed into x + Ax, in consequence of which 
z becomes z + Az, and suppose in consequence of this change 
in Zy that y becomes y + Ay ; thus 

z + Az = <l>{x + Ax) (3), 

y + Ay='i^(« + Az) (4). 

Now suppose that by putting for z its value in (2), we obtain 

^ = F{x) (5), 

where F{x) denotes some function of x. From the mode 
in which equation (5) is obtained it follows that we may 
suppose X and y to have respectively the same values in (5) 
as in (1) and (2), and also that 

y + Ay = F{x + Ax) (6), 

where Ax and Ay are the same quantities as have already 
occurred in (3) and (4). 

From these equations we deduce 

^- *"'-^^-*'" from (D-d (8). 
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OP A FUNCTION OF A FUNCTION. 39 

where the same symbols denote throughout the same quan- 
tities. Hence, since 

we have 

F{x + Ax)'-F{x) -^{z-^-Azj-ylrjz) if>{x + Ax)-4>{x) 
Ax "" A« Ax 

Now let Axy Az, and Ay, diminish without limit, and we 
obtain F'{x)^ylr\z)<f>'{x); 

or, as it may be written, 

dy ^dy dz 
dx"^ dz dx* 

Hence the differential coefficient of y with respect to a? is 
equal to the product of the differential coefficient of y with 
respect to z, and of the differential coefficient of z with respect 
to a?. 

64. We may make a remark on the demonstration of the 
last article similar to that in Art. 61. .At is often considered 

sufficient to say that " -r^ = -r^ x t-- by the properties of 

•^ Ax Az Ax '^ ^ ^dy\iz 

fractions, and tlierefore, by taking the limit, ;^ = ^ ;/" •" 

65. Differential coefficient of sin"* Xi 
Let y = sin'^ic, therefore 

siny = aj, 

dx 
therefore ^ = co8y, Art. 51, 

therefore -^ =? , Art. 60. 

dx cosy 

Since siny = a;, cosy = + V(l — ^; the proper sign to be 
teken will of course depend on the value of y ; we may there- 
fore put 

dy^ 1 

dx V(l-a?)' 
remembering that the radical must have a negative sign if 
cos y be negative. 
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66. Differential coefficient of cosT^x. 
Let y = cos"* a, therefore 

eosy^x, 
doc 
therefore ^ ~ "" ®^^y» -^' ^^' 

therefore -^=s — ; — v, Art 60, 

efec smy ' 

1 

(See preceding article.) 

67. Differential coefficient ofim^x and cot"* a. 
Let y = tan"* a?, therefore 

x^ixay^ 

therefore -r- = — 5— , Art 53, 

dy Qoyy ' ' 

therefore ^ = cos*y, Art 60, 



l + tan*y 
1 



Similarly, if y 2= cot"'* a;, 

dy_ 1 



68. Differential coefficient of sec"* a; awe? cosec"* x. 
Let y=ssec"*a?, therefore 

a; = secy, . 

therefore ^ ^ ilEJ^ , Art. 55, 

«y cos"y' * 

therefore |f = ^, Art.60. 

oo; smy ' 
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OF THE IirrEBSS TBIGONOUBTBICAL FUNCTIOXS. 41 

But secy=*a;, therefore cosy=-, and smy = ^^^ — ^^ , 
see Art. 65, thus 



d^^ 



1 



dx x^{a?-^l)' • 
simihurly, if y =:^coBec~*a?, 

dx ajV(^— 1)* 

69. In the manner given in the preceding articles the 
differential coefficients of the inverse tngonometrical functions 
are usually determined. They may however be found without 
using Art. 60. 

For example, suppose 

y =» tan"* a?, 

therefore y + Ay = tan"* (a? + X), 

therefore Ay = tan"* (aj + A) — tan"*a? 

= *^^"iT^l^TA>' ^y Trigonometry, 

therefore -r^ = t tan"* ; rr 

Aa? A l+a?(a; + A) 



tan" 



^ l4-a;(a; + A) 

l+a^'+arA' A 

l+ic(a; + A) 

Now let A diminish without limit, then 

tan"* - 

limit of L+^i2ii)=l,Art.2l, 

l + a?(aj4-A) 

therefore -t*—-: ?. 

oa? l + a?" 
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70. Again, suppose y =: sln'^a?, 
therefore y + Ay = sin"* (a? + A) , 
\ therefore Ay = sin"* (a; + A) — sin'^aj 

= sm"*[(a? + A)V(l-a^-a^V{l-(aJ + Ar}], 

by Trigonometry, 
therefore ^y _ Bin-'[(a;+A) V(l-a^-a;V{l- (a; + A)'}] . 
Ax h ' 

put {x + A) V(l — a^ --' a? V{1 — (a? + A)*} = « for abbreviation, 

o Ay sin"*0. sin'^js z 

then -r^ = — T — = • T . 

Aa^ h z h 

~ A [(« + A) V(l - a^ + « V{1 - (a; + A)'}] 
2a? + A ■ 

- (» + A) V(i - 0^) + a; V{1 - (3;.+ A)'} ' 

thuBiiieUinxtof |, when A = 0, is ^^^f.^^ or ^(/_^ ; 

and the limit of is 1, Art. 21 ; therefore 

z 

dy^ 



dx V(l-a?)' 
71 . Differentuil coefficient of vers"* a?. 

Let y = ver3"*aj, therefore 

versyssar, 
therefore 1 — cos y = a?, 

therefore -5- = sin y , 



therefore 



dy^ 1 



db siny V(l— cos*y) VU -• (1 — a?)*} 
1 
V(2x-aj")" 
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72. Differential coefficient ofz". 

Let y = z", where v and z are both fiinctions of x. 
Take the logarithms of both membera of the equation, 
hence ' 

log,y = t?log,«. 

Now since these two fiinctions of x are always equal, their 
differential coefficients with respect to x must be sow 

And 1^ = ^!?, Art. 63, 

dx ay dx^ 

= - :/ , Art. 50. 

Also the differential coefficient of v \og^z 
dv , . dlog^z 

dv ^ V dz A _^ «*» 

.1 - I dy dv ^ ■ V dz 

73. If we compare Arts. 29-31 with Art. 72 we may 
deduce a general rule for the differential coefficient of a 
composite function. Differentiate in order each component 
function, , treating all the others as if they were constant ; 
then add the results thus obtained. 

It is advisable to call the attention of the student explicitly 
to three different cases which beginners are apt to confound. 

(1) If y = 2* where « is a function of x and a is a constant^ 
then by jSirts. 47 and 63 

^ = az''"^ — . 
dx dx' 

(2) If y = a* where « is a function of x and a is a constant, 
then by Arts. 49 aud 63 



dy ^^ dz 
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44 DIFPEBENTIAL COEFFICIENTS. 

(3) If y = «• where both z and v axe functions of a?, then 
by Art. 72 

74. Differential coefficient of x*. Third method^ see Arts. 

47 and 48. 
The differential coefficient of aj* is sometimes found thus : 
First prove as in Art. 44 or 45 that if w be a positive 

integer, tne differential coefficient of a?* is na;""\ 

If then w be fractional and positive, suppose it = - where 
p and q are positive integers. 

Let y=af = a;«, 

therefore y^ = a^. 

Henc'fc taking the differential coefficients of both sides 

therefore |?=^^,=£.^ 

The role is thus established so long as n is positive. If 
n be negative suppose it = — »t, so that m is po sitir e. / /''- « >'^' i 

Letysra?"", therefore 

y • 

tlierefore 1 ^yx^. 

Differentiate both sides, and we have 

= x'^^+ymar^, Arts. 29 and 33, 

therefore -r^ = ^ = — mx"^^ 
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Hence the rule for differentiating oj* is universally esta- 
blished. 

75. We shall now give some examples of the preceding 
rules for finding differential coefficients. 

(1) Let y = sin ax. 

Put aa: = 2? j therefore y = sin », 

^d 1^ = 1^^, Art. 63. 

ax dz ax 

But -/- = cosz, Art. 51, 

and 7" ~ ^' '^^ ^^' 

therefore -f^ = a cos is = a cos ax. 

dx 

(2) Let y = sin (log a?). 

By log X without any base specified, we mean log^a?. 



Put 


loga; = «, 


therefore 


y = sin;?, 


and 


l=S|."-«'- 


But 


-^ = cos«, Art. 51, 




jT- = - , Art. 50, 


therefore 


dy_ cos z cos (log a:) 
dx^ X ~~ X 


(3) y = 


= log (sin a). 


Put 


sina? = «, 


therefore 


y = log3 


and 


dy _dydz . 




1 cosaj 
= -cosa = -:^ — * 



z sin a; 

= cota;. 
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46 DIFFERENTIAL COEFFICIENTS. 

Put fLt^=., 

a — ox 
therefore 3- = -^ . , v o ^ , Art. 3L 

/Vli 

therefore 



?V 1 2a£ lab 



dx z {a — bxy a^ — h^af' 

This example may also be solved by putting 
y = log {a + hx) -log (a-hx), 

^. n dy h ^ h 2ab 

therefore -y- = — -r- + 



dx a + bx a — bx a* — 6V 

(5) y = cos^-^j-. 

Put -^r- -^, 

therefore y = cos'*«, 

dy ^dy dz 
dx^ dz dx* 

1 -a^ 



^* ^ '^^^l' 
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therefore ^=_-^j-^-,^^^^-^^ ._— ^ 
-3(a^-4) 



~a!V{(iB'-l)(«'-4n~ a;V(a!'-l).* ' 

4 — 3ic* 
In differentiating — -j— we made use of the rule for 

finding the differential coefficient of a fraction. By putting 
the expression in the form 

4 3 

that is, 4a?"* -3a?"*, 

we obtain for the differential coefficient 

~12a?"^ + 3aj"*, Art. 47, 

3(ai»-4) , 

or — ^ — T — - , as above, 

a?* 

It may be observed that cases of this kind frequently occur 
in which we may adopt more than one method. The student 
will find it veiy useful in rendering him familiar with the 
rules, to obtain his results, if possible, by different methods. 



V{aa?(a;-3a)] 



V(i» — 4a) 

It is often convenient to take the logmthms of both sides of 
an equation before differentiating. Thus, from the above, 
we have 

logy = i{log a + loga; + log (a? — 3a) — log (a? — 4a)}. 

Take the differential coefficient of eacb member of the equa- 
tion, therefore 

1^3r_lfl ^ 1 1 .] 

y Ax 2 (a? a?— 3a a? — 4aj 

a;^-8aa; + 12a* 
, ** 2a? (a? -3a) (a? -4a)* 
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48 DIFFERENTIAL COEFFICIENTS. 

therefore :r= ,. -r- 71. 

(7) y = taii-?. 

Put - = 2?, therefore y = tan"* jp, 

therefore -r = ; . 2 t" 

oo? 1+z^ ax 

11 a 



a 
(8) Lety = tan-^^^-3^j. 

P^t "~r-5 — TT^ — ^i therefore v = tan"^;5, 
a{a—3ixr) ^ y 

, dy ^dy dz _ 1 t?« 

(& ~ dis &j "" 1 + ;s* dic ' 

_ 3(g^+2gV + a?*) 
"" g(g*-3ai")» * 

And \fj reduction we find that 

_1 g'(g'-3a?')' 

l + «»^ (g" + xT • 

Therefore -r^ = -i 5. 

ax ar-\-ar 

In fact we have from Trigonometry 

o(g — ar) a . 

and therefore the value of ^ ought to "be tt^ ' 
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It IS obvious that other self-verifying examples may be 
constructed on the model of this example. 

^ /o\ X -1 / ^ cos X \ 

Put ,fj^.^ =z, 

1 + e* sm a? ' 

thus y = tan"*«, 

. T r dy \ dz 

therefore :t=rT-3T^^ 

ax \-\- zr ax 

•^ dz^__ (e^cosa;-rg^sina;) (l+e''sina?) — e^cosa; (e^cosa;+e^sin x) 
dx (l+€*sina?)* 

e^ (cos g? — sin a? — e*) ^ 
(1 + e^sina;)* ^ 

1 (l+e^'sina?)^ 



and 



\-\-z'' l + 26'^sma? + 6" 



, ,. rfv 6 (cosa; — smaj — e ) 
therefore -^=. ■, , » x . »» • 

(10) y = sin a? tan"* x a* log x. 

dy -1 « 1 sinaja'loffa; 
-j-= cosajtan ^xa* logajH ^^ a — 

. • X -1 «i 1 . sin a? tan"* a; a* a x «^ 
+ sm X tan^a? a* log a log a; + — . Art. 30. 

X 

76. The differential coefficients of the simple functions are 
here collected for the sake of reference. 

y = a:*. -^ = wa;""\ 

y = log.a:. ^ = n^- 

E ,., 
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50 . DIFFERENTIAL COEFFICIENTS. 

. X dy 1 X 

V = Sin - . ;f- = - cos - . 
^ a ax a a 

X dy 1 . X 

V = cos - . -^ = — sin - • 
^ a dx a a 

X dy \ ^x 

7/ = tan-. -^ = -sec'-. 

•^ a dx a a 

X dy \ ^x 

V = cot - . -4- — — cosec* - . 
^ a dx a a 

. X 

_ X ^^ = 1 1, 

^ ~ a' dx a ^x 

cos - 
a 



y = cosec - . 



V = sin ^ - . 



-1^ 
v = cos - . 



V = tan *-. 

1 iC 

1/ = cot - . 



/ = sec - , 



X 

J , cos- 

X dy I a 



y = sec 



-1^ 
V = cosec -. 



dx~ 


a . ,x 

sin - 

a 


dy 


1 


dx 


V(a«-a;*)- 


dy 


1 


dx 


V(a'-(r^' 


dy 
dx 


'a 
a^ + aj-- 


dy 


a 


dx- 


'■ a' + a?' 


dy 


a 


dx 


•a;V(^-«')/ 


dy 


a 


dx' 


" x^ix'^-a') 


dy _ 


1 
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EXAMPLES. 



t f dy c 

1. y = c v^- J = Try- • 



2. y = 



c?y __^' « 



a; ' ifx a? 

^ _ l+x /dy _ \-2x-a? 

4. y = a5logaj. ^ = l+loga:. 

5. 3^ = logcotana:. | = -^. 

6. v= ^ ^- «' 



7 v^ ^ ^ = _3^ 

9. y=(a!-3)e'"+4a;e*+a5 + 3. 

J = (2aj-5)^+4(a;+ ])e'+ 1. 

10. y=i2x-5)e^+A{x+l)^+l. 
12. y= "^ 



13. y=^ 






dy no!:' ' 
iB~(l +»)"«• 






E2 
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52 DIFFERENTIAL COEFFICIENTS. 

14. y = l.g(«-+0. i'Tif- 

15. y = a?ia-^x)'{b~xy. 

^ = {2ab- (6a -5h)x-9as^a;{a + x)'(5 - x)*. 

16. 2^= («+»)" (J + a)*. 

^ = (a +0;)"" (J + x)^' {m {b + x)+n{a+ x)}. 

^„ _ 1 1 ' €ly_ m{b + x) + n{a-^x ) 

"• ^~ {a + xT(b + xf' d^~ {a + xT*\h + x)'^' 

^c, tan' a; , , <iy ± * 

18. y=— a i&nx + x. ^ = tan a. 

dy _ ' a;— V(l— a^) 



JLcr. 


^ a!+V(l-aO' 


dx V(l-a5^{l+2a!V(l-aO}' 


20. 


2^=(a' + a^tan-'-. 


J^ = 2a!tAn"*-+a. 
ox a 


21. 


^V(-l^5)- 


dy _ 1 Sa; + 2c 
<fo;~ 2aj'v'(aa!''+Aa; + c) * 


22. 


y = log{log(a + Ja!")}. 


<7y wJa;""* 

<& (a + ia;")log(a+ia!")' 


23. 


y = logtan(^j + -j. 


da; cosar* 

• 


24. 


y_g(«+«) gj„g._ 


^ = e(«+*)' {2(a+a;) sina+cosa;}. 


25. 


V(a + ar) 
^ Va + ViB* 


rfy_ >Ja{\lx~s/a) 

dx 2^/x»/{a+x)X^/a+^/xy' 


26. 


//l+aj\ 


dy 1 

y* Va-a^JCl-a;)' 


27. 


^ = Vi(l+a^)f 


<?y_ -2a;(2-a!») 
-<^ (l-a!')4(l+a;»)i* 

1 
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_. X . dy _ e'{\-x)-l 

^»- y-7^v d^ — (e'-i)' • 

29 ^.A^^s:3l±^^±l 

31. y=[x+^{l-^]\ ^=n{x+^{l-^r'i^0^ . 
^ _ ( JB I* l+wV(l-a!^ 

36. ^=logIV(l+aOtV(l-^}. | = |{l-V(ib^}- 

37. y=(2«i+.V(a* + -*)- i = 4Va:V(a*+.r 

38. y = a. + logco8(j-a,). | = i:f:|^. 

- V(l+a^) + V(l-a^ ^_ 2 f 1 I 
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40. y = xsm'x. ^ = sin x + ^^j^^. 

_t <?y t X -1 tana; 

41. y=tana?tan*a?. ^ = sec"aj tan 'a? 4- ^33-2 . 

42. y = sin Tia? (sin a;)*. ^ = w (sin a;)""^ sin (w + 1 ) ar. 

(sin wa;)"* dy _mn (sin Tia;)"*"^ cos (wi^_--_w^) 

^^- y^ [QO^rnxf dx (cos mxY''^ * 

44. ^ = e""**" cos ra?. >r^ ~ "" ^"**^** (^^^^ ^^® ra? + r sin rx) . 



a; — sin- a? 



^5- 2^= (sinxr • 

^ (sin a;)* ' 

46. 2,=log — — ^ . ^= , ,a; „ . .ar 

io-Jtan-J a»cos*--&''8m'-. 

47. 3'=af. ^=ar'(l + logar). 

1 = 0^- f-^.^}. 



51. 2^=e*". ^=e^af(H-loga!). 

— 52.. y-ar^. 2=y«'{^+log»>(logar)j. 
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53. y=of. ±=af^\±^M^, 

ax X 

54. «=tau-'-^. ^^JJLz^ 

55. y = 8in-^. |=__^_^. 

56. 3r=tanV(l-«). ^^-{Becyq-a;)}' 



di/_ 



57 tf-tan-* "" "y- ^ 

58. 2, = tan-:'(«tanar). ^= , ". • , • 

aa; co3a; + » flinaj 

62. y=siQ"*V(sina;). ^ = iV(l + coseca;). , 

63. 3, = taa-»^. |^ L. . 

.5. ,W(.-^).i.-«-.. 1=-^. 
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L • -1 a? tang <?y a'tana 1 

rrrx x -1 //I - COS a?\ <?» 1 

70. y = tan\/h; 1. :/ = «• 

71. «/ = sin-'*-±-^-^^^. dy ^ -^[a^-V) ^ 
' ^ a + Jcosa' . rfb a-hicoso; ' 

^ I 6 + acosa; J rfa? a + Jcosa; 

73. V = C0S^-5r -. r^rs sr ;. 

^ a;*" + l <foj 25** + ! 

7J. - -1 1 d'iy^ 2 f 

•^ a? dx 2(l+£c*) 

_^ , l+a;V2 + a? . ox -i ^2 dy 4t4K 

^ °1 — a;V2+ar — 1— a? da? l + a?* 

where y = ^^^^^u . 1 , 



shew that 



X 

du 1 



c?aj xy (1 H- a?) ' 



. w + 1 . nx' 
sin — ^; — X sin --- 
2 2 

78. Given sin a; + sin 2a; + *.. + sm wa? = — 



. X 
sm- 
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EXAMPLES. 57 

deduce, by taking the differential coefficients of both sides, 
the sum of 

cos a: + 2 cos 2ic + . . . + w cos nx, 

w + 1 . X . 2n+l 1/ . w + 1 ^' 



Ans. -^— 



. a? . 2n+l 1/ . w + 1 V 

.sin-sm-^— a;-.(^sin-^a:j 



• a X 

sm- 



79. Having given (see Plane Trigonometry^ Chap* xxiii.) 

where w is a positive integer, shew that 

cot a: + cot I — ha? ) + ...+ cot ( w + a;) = wcot? 

\m J \ 'm J 

80. From the preceding result deduce that 
cosec^a:+ cosec* ( — + a; ) + . . . + cosec' ( 7r4- x ) 



imx. 



J w*coseo' ma?. 
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CHAPTER V. 

SUCCESSIYE DIFFERENTIATION. 

77. In the preceding chapters we have shewn how from 
any given function of a variable another function may be 
deduced, called the differential coefficient of the first. This 
second fmiction, by the same rules, has its differential 
coeflScient, which is called the second differential coefficient 
of the original function. 

Thus, if y = 3i^^ we have •^—noT'^. The differential 

coefficient of wa3""^ is n{n — 1) aj**", which is therefore the 
second differential coefficient of y or af . The second coefficient 
of y is denoted by 

d^' 
which is to be considered as an abbreviation for 

d^ 
dx 

"IS"' 

What we said of -f- in Art. 26, we now say of -j^ , 
dx '^ daf 

that it is to be looked upon a§ a whole symbol^ not admitting 

of decomposition into a numerator d^y and a denomina;tor da?. 

As -T^ will be generally a function of x it will have its 

differential coefficient. This is called the third differential 
coefficient of y, and is denoted by 

d'y 
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SUCCESSIVE DIFFERENTIATION. 59 

as an abbreviation for 

dx 
This process and notation may be carried on to any extent. 

The successive differential coefficients of a ftmction are 
often conveniently denoted by accents on the function. Thus, 
if ^ (a?) be any function of a;, then ^'(x), ^"{x)y <f>"{x), 

JIT (x), &c. denote the first, second, third, fourth, &c. dif- 
ierential coefficients of ^ (x) with respect to x. 

78. In some cases the n^ differential coefficient of a 
function admits of a simple algebraical expression. For 
example, suppose 



y = sma5; 
therefore -^^ = cos a; = sin 



dx '"---" ^^^+2;' 



rfsin(a:4-f) 
^=— ^ =cos(a: + .j 

= sin(a. + ^), 
cPy . f , 37r\ 

and generally ^ = sm (^+-2"/ * 
So also, if y=sinaa?, 

In like manner, if 

y = cosa?, 
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60 SUCCESSIVE DIFFERENTIATION. 

and if y = cosaaj, ■^ = a*cosfaaj-|-^] . 

79. Suppose y = a*; 

therefore ;r "^ ^* ^^S ^> 

, g = a'aogar, 

and g=a-(loga)-. 

Similarly, if y=e", ^ = a-e". - -V - -^'^ 

If y = logaj, 

% 1 -1 
dx X ' 



<. ^ 






= -aj , 



and 



where [n- 1 stands for 1.2.3 ... (w — 1). 

80. Differential coefficient of the prodtict of two Junctions. 
Suppose w =y^j 

where y and z are functions pf a? ; we have 

du_ dt dy 

dx~^^ dx dx ' 

Diflferentiating both sides of the equation with respect 
to a?, we have 



dh^ d^z dy dz dy dz d^y 
da?"^^ da? dxdx dxdx da? 

^•^ d?z , ^dy dz , d?y 
-y^^'^^'did^'^d^''' 



z 
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' Similarly 

d'u_ £^,;^^,9%^,n^^ dydz d^y 
dj?~y da?^dxdx^^ dxda?^^ dx*dx'^'oh?3x'^d^^ 

'^dx^^^dxda^^'^da^dx^d^''' 

So fer, then, as we have proceeded, the numerical coeffi- 
cients follow the same law as those of the Binomial theorem. 
We may prove by the method of induction that such will 
always be the case. For assume 



dx' 



r-^'dar'^''dxda^-''^ 1.2 <^<&-^+- 
« (w - 1) ... (« - r + 1) (?> d'-^z 

. w (« - 1) ... (w-r) d'^^y d^-^^z d'y 

■*" Ir + l dar'dar-^''^"-'^dx' 



^^ (1). 

Differentiate both sides with respect to x : then 

d'*'u _ d^ did^ dy_d^ ^d'^^z 
da^*' '^dx"*' '^dxdar^'^dxda^^''da^ da,""' "•■ - 

n(w-l)...(«-r+l) (^ d'-^'z rf^ d'"z] 
\r {dx'- dx"-^'^ daT' dx'-^j 

nin-l)...{n-r) \ d^'y d^z dTy d'^^z } 
■*" |r + l XdaT' dar^ ^ doT* <^"-^'J + 

^d'ydz , c^'^'y 
'^ da^ dx^ da^*'" (^^• 



Bearranging the terms, we have 

dT'u d'^z , , , ^.dyd^'z 

{n+l)n...{n + l-r) (T^'y d'-^z 
"*■ Ir + l dar'<fe»- + 



I 



+ S. ...,(3). 



Digitized by VjOOQ IC 



62 SUCCESSIVE DIFFERENTIATION. 

Now the series (3) follows the same law as (1). Hence 
if for any value of n the formula in (1) is true, it is true 
also for the next greater value of n. But we have proved 
that it holds when n = S; therefore it holds when w = 4, 
therefore when w = 5, &c, ; that is, it is universally true. 

This theorem is called after the name of its discoverer, 
Leibnitz. 

81. If w = c"*cosiaj; we have by Arts. 78 and 80, 
^=6-'|a*cos Ja?+wia*-*cos(5a;+|) +n^^a'^b'oo&(bx+^^ 

+ ....,.+ J* cos (ja: + ~^)|. 

We may also find another form for this n^ difierential 
coefficient as follows: 

— = e"* (a cos Ja? — J sin bx) ; 
assume a = r cos ^, 

6 = r sin ^, 
so that r= (a" + &*)*, . 

thus ^ = re"*cos(Ja; + ^), 

where r and (f) are constant quantities. 

Similarly -j-^ = re"* {a cos {bx + ^) — S sin {bx -h ^)} 

= r^6"'cos(ia:+2<^), 
and generally 

-ypi — =r6 cos(6aj + 7i^). 

82, The following is an important example of Art. 80. 
Let w = e"*y; 

then, remembering that , ^ - = a*e"*, we have 
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If now the expression 



[^^d^y^ 



be expanded by the binomial theorem, and the symbols 

[^y* (^y^' &^ ^''- 

replaced by 

S' S' ^^ &<^- ^^V^^^'^7. 

the result will be the same as the series in parentheses in (1). 
Hence, we may write 

^=«-(-l)V (^). 

as a convenient abbreviated method of stating the equation (1). 

83. The following theorem is sometimes of use in the 
higher branches of mathematics. 

If n be any positive integer 
"" d3^^ daf"'' d9^-^V dx)^ 1.2 dx^-^\!'d^) 

- +(-ir-£ (1). 



v^» 



This theorem may be readily established by Induction. 
For it is obviously true when n = 1, and if we assume it to be 
true for a specific value of n we can shew that it will be true 
when n is changed into w-hl. Assume that (1) is true and 
differentiate both sides ; thus 

dl^u dv^dTu^d'^yv d" ( dv\ , n(n-l) cf*"^ / d^v\ 
"" dsS'^^^ dxd^" da^^^'^"^ d^'^V dx)^~ur dx'^^Vda?) 

- +(-')-|(«S) (^>- 
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64 SUCCESSIVE DIFFEEENTIATION. 

Also since the theorem is supposed to hold for the value n 
we have from (1) by changing v into -7- , 

dv^^__^( ^\ cT"' / cCv\ n(yi-l) J""' / dPv \ 
dxdx^'^cbrVdxJ ""dx^'^'Vcla?)'^ 1.2 dx^^V da?) 

- +(-i)"«y (3)- 



Now suppose the right-hand members of (2) and (3) written 
so that the first term of (3) is immediately under the second term 
of (2), the second term of (3) under the third term of (2), and 
so on. Then by subtracting we have 

d^^^u d'^^v 



V 



dx^^^' da^^^ 









This shews that if the theorem is true for a specific value 
of n it is also true when n is changed into w + 1. Therefore 
since it is true when w = 1 it is universally true. 

EXAMPLES. 

^ T/» X . ^V COS a; 

1. If ^ = tanaj+seca?, -j^^t; — \2- 

^ T X -8 Ssina; — sin3a? 

2. Let y = sm a? = , 

3. If3r = a5»logar, ^»=^- 

4. Ify=.a:noga?, ^ = *^- 

5. Ify=(^4-a^)t.n-^f, g=(^.. 
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EXAMPLES. 65 



^G. Ify = e"*cosa;, ^+^y = ^- 



/ '• »^V(i^)- s=. 



3a' 



8. Hs-(«H-V(a?-1)]-, (a?-l)g + a,g_„^ = 0. 

10 If«=l:^ <?'y_ 2(-ir[w 

11. IfM,= (e'+0*, ^ = «X-4n(«-l)«^. 

^ ' da? 2x^/x 

13. ify=i— , J = (rz^.- 

14. If2/»=8ec2aj, 2' + ^ = 3/- 

15. liy'{lW)Hl-<^^^% S=V^^- 

ifi Tf^/=??iiA ^"y _ (-irLg f ^+fl^ a-oc ) 

17. If y = a?* sin a?, 



13[3 """'\ 


•^^ a I -l-otu.r. 


18. If2?=taii-'-, 
o a' 




then ^- "* -cos'^ 




"'*'' dx a*+a?-'^^ a' 




T. D. C. 


P 
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66 SUCCESSIVE DIFFEEENTIATION. 

hence -j^^ — cos^sin^^ 

oaf a a a ax 

= sm — -^ 

a a ax 

a \a 2J a 

dx or \a 2/ a 

and generally ^ = ?=== cos J— + (n - 1) ^[ cos*- . 

Now tan'^- = ~-tan"'~ = ^-^ suppose; 
thus cosjf +(«-l)|} = 8in(f + |:) = 8m(«,r-«^ 



= (-l)»-'smn^; and cos"^=- , 

a " 






<fw |n-l 

thus ^ = a(-l)'-' I , 8in«g. 

19. Since 

dtaiT'- ^, rf««tan-'r-'\ 
q_ a d' f 1 \ l " W 

<& fl^ + ai" <fo!"U + a!'y)"'o 3^" ' 

Hence, shew that 



_^ /_2_\ _ (-l)*|nsin(w + l)g 
a (a* + or) * 
where tan ^ = - . 
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[The v!^ differential coefficient of -5 — -3 with reierpect to x 
is sometimes obtained thus : 

_i 1_ i \ L_l. 

<^-{-a? 2oV(-l) la-aVC-l) a + aVC-l))' 
therefore 

rf*/ 1 V (-irLg r 1 1 1 

Now assmne aj = rcosd, a = rsin^, so that 

r' = a* + aj* and tan tf = - . 
a; 

Then [x^-a V(- 1)}*"' = ^^' {cos ^ + V(- 1) sin «}*^^ 

=r*+'{oos(» + l)5+V(-l)sin(n + l)^} 
by De Moivre's Theorem. 
Hence 

1 1 2V(-l)sin(n + l)g 

and we obtain the same residt as before for the proposed rfi^ 
differential coefficient.] 



X 



"•(???) . ^{^^ 



Hence, l>7 means of the preceding example, shew that 
df* / a? \ _ (-l)''[»cos(» + l)g 

[We may also proceed in the manner indicated for tlie 
preTious example, starting with 

X 



Hx + asli^l)'^ x-asl{^l)\'\ 
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,21. Find the 4*^ differential coefficient of -r^ and of e'K 

6r — 1 

BesuUs 

22. ^-^l^{a?c^+2nxd^ + n{n^l)d'^}a% 

where c = log a. Art. 80, 

23. K y = sin {m sin"* a?), shew that 

Apply Leitnitz's theorem, Art, 80, and deduce 

24. K y = a cos (log a;) + 5 sin (log x), shew that 

and that a?^+(2« + l)«^^+(««+l)g = 0. 
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CHAPTER VI. 

EXPANSION OF FUNCTIONS IN SEBIES. 

84. In the "binomial theorem, we are furnished with a 
series proceeding according to powers of A, which is equi- 
valent to the expression {x + h)\ Other series have also 
presented themselves in Algebra and Trigonometry, such as 
the expansion of e* in powers of x and of log (l+x) in powers 
of X. In the previous articles of this book, we have, however, 
not assumed the knowledge of any expansions, eaxqpt the hi- 
nomial theorem in the case of a positive integral eocponent; but 
we are now about to investigate the expansion of f{x + h) 
in powers of A, where /(a;) denotes any ranction of j», and it 
will appear that all the isolated examples which the student 
may have seen hitherto, are but cases of this general theorem. 

85. Before we offer a strict demonstration of the theorem 
in question, we shall notice the method which it was usual to 
adopt in treatises on the Differential Calculus not baged on 
the doctrine of limits. Such treatises commenced with an^ 
unsatisfactory demonstration of the proposition that f{x + h) 
could generally be expanded in a series proceeding according 
to ascending integral positive powers of A; it remained then 
to determine the coefficients of the different ^wers of A, and 
that was accomplished in the manner given in the following 
two articles. 

86. We have first to establish the following theorem. 
If f{x + A) be any function of a? + A, we obtain the same 
result whether we differentiate it with respect to a?, consider- 
ing A constant, or differentiate it with respect to A, consider- 
ing x constant. 
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70 EXPANSION OF FUNCTIONS IN SERIES. 

For put x-\-h^z. 

In the first case 

df(x + h) ^ df{z) dz 
dx ds ' dx 

dz 
since J- =* 1. 

dx 

In the second case, 

df{x + h) _ df{z) dz^ 
dh dz ' dh 

dz . 
since ^~^' 

87. To expand f{x + A) in a series of ascending powers 
of A. 

Assume (Art. 85) that 

f{x + h)=^A,+AJi+AJ,' + AJi'+ (1), 

where A^^ -4^, -4,, &c., do not contain h. 

Then 

^^-^+»^^»-^^*'#+ «. 

and ^^±^ = ^^ + 2^^ + 3.4^»+ (3). 

By Art. 86, the series (2) and (3) must be equal. Hence, 
equating the coeflScients of like powers of A, we have 

^'~ dx' 

»~2 dx "1.2 diB»» 

•~3 dx "" 1.2.3 dm? ' 
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MAGLAUBnr's THEOREM. 75 

put 0? = 0, we hare then 

/(A) =/(o) + A/(o) +....+ ^^ +1^/"* m- 

We may, if we please, change h into x, and since the 

quantities /(O), /'(O), /*(0), do not contain x or A, no 

change is made m any of them : hence 

/(x)=/(0)+crf(0)+....+^^ + ^/-«(fe). 

When the last term, by taking n large enough, can be 
made as small as we please, we have {orf{x) an infinite series 
proceeding according to powers of x. This series is usually 
called Maclamin's, having been published by him in 1742 ; 
though, as it had been given a few years previously by Stir- 
ling, it sometimes bears the name of the latter. 

96. Assuming that any fimction of x can be expanded in 
a series of positive integi-ai powers of a?, the following method 
has been given for proving Maclaurin's Theorem. 

Let f{x) =:A^+A^x+Ajx? +Aa?*+ 



where A^, -4^, -4,, &c. do not contain x. 

Differentiate successively, then 

f{x):=A^+2A^ + ....+nA,^+ 

f\x) = 2^,+ 2.3^^ + .... + n (n-1) A^x"^^ . 
/"(a?) = 2.3^3+ .... + w(n-l)(n-2)^.x-^+.. 



Now suppose a; = in each of these equations, we have 

A=/(o), 
A=o/"(o), 



Digitized by VjOOQ IC 



76 caucht's peoop of tatloe's theoeem. 

Substitute the values of A^^ A^^ &c. and we obtain 

/(a')=/(0) + «/"(0) + ^"(0)+....+|/-(0)+&c. 

97, The demonstration given of equation (4) 'in Art. 92^ 
which equation involves Tavlor's Theorem, and may even 
speaking loosely be called Taylor's Theorem, will probably 
disappoint the reader. Though he may be unable to discover 
any flaw in the reasoning, he will complain of the artificial 
and tentative character of the whole, and he will urge the 
same objection with respect to Cauchy's method of proof 
which we shall presently give. Without denying the justice 
of these objections, we may reply that the highly general 
character of the theorem may be some excuse for the com- 
plexity and indirect nature of the investigation. But with 
respect particularly to the dissatisfaction felt in being com- 
pelled to assent to a number of propositions without knowing 
beforehand the general course whicn the demonstration might 
be expected to take, we may remind the student that he must 
not wnile engaged in the elements of a subject expect to be 
able, as it were, to rediscover the theorems for himsdj. Instead 
of asking, "what suggested this or that step?" he must 
frequently be contentea with the simpler question, "is the 
reasoning correct?" To this of course ne has already, perhaps 
unconsciously, been accustomed ; for example, if a complicated 
construction occurred in Euclid, he merely confined himself, at 
least for some time, to an examination of the consistency of 
the construction, and the truth of the deductions firom it, 
without attempting to retrace the steps by which Euclid 
arrived at his construction. 

98. On account of the importance of Taylor's Theorem 
we shall add another demonstration; this demonstration is 
due to Cauchy, and is given in the following form by 
Moigno. 

Let F{x) and f{x) be two functions of x which remain 
continuous, as also their differential coefficients, between the 
values x^ and a?j + A of the variable x. Suppose also that be- 
tween these same values the derived function f'{x) does not 
change sign, or in other words that bet^reen these values the 
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function f{x) continually increases or continually diminishes. 
Then the fraction 

shall be equal to the value of 

Fix) 

f{xy 

when in the latter x has some value included between the 
specified values ; that is, denoting some proper fraction, we 
shall have 

F{x, + h)^F{x^ ^ F{x^ + eh) 
f{x, + h)^f{x^ f{x, + 0k)' 

For let A and B be the algebraically least and greatest 
values which the fraction 

fix) 

can assume between the values x^ and x^ + h; the two ex- 
pressions 

F'ix) ., 

fix) ^' 

wiU therefore have contrary signs, each of the two retaining 
its sign unchanged. The same will be the case with 

F{x)-Af'{x), 

and F{x)-Bf{x), 

since f {a^ is of unchangeable sign. But these expressions 
are the differential coefficients of the two functions 

F{x)^Af{x), 

and F{x)-Bf{x). 

Therefore of these last ftiiictions, one must constantly increase 
and the, other decrease, (Art. 89). Hence, subtracting their 
initial from their final values, 



Digitized by VjOOQ IC 



78 caucht's pboof of tatlob's theobem. 

F(x,+h)-F{x;) -A\f{x,+h) -/(arjl, 
and F{x,+h)-F{x;)-By(x, + A)-f{x;)], 

will be, one positire and the other negative. 
Hence F{x, + h)-F{x:) 

F{x,+h)-F{x,) 
""^ /(^. + A)-/(a.J ^' 

are of contrary signs. 

Since -Ji-^ — tI — j./ l is greater than A and less than B. 

/(«i+*)r/(^i) 

it mnst be comprised between the greatest and least values 

of j^} ^ . Moreover^ this fraction, in passing from its greatest 

to its least value, must pass through every intermediate value. 
Hence there must be same proper fraction 0, such that 

F{x, + h)^F{x,) r{x, + 0h) 

99. The result of the preceding article has been obtained 
on the assumption that the fanctions are continuous and that 
f{x) is of invariable sign between the values x^ and a?^ + A of 
the variable x. The result however is true if the functions 
are continuous and either of the two F'ix) and/* (a;) is of inva- 
riable sign. For if F'{x) be of invariable sign we may prove 
as in the preceding article that 

/K + A)-/(x,) ^ f{x, + 0h) 
F{x, + h)^F{x,) F'{x^ + 0h)' 
and from this it follows of course that 

F(x,+h) - F{x,) _ F' {x,+0h) 
f{x, + h)^f{xO''f{x, + 0h)' 

The reader who wishes to see the application of this 
result to the establishment of Taylor's Theorem, may paas 
on to Art.^ 106 at once, and then return to the consideration 
of the omitted articles, in which we shall give another proof 
of the result, and also some geometrical illustrations. 
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lOO, The emmciation of Art. 98 being supposed, we may 
arrange the proof thus : 

Divide h into a number of equal parts, and let a denote 
one of these parts. Consider the fractions 

F{x^+a)-F[x^ i^(g;,4-2a)-.F(a;,+a) J'(a;^+3a)-J^(a;,+2a) 

/(«^x+a)-/(^x) '/(^x+2a)-/(a.,+ a) V(^.+ 3a)-/(a:, + 2a) ' 

F{x, + h)--F{x, + h^a) 

^ '••/(^x + A)-/K + A-a) ^^* 

Form a new fraction by adding together all the nume- 
rators in (1) for a new numerator, and all the denominators 
in (1) for a new denominator. We thus obtain 

F{x, + h)^F{x,) 

/(^x + A)-/(^i) ^^' 

Since the denominators which occur in (1) have by hypo- 
thesis all the same sign, we know from algebra that the 
fraction (2) lies in vcdue between the greatest and least of 
those in (1). Now 

F{x, + a)^F{x,) 
F{x, + a)^F{x,) a 

/(^x + a) -/(^x) /(^x + ^)-/(^x) ' 

a 

if then we put this fraction equal to 

lM + 8 

we know that /9 diminislies without limit when a does so. 
Similar^, 

■^(a;. + 2a) - F{x^ + a) _ F {x, + a) 
f{x, + iia)-f(x, + a) f{x, + a)^'^' 
F(x, + Sa)~F {x, + 2a) ^ F («, + 2a) - 
/(»! + 3a) -f{x^ + 2a) / {x^ + 2a) "*" ' 



F{x^ + K)-F{x^ + h-a) _ F{x,-\-h~o) 
f{x,+h)-f{x, + h-a) ~ / (a;. + A-a) ■*■'*' 
where y, 8, .../(, all diminish without limit when a does so. 
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80 cauchy's proof of tatlob's theorem. 

Since tlie fraction in (2) always lies between the greatest 
and least of the series 

r{x, + h-a ) 
/(«, + *-«)+'*' 

it must lie between the greatest and least limits towards 

which these tend ; that is, it must lie between the greatest and 

F' (x) 
least values which -tttt ca^Ji assume between x. and x. + h. 

F' (x\ 
But as -7rj-4 9 ^ passing from its greatest to its least value, 

J \X) 

passes through all intermediate values, there must be some 
proper fraction 6, such that 

F{x, + h)'-F{x,) _ r{x, + 0h) 
f{x^ + h)^f{x,) 'f{x, + 0h)' 

101 . Suppose f{x) ^X'-x^; 

therefore /'(») = !• 

The conditions required to be satisfied by f{x) in the 
enunciation of Art. 98 are satisfied. And as 

f{x,+h)^h, 

and /(i»i)=0, 

we have jP (a;^ + A) - jP (a;J = hF\x^ + 6h). 

This simple case of Art. 98 might of course be proved in 
the same manner as the general proposition was established. 

102. The result of Art. 101 may be applied to shew 
that an expression independent of x is the omv one of which 
the differential coefficient with respect to x is always zero. 
For suppose F{x) a function, such that F' (a?) is always zero ; 
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then, from the last eqiiation in Art. 101 it follows, whatever 
be the value of x^ and x^ + A, that. 



therefore 



F{x, + h)^F{x,). 



Hence the fiinction F{x) has always the same value whatever 
be the value of the variable; that is, it is constant with 
respect to x, or in other words does not depend on x. 

From this it follows, that two functions which have the 
same diflferential coeflScient with respect to any variable can 
only differ by a constant. For the differential coeflScient 
of the difference of these functions being always zero, it 
follows from what we have just proved that such difference 
is a constant. 

103. The result of Art 101 admits of the following simple 
geometrical verification. 

We have already shewn, Art. 43, that if u represent the 
area contained between the axes 
of X and y, the ordinate y, and 
any curve, then 

du 

Let u = F {x)y and therefore 
y = i^' {x) is the equation to the curve ; let OJIf = aj^, MN- h ; 

then area OAPM=F{x^), 

area OAQN=^F{x^+h), 

therefore area PQNM^ F{x^ + A) - F{x^. 

Now it is obvious that a point R must exist between P and Q^ 
such that, drawing the ordinate RL, 

rectangle RL.MN^ area PQNM. 
But RL = F'{x^ + 0h)y 

where is some proper fraction ; therefore 

hF' {x, + 0h) ^F{x, + h)^ F{x,). 

T. D. C. O 
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104. The following is another geometrical illustration of 
Art. 101. 

H y=^F{x)hG the ecjuatiop to a curve, then F'{x) is the 
trigonometrical tangent of the angle 
between the axis of x and the tan- 
gent to the curve at the point (a;, y). 
Art. 38. 

Let OM=x^, MN=h, 



then 



F{x,+ h)^F{x,) 
h 




is the tangent of the inclination of the chord PQ to the axis 
of X. Hence Art. 101 amounts to asserting that cU some 
point B between P and Q the tangent RT to the curve is 
parallel to PQ. 

We call this an tlltistratton. When, however, the student 
has sufficiently considered the nature of the tangent to a 
curve, it may amount to a proof of the proposition in 
question. 

105. The following is an iUttstration of the general pro- 
position in Art. 98. 

Let there be two curves APQ and apg^. Let F{x) denote 
the area contained between the 
first curve, the axes of x and y 
and an ordinate to the abscissa 
x; then tf^F'(x) is the equa- 
tion to this curve. Let f{x) de- 
note a similar area with respect to 
the second curve ; then y =/' [x) 
is the equation to this curve« 

Let OM^x,, MN^h. 

Then F{x^ + A) - F{x;) « area PMNQ, 

/(ajj + A)-/(ajj) «areajpi£Nj. 

Hence the equation 

F{x,-\^h)^F{x,) _ r(x, + eh) 

f{x,+h)-f(x;)''f{x,+0h) 
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amotuits to the assertion that there must exist some point H 
between P and Q, such that 

aieei,^MNq tL * 

106. Suppose now that J^(ay) and /(a?) and all their differ- 
ential coefficients up to the (w + 1)*** inclusive, are continuous 
between the values a?, and a?j + A of the variable x ; moreover 
suppose that one of the two F (a?) and /' (a?) is of invariable 
sign between the same values, also one of the two F'(^) and 
f{x), and so on up to ^"+'(aj) and/**+^(a;). Then, by Art. 99, 

Fix, + e,Ti) - F\x^ F'\x, + e^) 

f{x,+ejt)^f{x,)-'r{x,-vejiy 

F"{x, + eji) -> F'\x,) _ F"'{x, + 0Ji) 

f"{x,+e,h)-^f"ix,)^r{x,+e^)^ 



rix.+eji) ^rix,) ^r'{x,-^ehy 

where O^yO^^ ^n> ^> are all proper fractions. 

Iiet us now suppose that F\x)j F"{x)j...F\x), f{x)y 
y'(a;),.../"(a;) all vanish when x^x^\ then firom the above 
equations 

F{x, + K)^F{x^ _ F''^^{x^ + eK) 

107. The necessary conditions with regard to /(a?) will be 
satisfied if we take 

therefore jT** (a;) = [n + 1, 

/K + *) = *•«. 

If then the differential coefficients of F{x) up to the n*** 
inclnsiTe, vanish when a? = as,, we have, by Art. 106, 

F{x,+h)^F{x;i^^F^^\x,-^ek). 

G2 
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Suppose aij = and F{x^ = 0, then 



^(*) = L^^""(^*)- 



It may be well for distinctness to repeat the conditions 
tinder wnich the last result holds ; they are only these ; F{x) 
and its differential coeflBcients up to the (n+1)*** inclusire, must 
all be continuous between the values and h of x, and up to 
the n^ inclusive must all vanish when x = 0. 

108. Application to Taylor's Theorem. 

Let <l){x + h) be a function which is to be expanded in 
a series of ascending positive integral powers of A. Let 

4,{x+h)-,f,{x)-h<f>'{x)-^<f>"{x)...-^,f>'{x)^F{h). 

Then F{h) and its differential coefficients with respect to A, 
up to the nf'^ inclusive, vanish when A = 0. Also 

Hence, by the last equation of Art. 107, 

in+l zn+1 

m=^^'''m=^r-ix+eh), 

and therefore 

^ {x+h) = ^ (a,) +H'{x) + ^<f,"{x) ...+ 1 ^-(x) 



From this Taylor's Theorem follows whenever the func- 
tion is such that, by sufficiently increasing w, the term 



can be made as small as we please. 
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109. The following proof of Taylor's Theorem deserves 
notice, as it depends only on the equation which is proved 



geometrically in Art. 103. Let 
te called ^(a;), then 



i>{z)-<l>{x)-{z-x)<l>'{x)-^±^4>"(x)...-^^-^^'{x) 



Now, by Art. 103, 

F{x) ==F{z) + (x-z) F'{z + e (x-z)}. 
Also F{z) = 0, 

«adiF'{z + 0{x-z)} ?!i?^l^^'*^z + 0{x-z)}; 

therefore <l>{z)-<f> {x) -{z-x) f {x) - ^"'f'* f (a;) 



\n 

Put A for z — X, then 
^{x + h)=^{x) + ^'{x)^^^"{x) + ^^'{x) 



110. The result of the preceding article gives us an 
^-cpression for the remainder after n + 1 terms of the expansion 
• of ^ (a? + A), differing in form from that we found beiore. If 



111. In the proofs given of Taylor's Theorem, we have 
supposed all the functions that occur to be continuous. If 
the function we wish to expand, or any of its differential 
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coefficients up to the (n+l)^ inclusive, be infinite for values 
of the variable lying between certain values, the demonstration 
given of the theorem 

f{x+h)=f{x)+hf{x) + g/«(a,)+j^/.«(a, + ^A), 

is no longer valid. It is usual to speak of the cases where an 
infinite value enters as " instances of the failure of Taylor's 
Theorem." The phrase is connected with the imperfect mode 
of demonstration given in Arts. 86 and 87, in which it was 
not settled beforehand when the theorem supposed to be 
demonstrated was really true and when it was not. For ex- 
ample, suppose 

Then it would be said that/(a:+A) can always be expanded 
in a series of whole positive powers of A, except when aj = a. 

When a? = a, f'{x), /"(cc), &c, all become infinite, and 
f{x + h) becomes \/h. 

112. It was usual in that system of treating the Difieren- 
tial Calculus referred to in Art. 85, to express, or imply,* 
two propositions with respect to the "failure of Taylor's 
Theorem." 

(1) If the true expansion of f{a + h) in powers of A 
contain onlv integral positive powers of A, then none of the 
quantities /(a), /'(a), /"(«) can be infinite. 

(2) If the true ^expansion of /(a + A) in powers of A 
involve negative or fractional powers of A, then some one of 
the quantities /(a), /'(a), /"(a), &c., is infinite, as well as 
all which succeed it. 

Bjr the true expansion of/(a + A) is meant the expansion 
obtained by some legitimate algebraical process, applicable to 
the example in question, as the binomial theorem for example. 
The proof of the above two propositions was given thus. 

Suppose f[a + A) = A^'\-AJi'' + AJfi + AJiy + 

to be the true expansion, A^^ A^, &c., not containing A. Then 
to obtain /'(«)>/"(«), &c., we may differentiate f{(i + h) 
successively with respect to A, and put A = in the result 
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If then a, /S, 7, be all positive integers, we shall never 

have Tiegative powers of h introduced by successive different 
tiation of/(a + A). Hence, by putting A=0, we introduce 
no infinite values. 

But if any one of the exponents a, ^, 7, &c., be negative, 
f{a + h) and all its differential coefficients contain negative 
power's of 7i, and therefore/(a) ,/' (a) ,f" (a) , &c., are all infinite. 

K none of the exponents be negative, but one or more of 
them be positive fractions, suppose 7 the smallest of such 
fractions, and that it lies between the integers n and n + 1 . 
Theny(a + A) and all its differential coefficients up to the n^ 
inclusive are free from negative powers of A; but/'*'^^(a + A) 
and all the subsequent differential coefficients contain them. 
Hence y*"*"^ (a) is the first differential coefficient that becomes 
infinite, and all the following differential coefficients are 
infinite. 

113. It will be of use hereafter to remark that if for a finite 
value of the variable any ftmction becomes infinite, so also 
does the differential coefficient of the function. In proof of 
this, it is sufficient to notice the different cases that may arise. 
An Algebraical function can only become infinite, for a finite 
value of the variable, by having the form of a fraction the 
denominator of which vanishes. Now when we differentiate 
a fraction we never remove the denominator, ^ so that the 
differential coefficient al^o has a vanishing denominator, and 
therefore becomes infinite. Similarly, the 2nd, 3rd, &c. dif- 
ferential coefficients are also infinite. 

1 

The transcendental functions logo? and a*, which both 
become infinite when a? = 0, have their differential coefficients, 

viz. - and ^a*, also infinite when a; = 0. 

The trigonometrical ftmctions, such as tan a; and sec a?, 
which can become infinite, are fractional forms, and fall under 
the observations already made. 

The proposition is not necessarily true for ftmctions which 
become innnite for an infinite value of the variable, as may be 
seen in the case of log a;, which is infinite when x is infinite, 

while its differential coefficient - vanishes. 

X 
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MISCELLANEOUS EXAMPLES. 

1. If v = tan ^7 , -T- — -. =o. 

^ h-ax' dx 1 + a;* 

2. Ify = ajtaii-^i, ^^tan"^!^^ 

^ a;' da; a? 1 + a; 

<Zy _ 2a! 

, VOj-^li:^ %_ a!6^"'' V(]-ai^-a! 
• * V(l-a^)+a!' dx~^{l-a?)y{l-a?) + x]*' 

5. If« = ('?l5^^ii^ %_ y(a?co3a;-sina;) , ea; 

^ \ X J ' dx sin*a! °8in£ 



o; 



8. If aj==acos^ + isin^, andy = asin^— Jcos^, then 

Wder d&^'W 
is independent of B. 

9. Ifcos-^| = loggy, then 

^ 10. Shew that (a? — 2)e* + a + 2 is positive for all posi- 
tive values of x. 
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CHAPTER VII. 

EXAMPLES OF EXPANSION OF FUNCTIONS. 



114. We shall first apply the formulae of the preceding 
chapter to expand certain functions. 

Required the expansion of (1 + cc)"", m not being assumed 
to be a positive integer. 



If f{x) = {\ + x)'', 

we have f'(x) = m (1 + aj)"*"*, 

/'(ic) = m(m-l)(l+a?)" 



/»(a;)=m(7i»-l)...(m-w + l)(l+a?)'""*, 

f^^x) = w (w - 1) ... (m -7i) (1 + a?)--*-'; 

hence /(O) = 1, /(O) = m, /"(O) = m (m - 1), &c. 

Therefore, by Art. 95, 

/t . \« i . i^(^"^)^i , m(wi-l)...(m-w+l) ^ 
^ ' 1.2 \n 

+ |-^w(m-l)...(m-n)(l + ^a?)«-*^ 

If a; be less than 1 the last term can be made as small as we 
please by sufficiently increasing n, and in that case the infinite 
series 

1 + ??W5 + \ — ^ of + &c. 
1 .i? 

can^ by taking a sufficient number of terms, be brought as near 
as ipfe please to (1 + «)"*. 
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115. Let f{x)^(f. 

By Arts. 95 and 79, we have 

aj" a?* 

(f = l + x\oga+ q-r (loga)'-f ... + ]-- (log«)* 
• U? 

ig*"a*'(loga)'^' 

Hence, changing a to e, and remembering that 
loge = l, 

e* = l + a? + 7-^+rr+... + r- + i — 7-7. 
1.2 [3 [» [w4-l 

The term may be made as small as we please by 

sufficiently increasing n. Hence we may write 

€* = 1 + a; + j-g + rg + &c., orf tVi/ 

Put aj = 1, and we have 

e = l + l + hT- + r- + &c. 

This series may be used for calculating the approximate 
value of 6, and we may shew from it that e must be an incom- 
mensurable number. See Plane Trigonometry^ Chap. X. 

116. Let f{x) = sin x. 

By Arts. 95 and 78, 

a? a? 
sin aj = a; — j-^ + r^ — ...... 

, oT . (n'7r\ , a?*""' . /w + 1 , ^ \ 

a? a;* 
Similarly cosa? = 1 — — + rj— ... 

. a^ (mr\ , a?*^^ /n + 1 . ^ \ 
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In Arts. 115 and 116, the student will see that the last 
term can be made as small as we please, whatever be the 
value of a?, if » be taken large enough. 

117. Let f{x) = \og{l+x); 

therefore /(a;) =^^ and/(0) = l, 



/'W = ^ y+Lr ^ and/-(0) = (-ir[«-l; 

therefore, by Art. 95, 

log(l + a.)=a.-^+|"-...+ tl^a.'* 

In this series, if we suppose x positive and not greater 

(X N*"*"^ 
^ J can not be greater than xmity, 

the error we commit, if we stop at the term ^^ — 



,n-l ^% 

J is 
n 

1 



not greater than ; that is, can be made as small as 

we please by increasing n sufficiently. 
If we change the sign of a?, we have 

log^l-a;; =-aj-----...--- ^^-j-^y^j-^p, 

wbich does not giye a very convenient form to the remainder. 
But by Art. 110, we may also write 
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where 6 is between and 1 ; 

""^^ {i^exY^''^\i-ex)'\--ex' 

K a; be less than unity, so also is ^^ , and f '^^ j 

can be made as small as we please by taking n large enough* 
Hence, if n be taken large enough, the remainder can be 
made as small as we please. 

118. In the preceding examples^ we have been able to 
write down the general term of the series, and the remainder 
after w + 1 terms. But \if{x) be a complicated function, the 
expression for /* (x) will be generally too unwieldy for us to 
employ. It is, therefore, not unusual to propose such ques- 
tions as "expand 6* log (1 + a;), by Maclaurin's Theorem, as 
far as the term involving a^." Here we are not required 
to ascertain the general term, or the remainder, or to shew 
when, for the purpose of numerical computation, the remainder 
may be neglected. We proceed thus 

/(aj) = 6nog(l + a?), 
therefore /(0) = 0. 

By Art. So, 

/(a.) = eMog(l+a.) + ^-^, 

therefore /(0) = 1; 

/"(.) = enog(l+a,)+J^-^, 

therefore /"(0) = 1; 

therefore /"'(0) = 2; 

/"(«)=^log(l+a.) + j-p^-p-p^. + ^j-p^-^j^-^., 

therefore /"(0)=0; 

j-fi \ ^1 /, V ^ 10«' SOc* 306* . 24 
/»(x) =e-log(l+ar)+— -- ,-— ^.+ — -.,-.^— ^ + 



1 



therefore /""W^S. 
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a? 2a;' 9af 
Hence e*log (1 +x) = ^ + "2 "^ IT '*'T5 "^ ^^' 

This may "be verified by multiplying the expansion for e^ 
by that for log (1 +a?). 

119. Methods of expansion of more or less rigour are 
often adopted in special cases of which we will proceed to 
give examples. We do not lay any stress upon them as 
exact investigations, but they may serve as exercises in dif- 
ferentiation. 

To expand tan~^aj in powers of x. 

Assume iair^x=A^+A^X'\'A^'{'...+A^x''+&c (1). 

Differentiate both sides with respect to x, 

then -— ^ = ^j+2^j^+... + w-4^a;*"* + &c (2). 

But -^-^=:l-jB»+a.*-a.«4.aj«-&c (3), 

by simple division, or by the binomial theorem. 

Equating coefficients of like powers of x in (2) and (3), 
we have 

and putting a; = in (1), we get A^= ; therefore 
tan"^ aj = a; — — +-r — -,? +&c. 

o O 7 

This example may also be easily treated by the rigorous 
method already used in Arts. 114 — 117. It appears from 
Example 18, page 66, that the n^ differential coefficient pf 
tan'^a? is 

(-iri"-i . 

sm 



(— — ntan"^ajj. 
(l + a?)» ^^ ^ 
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Hence we have 

tan *a; = a; — — +— — ...H (—1) sin— -- 

3 5 n ^ ' 2 

+ ^^ — ^ ^ sin 4^^-V-^ (w + l)tan ^ex\ . 

(n + l)(l + ^a^)* ^ "* . -* 

And if a; be numerically less than 1, the last term can be 
made as small as we please by sufficiently increasing n ; so 
that the infinite series 

a?' aj" a;' . 
^-3 + 5-7+- 

can by taking a sufficient number of terms be brought as near 
as we please to tan"^aj. 

120. To expand sin"^a? in powers of x. 

Assume sin"^aj = A^-\- A^ + Aff + . • . + i4»a;*+ &c. (1). 

Differentiate both sides; thus 

,. 8\ = A^ 2^^+ 3^8a:*+ ...+ w^na?*"' + &c. (2). 

by the binomial theorem. 

Hence, .comparing the coefficients in (2) and (3), we de- 
termine -4j, A^, &c, and putting a = in (1) we get i, = 1. 
Sabstitating in (1), we have 

. _, , 1 aj* 1.3 a!* „ 

121. Expand e"^"" in powers of a;. 

Put e»-"-"=y (1), 

*- l=^'""'v(r?:^ (^)> 
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therefore (i-^g-.a.g = aV (4). 

Assume y = A + ^i^ + ^r*;'+ ^^ + . . . + ^n«*H- &c. (5) ; 
therefore ^ = -4,+ 2^sa; + ... + rL4„a;*"'+&c., 

^= 2u4, H-... + w(»-l)A»""*+&c. 

Substitute these values oi y,-^ ^ and -^, in (4), then equate 

the coefficients of like powers of x on both sides, and we 
obtain 

^•«"'(n+l){n + 2) W- 

Equation (6) will enable us to determine -4,, A^ A^, &c., as 
soon as we know A^ and A^. 
But ^^j is the value of y or e""^"'* when a: = 0, and 

. ^ • t^'^'^'^'Vi^' whena>=:0,- 

.therefore -^o=l> 

Hence, by (6), 

^» 1.2^«> 1.2' 

^»— 2X^'" [3 ' 
«&c.; 

therefore e«"" '*= 1 + «a!+-j— + ; . ■ ^ a^+ — Vl — -«> 

' 1.2 1.2.0 |_4 

Since «"'^~'*=l + osm-»a5 + -^(8m-'aj)'' + &c., 

we have, by equating the coefficients of a in this series, and 
in the result just found, 
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. .1 1 a? l.S of ^ J. 

Sin a? = 03+-.— -4 • — hcxc, 

2 3 2.4 5 ' 

as already found. Also equating the coeflScients of a', we 
have 

^ ^; ^ ^3.4 ^3.4.5.6 ^3.4.5.6.7.8 ^ 

122. Required the expansion of sin (m sin"* a?) in powers 
of a;. 
Putting y for the function, we may shew that 

Proceeding as in Art. 121, we find 

(n+l)(n + 2)^^,= (n»-m«)A,and 

am(msin ^) = t^+— h^o — -a? + — ^^ r~ ^aj^+Ac. 

- 123. Similarly cos (wsin"*a?) 

_ m' m'(2'-m') m'(2'-m«) (4'-m') 
"^ 1.2^ L* [§ 



EXAMPLES. 

1. If e** (3 — a?) — 4are* — a; — 3 be expanded by Maclaurin*s 
Theorem, the first term is — tt • 

2. Expand log (1 + 6*) in powers of x. 

Ana, 

3. Expand e*"^* in powers of x. 



« aj* aj* 



^na. log2 + 2 + j.-2^+&c. 



2af 

4. e*seca; = l+a + «' + -^ + &c. 

o 
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7. (e«+0" = 2-{l + ga^ + ?^?^j^a;* + &c.} 

o , x« , na!» . n(3n-2)a!* n {15 (n - 1)" + 1} «• 

8. (C08 a;) =1 — ^ — i = — ^ — i — - — ■ — - — 

^ ' 1.2^ [4 [J 

+ &C. 

o 1 a? ,'2x\ 16a!« 16 X 17a!* . 

9. -logco8a» = ^ + |j+-jg-+-^^g— + ... 

xo. ^.=.|i-^.-^-f ^ 

11. 8m-'(«+A)=8m-« + -^^+^^^| 

(l-a^)*l3 (1-0!^* li 

12. log(l-x+a^=-a! + - + -g- + j-j... 

13. log{a! + V(«' + a!^}=loga+?-^ 3^+0 W"*" 

14. log(l + sina!)=a!--+ — ... 

IK i«ii->« 1 • , a^ x' 705* 

15. e^ -=l+;^4-2-g— 2J-... 

16. For what values of x does Taylor's Theorem faU, if 
y^Vi^EJZ^L^^ and which is the first differential 
coefficient that becomes infinite? 



T. D. C. 
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CHAPTEE Vm. 

SUCCESSIVE DIFFERENTIATION. DIFFERENTIATION OF A 
FUNCTION OF TWO VARIABLES. 

124. We have, in Art. 77, defined the second differential 
coefficient of a function to be the differential coefficient of the 
differential coefficient of that function. The differential 
coefficient of the second differential coefficient has been called 
the third differential coefficient, and so on. We are now 
about to give another view of these successive differential 
coefficients. 

125. Let y^fip), 

therefore Ay =/ [x + h) — / [x) . 

In the right-hand member of the last equation change x into 
x + h and subtract the original value ; we thus obtain 

/(« + 2A) -fix+h) - {f{x+h) -f{x)], 

or f{x + 2A) -2f{x + h) +/(»). 

This result, agreeably to our previous notation, maj be 
denoted by A (Ay), whiaa we abbreviate into A*y. Hence 

AV =/(« + 2A) - 2f{x + h) +f{x). 
Similarly A (A*y) or A'y will be equal to 

f{x + 3A) - 2f{x + 2A) +/(» + h) 
-{/(« + 2A)-2/(x+A) +/(«)}, 
that is, A»y=/(a!+3A) -3/(05+ 2h) + 3/{x + h) -f{x). 
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126. B7 jpiirsuing the method of the last Article, we find 
expressions for AV, A'y, &c. We shall not for our purpose 
require the general expression for A"y. It will, however, be 
easy for the reader to shew, by an inductive proof, th it 

±nf{x + h)\f{x). 

127. To shew that the limit of ^4 is -f^ • 

We have, by Art. 125, 

AV=/(aJ + 2A) -2/(aj + A) +f{x). 
But, by Art. 92, 

f{x-^2h) ^f{x) +2A/H + If r(^) + ^/"(^ + 2^A). 

f{x+ h) =f{x) + hf(x) ^-^r\x) + ^f-(x^0JO, 

6 and 6^ being proper fractions. Hence 

Av = Ay (^) + f W'i?: + 2^A) -/" (x + eji)}. 

Divide both sides by A', that is (Aaj)*, and then let h be 
diminished indefinitely. Hence we obtain 



Umitof^=/'(a,); 



that is, the limit of ^ is -^ .. 

128. The result of the last Article may be generalized by 
the inductive method of proof. Assume 

A> = Ay (aj) + A»*^t(aj) (1), 

where '^{x) is a function of x and A, which remains finite 
when h is made = 0. From (1) we have 

A'^"y = Ay"(a: + A) + A*«^(aj + A)-{Ay(a:) + A'^V(»)} 

= A*{/*(a: + A)-/»(a^)} + A-^W« + A)-'^(^)}- 

H2 
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Now, hj Art. 92, 

til &TG1GT& 

A»^^y = A»«/»^^ {x) + A"^^{ijr^ (a: + ^A) + 1' (^ + »!*)}, 

= A-+y*+*(aj)+A«^^,(a:) (2). 

Equation (2) shews us that, granting the truth of (1), we 
can deduce for A**^^^ a value of the same form as that we 
assumed for A"y. But Art. 127 gives for A*y an expression 
of the assumed form ; hence A'y has the same form, an<^ so 
also has A*y, and generally A*y. 

From equation (1), bv divicung both sides by A" and then 
diminishing h indefinitely, we have 

limit of0 =/"(«') 5 ■ . 

that is, the limit of ^^ is -j^ . 

129. Hitherto we have only considered functions of ow^ 
independent variable; that is, we have supposed in the equa- 
tion y=/(a?), although quantities denoted by such, symbols 
as a, b, &c. might occur inf{x), yet they were not susceptible 
of any change. Suppose now we have the equation 

and let y denote some constant quantity and x a variable, 
we have 

du 

,^ = 2-+3(- . 

From the same -equation, if a? be a constant quantity and y 
a variable, we obtain 

^^ « . 

Of course we cannot simultaneously consider x both con- 
stant and variable ; but there will be no inconsistency if oA 
one occasion and for one purpose we consider x constant, 
and on another occasion ana for another purpose we consider 
it variable. 
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130. If X and y denote quantities such that either of 
them may be considered to change without affecting the other, 
they are called independent variables, and any quantity u, the 
value of which depends on the values of x and v, is called a 
" fimction of the independent variables x and y ; 

-J- , ^ , T-8 , &c., denote the successive differential co- 
efficients of w, taken on the supposition that x alone varies ; 

du d^u d^u Til . T/v 'I 

T-j -T-99 -nr*'*? denote the successive differential co- 
dy' df df ' 

efficients of w, taken on the supposition that y alone varies. 

131. If w be a function of the independent variables x 

du 
and y, then -j- will also be generally a ftmction of x and y. 

Hence we may have occasion for its differential coefficient 
with respect to x or y. The former is denoted by 

d^ 
d^' 

as already stated ; the latter is denoted by 

5aj 



which is abbreviated into 



dy ' 

d^u 
dydx* 



d^u d% 

Again, both -^ and , , will be generally functions 

of both X and y. These may require to be differentiated with 
respect to a: or y. Hence we use such symbols as 

d^u d% , dJ'u 

and 



dyd^^ dxdydx^ di^ dx^ 

the meaning of which may be gathered from the preceding 

d^u 
remarks. For example, , ^ , implies the performance 

of three operations: we are to differentiate u with respect 
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to Xy supposing y constant; the resulting fnnction is to be 
differentiated witn respect to y, supposing x constant: this 
last result is to be differentiated with respect to x^ supposing 
y constant. 

132. In considering the equation y=/(a;), where we have 
one independent variable, the student could be referred to 
analytical geometry for illustrations of the nature of a de- 
pendent variable and of a differential coefficient. See Arts* 
35—43. In like manner, if he is acquainted with the ele- 
ments of geometry of three dimensions, he wiU be assisted 
in the present chapter of the Differential Calculus. For in- 
stance, the equation 

z — ax + hy + c 

represents a plane ; x and y are ttM independent variables, of 
which 2; is a function. Here 

dz dz ^ 

and all the higher differential coefficients, -7-^ , &c., vanish. 

Again, « = V(^'-«^-y^ (1), 

is the equation to a sphere. If we pass from a point on 
the sphere, whose co-ordinates are x and y, to another whose 
co-ordinates are x + Ao? and y, we vary x without varying y. 
K in this case the value of the third co-ordinate be « + A«, 
we have 

« + Ai5 = V{»^-y*-(aJ + Aa:)»} (2). 

From (1) and (2) we can of course find -j-- ; and its limit, 

which we denote by -j- , will be ,, , "" ^ 5% . 

•^ dx V(^ — i^ — yj 

The process is the same as if we had given 
z^yj[a^^x% 
where a is a constant ; from which we deduce 
dz _ —X 
dx" »J{d^-'ijf)' 
and finally put r*— y* for a*. 
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On the other hand, if we pass from the point (a;, y) to 
a point having x and y + Ay for its co-ordinates, we have, 
as before, 

0+A2; = V{r'-a^-(y+Ay)»} (3). 

Now, in (2) and (3) we have nsed Az; but we do not 
mean that the value attached to the symbol is the same in hoth 
cases. If there were any risk of error by confounding them, 
we conld use Alz in (3), or something similar. But in fact 

we only use (3) to assist us in forming a conception of -r- ; 

and as we look on -j- and -j- as whole symbols not admitting 
dx ay ^ ° 

of decomposition, the question can never occur, " Is the dz 

in -=- the same as the dz in ^ ?" 
ax ay 

133. When w is a function of two independent variables, 

xt j-ir X- 1 ^ . , du du d^u d^u ^ 

the differential coeflacients -j-, ^, -,— a, , n > &c., are 

often called ^^ partial differential coefficients." Each of these 
differential coefficients is obtained by one or more operations, 
every operation being conducted on the supposition that only 
one of the possible variables x and y is actiuzUy variable. 

Let us suppose for example that u = tan"^ - ; then 



du 






du_ 
dy 


X 




dx~ 


' ar' + a^' 




d*u 
dx'' 

and 80 on. 


2x^ 


1 


d^u 
dy"' 


2xy 




By differentiating -5- with respect to 


y we obtain 






ydU 

dx 
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and hj differentiating j- with respect to x we obtiain 

Thus we see that in this example 
ydu jdu 

dx dy , . 

•3^="^ W, 



or, as we maj write it, 



(2). 



dydx dxdy 

We shall prove in the next article that this result is 
universally true. Of the two modes of writing the result 
given in (1) and (2) the second is the more commodious, but 
it has the disadvantage of making the theorem which we 
have to prove appear obvious to the student, because it sug- 
gests to him that he is merely comparing two fracticms. But 
as we have already remarked, a symbol for a differential 
coefficient is defined as a whole, and is not to be decomposed 
into a numerator and a denominator. See Arts. 26 and 77. 

134. Ifvihe any function of the independent variables x 
and J, 

jdu jdu 

a -J- a -J— 
ax dy 

dy dx 



Let w = ^ (a;, y) ; change x into a: + A, then by Art. 92, 

du li? 
'^■*"2 



^(a: + A,y)=<^(a:,2^) + A^ + |V"(^ + ^A,y); 



we may therefore write . 

^(a: + A,y)-^(aj,y)=A^ + A*v (1), 

where t; is a certain ftmction of x and y, which remains finite 
when A = 0. In (1) write y + A for y ; then the left-hand 
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member "becomes ^(i» + A, y + A;) — ^(aj,y + A;); hj Art. 92 

--T- becomes -t- + ^--t— + ^)3, where fi remains finite when 

&= ; and v becomes v + ka, where a is a quantity which re- 

mains finite when A = 0, for it tends to 3- as its limit. Thus 

dy 

/7 

+ h% + K'ka (2). 

Subtract (1) from (2); thus 

jdu 
a-j- 

^hk^ + h'ka+h]^fi. 
ay 

Divide hj hk, and then 'suppose h and k to diminish inde- 
fitdtely; thus 

ydu 

--r— = the limit when h and k vanish of 
dy 

^{x + h,y-\-k)-^{x+h,y)-:<f>{x,y + k)+<l>(x,y) 

hk 

In a similar way hj first changing y into y + i, and qfter^ 

voards x into x + A,- we can prove that -t*^ is also equal to 

the above limit. 

^du -jdu 

TT dx dy 

Hence —7— = — r*- • 

ay ax 

135. The object of the preceding Article is to prove that 
-^-j- = , , ; this is done by shewing that each of these 
quantities is equal to the limit of a certain expression. It is 
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comparatively unimportant what that expression Is, but it is 
of some Interest to notice the analogy of the result to those 
in Arts. 127 and 128. 

Proofs of the proposition in the preceding article have 
sometimes been given which appear simpler than that here 
adopted, but they are deficient m strictness. In particular 
an assumption has sometimes been made^ which deserves to 

doc 
be noticed. To obtain --t— Involves, according to the defi- 
nition of the symbol, the following operations. (1) In the 
Amotion, t^ we put a? + A for a;, subtract the original value 
from the new value, and then divide by h, (2) We find the 
limit of the result when A = 0. (3) We now put y-\-1c for y, 
subtract the original value from the new value, and then 
divide by Tc. (4) We find the limit of the result when i=0. 
Now It has sometimes been assumed that we may perform the 
third of the above operations before the second instead of after 
it. With this assumption the required result is readily obtain- 
ed ; for from the first operation we get — ^-^^ — ?i_iiLZ. 

then firom the third we get 

hk 

^du 

dx 
and according to our assumption, the limit of this is -r— . 

jdu 

du 
And by a similar assumption it is found that — t*1 Is also 

equal to the same limit. 

One more remark must be made to guard against a possible 
error. In the proof of Art. 1 34 we have used v for \(^" {x+0h,y); 
in this expression all that Is known of is that it Is a 
proper fraction, and it must not be assumed to be a fonction 
of X only. Thus when y is changed into y + k the value of 
will generally change. This does not affect the preceding 
proof, because it was not necessary there actually to find the 
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Talne of -r- ; , but the assumption that 6 does not change 

when y cnanges has rendered some proofs unsound which 
have been given of the proposition in Art. 134. 

136. The important principle proved in Art. 134 is 
entmciated thus — " The order of independent differentiations 
is indifferent;" or it is referred to as the principle of the 
** convertibility of independent differentiations." It may be 
extended to any number of differentiations; so that if a 
Junction of two independent variables^ x and y, is to he dif- 
ferentiatm m times with respect to x, and n times with respect 
to y, the result vnll he the same in whatever order the dif- 
ferentiations he performed. In proof of this we have only 
to apply the theorem of Art. 134 repeatedly in the manner 
shewn in the following example. 

^ ^u _ d^u 

^ d'lf dx" dx djf * 

, d^u 

a ■ 



d\ _ dy dx 
dxf dx dy 



by definition, 



= _^, by Art. 134, 
dy 



u 



"^ dydx^ ^ dy'* 
d\ 



dxdif* 

137. If w be a function of the three independent variables, 
a?, y, 0, we have in a similar manner 

d% __ d^u 

dy dz "^ dzdy^ 
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I 



dx dz dz dx ' 

d\ ^ d^u 
dxdy dy dx^ 

d^u d\ d^u 



and so on. 



dxdydz dx dz dy dzdxdy* 



EXAMPLES. 



1. It u= a '^ g , find J— J- and ^—j- . 

ar — z dxdy dy dz 

2. Verify in the following cases the equation 

dxdy dydx* 

* 

tt = a? smy + y sin a?, 

w = a?logy, 

tt = logtan^, 

__ ay — Jit 
Jy — oaj' 

w=ylog(H-ajy). 

3. K tt = ^aj«y*' + ^o^y^' + Cx^jf*' + &c., 
where a + a'=/9 + )3' = 7 + 7' &c. = n, 

shew that ^S'*'^Z"~^^' 

In this example u is called a h)7nogem0U8 function of n 
dimensions. 
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4. If u be a homogeneous function of n dimensions, 
shew that 

5. If tt be a homogeneous function of n dimensions, 
shew that 

^d^u ^ d'u ^d*u , ^. 

6. Verify the theorems in Examples 3 and 4 in the follow- 
ing cases: 

• 7. J£ u=:afz^ + e'y V + cc'y V, shew that 

8. If tt = c*^, shew that 

9. If«=yV(a*-aO + «V(a*-y*), shew that 

g^ + V(a'-a?)V(«'-y^(^) =V(a«-a?)V-3^)- 

10. If«=tap-' ^^ . ^^^^ , shew that . 
d*u 1 d*u 15ay 
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shew that 

12. Kw = log(a:'+y^+5j'-3irys), shew that 

1 d^u 1 dududu ^ ^ 
6 dx dy dz ^ dx dy dz'^ ' 

du du da 3 



dx dy dz x+y + z^ 
d^u , d^u ^ d^u ^ ^ d^u , ^ rf*t« ,• d% 



do^ di^ ds? dxdy dydz dzdx 

9 



» ' 



(aj + y + «) 
d% d% rfV 360 



:«+ ^^^.^^ + 



dafdfdz^^ dafdy'dz^ dafdfdz (aj+y + «)«' 
d^u d^u d^u 72 



dafdydz dxdr^dz dxdyds? (aJ+y + «)** 
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CHAPTER IX. 

Lagrange's theorem and laplace's theorem. 

138. Suppose y = z+x^(j/) (l), 

Vhere z and x axe independent, and it is required to expand 
y(y) according to ascending powers of x. Put u for /(y), 
then, by Mackurin's theorem, we have 

, du. , a? d\ . x*d\ . „ 

where u^, -p , -j-j , &c. denote the values of w, -r- , -t^ , &c. 

when X is put = after differentiation. We proceed to trans- 
form these differential coefficients of u with respect to x into 
a more convenient form in order to ascertain their values 
when a? = 0. We shall first shew that 

sh«)$}=sh)S} <^); 

supposing that v is any function of the independent quantities 
X and Zy and F{v) any function of v. 

To establish (2) we need only observe that the left-hand 
member is 

„,,. dv dv ^, , d^'v 

and the right-hand member is 

and these two expressions are equal by Art 134. 
From (1) we nave 
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lageange's theorem. 


therefore 


dx 'l-x<f>'(tf)' 


Also 


'i-'^^'^^t 


therefore 
Hence 


dy 1 


dz l-a;f(y)' 


Also 


du _dudy ^du _dudy 
dx'^dydx^^ dz'^dydz^ 


therefore 


r g-*w|- W- 


Hence 


dd'^dxY^^dz]' 




= ^{^(y)/'(y)|},8iiice«=/cv), 




= l|*(2')^^)|}^y<^)' 








= l{?Ml'S}l>7(3)- 


Again 


<?« d* f ,rf«l 




=^K)l'l}^y^^^*' 




= £{^(y)'l}^y(^)' 
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Suppose, according to this law, that 

^_ rf^ f du[ 

., ^u dr ( ^du\ 

then ^^=.___|^(y)-p_|, 






which shews us that the expression for ^-jj follows the same 

law as that for -t-tfi • Hence, since the law has been proTcd 

to hold for -T-j and -j-^ , it holds uniTersallj. In -^S we are 

to make x = afier the differentiation has been performed; 

but when we transform -t-v* ^7 tte above formtda, into aa 

expression involving only differential coefficients taiken wAh 
respect to z, we may put a = lefare the diff«entiation, since 
a; IS to be considered as a constant in differentiating with 
respect to z. When a = 0, 



^=i{^v'w}. 



T.D.C. 
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and thus 

This result is called Lagrange's Theorem. 

139. Suppose y = F{ss + x^{y)}; 
required the expansion oi f(y) in powers of x. 

Let t stand for z^-xi^ {y) ; then 

dy dF dt dF(...^ i^/ \^y\ 



therefore 






^JJ^^dFC dy) 

-*^ dz dtdz dt X^"^ ^> dz]' 

dF 

.•therefore ■4-'= 5p - 

l-a;f(y)-^ 

Hence |=^'^(2')|- 

From this, in the same way as in Art. 138, we deduce 
that 

where ^^fiy)^ 

I£ we make a; =* in the equation 
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we deduce t/=^F{z), 

du^ df{F{z)} 
dz dz ' 

and finallj, 

This is called Laplace's Theorem. 

140. Lagrange's Theorem may of course be deduced from 
Laplace'd, bj putting F{z) = z. feut Laplace's Theorem may 
also be deduced from Lagrange's, thus : 

Li the equation y'=F{z -\'X^{y)\ (1), 

put « + a^(y)=y, 

then y^F{y\ 

thus y=^ + a50{i^(y)} -••• (2), 

and ^ f{y) becomes / {F{jf)]. 

Thus we are required to expand /{i^(y')} i^ powers of a?, 
by means of equation (2). But this is precisely what La- 
grange's Theorem eflEects, the complex functions /{i^(y')} and 
^{F{2l)\ taking the place of the simple functions f{y*^ and 

141. It must be remembered, that in quoting Maclaurin's 
Theorem, which serves as the foundation for those of Lagrange 
and Laplace, we ought strictly to have used it in the form 
given in Art. 95, with an expression for the remainder 
after w + 1 terms. That expression for the remainder however, 
becomes so complicated in this case, that we have not referred 
to it. The investigation of Lagrange's and Laplace's Theo- 
rems must be confessed to be imperfect, since the tests of the 
convergenqy of these series, which alone can justify our use of 
them as arithmetical equivalents for the functions they profess 
to represent are of too difficult a character for an elementary 
work. The advanced student may consult Moigno's Legona 

12 
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de Galml Difdrenttel, 18me Legon. Liouville's Journal de 
MathSmatigues, torn. XI. p. 129 and 313. 

142. If a? = a +y^ (a?), we have by Lagrange's Theorem 
fix) =f{a) +y |<^ W/(^)} +|^^{^T/'(^)} 

where in the coefficients of the different powers of y, we are 
to make x=^a after the differentiations have been performed. 
Let y or -ry-r = V^ (a?), so that x^a is a root of '^{x) =50; 
then 

+ &C. 

where, in the coefficients of the different powers of '^(a;), x is 
to be made = a after the differentiations. This series for /(a?) 
in powers of '^ {x) is called Bnrmann's Theorem. 

143. Let ^"^ {x) denote the inverse ftmction of '^ (a;), so that 
if w = ^ (x) we have y^"^ {u) = Xy and therefore y^ {yfr"^ {u)\ = w» 
If we write -^"^a: for x in Burmann's Theorem, we have 

/it i^)} -m + a* [ ^(a,) J + o s Lif(^F"J 

No change is made in the quantities in the square brackets, 
for they do not contain x when the operations indicated are 
completely performed. 

If /(m) = Uy we have 

1-1/ \ . ^[x — a] , ^ d r(a: — a)n 
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and if a = 0, so that yjr (a?) vanishes with a^ 

EXAMPLES. 

1. Given y = 2 + aj^> expand y in powers of x. 
Here ^{y)=^, 

/(y)-=y; 

therefore |i {raT/w} = ^ «"'=«'"'«"'• 

Thus y = z + x^+ ^ 2e*+ i3»e- + ...+ ^n-'«~+&c. 

«* — 1 

2. Given y = » +» ^—- — , expand y in powers of jb. 

«* — 1 

Here ^(y)*"^^, 

/(y)=y; 

therefore ^{^l«/'(-)} = i;^. (^-l)*. 
Hence y = is + ^l(.«-l)+j|! i|(;^-ir+... 

3. Given ajy — logy = 0, expand y in powers of x. From 
the given equation 

therefore yx = a:e^, 

say y == aje"^. 

If then we put i5 = in the result of the first Example, we 
deduce 

x^ X* 

y'^x + a? + r^S + ....+ . :pw"^+&a, 

Lf [ w — 1 
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restore yx for y and divide by x ; thi 

of a?. 

we have y V(l — a?) = a — 

therefore / (1 — a;') =* as* — 2a!j 

and 2r = |+|.x. 



We must, then put 



2^ = + |-a;, 



so that 4>{y) =^, 

Thusy = .-+a,.^+...+|^,|^.(«'^')+&c., 

and after the diflferentiations are performed, we must put 
|for^. 

5. If 0? =ye*', expand sin (a +y) in powers of a?. We have 
given 

y = xe^. 

Suppose then y = ^ + ice"^, 

so that ^ (y) = e"*, 

/(3^)=sin(a4-y). 

The general term given by Lagrange's Theorem is 
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which becomes 

^(-ir^(l + n*)^6-~cos{a + «-(n-l)<^}, 
[n 

where cot^ = n, by a process similar to that in Art. 81. 

Putting J5 = in this; we have for the required expansion 

sin (a +y) = sin a + a; cos a + ... 

+ ~ (- 1)*"' (1 + n")^cos {a - (n - 1) coi'^n} + &c. 

6. Given a — y + a: log y = 0, find sin y in powers of x. 

7. Given t/ = z + xy^e^, expand y^e"*^ in powers of a?. 

8. Given y = a + a; sin y , expand sin y and sin 2y in powers 
of a;. 

9. Given y = log {z + x cos y), expand ^ in powers of a?. 

10. From the equation 

a?y* + 2a^'+ 3a?/+ 2y + 1 = 
determine y in ascending powers of x. 

11. If y = e* * "*', find the first four terms of the 
expansion of cos logy in powers of x. 

12. If y* + m^ + ny=^x, shew that one value of y is 

a? _ m fx\* 2m' — n fxY^ 5m' — 5mn f^Y, 
n'^n\n) ^ \n) r? w 
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CHAPTER X. 

LIMITINa VALUES OP FUNCTIONS WHICH ASSUME AN 
INDETERMINATE FORM. 

144. In the equation, limit of —g- = 1 when diminishes 

indefinitely, we have an example of a fraction which ap- 
proaches a finite limit when the numerator and denominator 
each tend to the limit zero. The object of this chapter is to 
find the limit of anj firaction of which the numerator and 
denominator ultimately vanish, and also the limiting value 
of some other indeterminate frnna. 

145. Form - . 

such a firaction that both numerator and denominator vanish 
whenaj = a; it is required to find the limit towards which 
the above firaction tends as x approaches the limit a. 

We have proved in Art. 95 that 

<^(a + A) -<^ (o) ==A<^'(a + eA), 

^ (a + A) - -^ (a) = A^' (a+ ^xA). 
If then ^ (a) = and -^(a) = 0, we have, by division, 
^(g+A) ^ (o + OK) 

Let A diminish indefinitely ; then 

the limit when x^a of —^ is ; ; )\ . 
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146. Suppose that not only 

<^(a) = 0, and'^(a) = 0, 
but also i>{a)^0, ^"(a)=rO, .••^**(a) = 0, 

and ^'(a)«=0, '^"(a)«0, ..•'i^*(a)«:0. 

By Art 92, 

Hence, by division, we have 

Diminish A indefinitely, and we have 

the limit when x = a of Vt-x is ^^i; ( . 

147. In Art. 145, if 

t'(a)=0, 
and ^' (a) = some finite quantity, 

we have 

the limit when x^^aot -7-7-^ is infinity ; 
ylr{x) ^' 

if f(a)=0, 

and '^' (a) =: some finite quantity, 

the limit when a? = c* of ~r{ is zero. 
ylt{x) 



And in the same manner, we mav shew that if the first 

Fthe differential coefficients ^' (a), d> (a), &c., which does not 

vanish, is of a lower order than the nrst which does not vanish 



of the series ^{^{0), '^"{a), &c., the limit of ^\4 when x = ay 
is infinity; if of a higher order the limit is zero. 
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These results may also be obtained without the use of 
Taylor's Theorem. 

If ^ (a) = and -^ (a) = 0, we have 

<^(a4-A) •--<^(q) 
<^ (g + A) _ <^ (g + A) -> ^ (q) ^ h ; 

A ^ 
Now diminish h indefinitely, and we have 

the limit when a? = g oi^rrK is . ,, \ . 
^(x) f (g) . 

If <!>' (g) = and '^'{a) = 0, we have in the same way 

the limit when a? = g of tt^ is , ,,?\ . 
^ (a?) V^^ (a) 

Hence, the limit when a? =g of ^ is ^^, . 

ylr{x) yjt (g) 

This process may be extended, giving the same result as 
in Art. 146. 

148. Form — . 

Let <f){x) and ^(aj) be functions which both become infinite 
when a? = g; it is required to find 'the limit of the fraction 

f{x)^ 1 ' 

and the fraction on the right takes the form - when x^a\ 
hence, by the previous rules its limit is 



' 



{^wr 



TT^or 



f«^(a)l't'(«) 



Hence 



f(a) |^(a)W'(«)' 



therefore iV^ = %>ij\ • 
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149, From the last article it would appear that the limit 

of a fraction which tends to the form — , may be fomid by 

considering the ratio of the differential coefficient of the 
numerator to the differential coefficient of the denominator. 
But, by Art. 113, when for a finite value of the variable a 
function becomes infinite, so does its differential coefficient. 
Hence, if 

,\ \ takes the form — , 

,,; , ■ takes the same form, 

and thus the result of Art. 148 would appear to be of no 
practical value. It may, however, happen that the limit of 

the fraction ■ , ,; ! is more easy to settle than that of -pr4 . 
For example -^— 

X 

when aj = 0, takes the form — • 

1 

Here -Tw =«_. =_a:, 

y (a?) 1 

"^ 

the limit of which is 0. 

loff X 
Hence, the limit of ^ , when a: = 0, is 0. 

X 

150. The demonstration in Art. 148, which is that usually 

given, is satisfactory only in the case in which -t-t-t really 

has a finite limit. For we divided both sides of an equation 
by this limit which tacitly assumes that the limit is not zero 
or infinite. 
But the demonstration may be completed thus : 
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. . S (x) . • . • 

Suppose the limit of j-j-{ is really zero ; then the limit 

of • i/ f is really finite, namely, unity. Hence, it haa 
been proved that 

the limit of tM+fM ^ten ., = « is ±M+4>) , 

that is i + lIinitofi^=l+^; 

f{x) f (a) 

therefore tie limit of ^\4, *= ~t~. . 

(k(x) 
If the limit of jt-^ ^ really infinity, then the limit of 

^y-y is really zero, and therefore, as just shewn, the limit of 

Tn-4 will be zero. Hence, the limit of , A ( will be infimty. 
^ {^) . . . . . ^ (^) 

Combining then this article with Art. 148, we can assert 

that if <l> (x) and yjr (x) both become infinite when a? = a, the 

<b(x) 4>ix\ 

limit of Vt-^ will be the same as the limit of ttt-t . 

151. The two articles 148 and 150 may be replaced by 
the following mode of exhibiting the proposition. 



Suppose ^ (a) = 00 , and '^(a) = co . 
= and -rr\ = ^ ; 
1 -^'{a + eh) 



Then ttt-t = and-p^r-^=0; 



.0(a+A) {<^(a + ^A)}» 

therefore ffchM-.ii^±i^ ^{a^Qh) 
tnereioie ^,^^ + ^A) ~ -f (a + ^A) * <^(a + A) ' 

■ -^(a+A) 
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If ,\ { has a finite limit when a; = a, the limit of the 
^|r{x) ^ ^ . : . 

second factor on the right-hand side of the equation is nnity. 
Hence 

Umitpf^l^Umitof^i^. 

, d)(x) 
But if X7~T ^^ds to or 00 as a; approaches a, it will in 

general finish hj approaching the limit in such a manner that 
the second factor will in the first case be less than unity, 

and in the second greater. Hence, ^A-x becomes zero or 

infinity at the same time that , , ; does. 

152. In the preceding rules for finding the limit of a 

oc 
function which takes the form ^ or — when a? = a, we hare 

00 ' 

made no supposition as to the magnitude of a. Hence the 

rules are often applied to the case in which a is infinite. But 

for a direct demonstration of this case we may proceed thus. 

6(x) 
Suppose the limit of -yy4 required, when a? — oo , it being 

known that then either ^(x) = and -^(a;) = or ^(a;) = oo 
and '^(35) = 00. 



Put a? = - • then 






Now as y tends to zero, we have, by preceding rules, 
limit of -^ = Kmit of ^ ^ 



^_,:^u..f(«') 



! limit of \j — limit of -rrr-\ • 



Digitized by VjOOQIC 



126 IKDETERMINATE FORMS. ^ \:^ ^ 

153. Ex. Eeqnired the value of / ^ v ^ 

1 % •^■• 

— T— when a? = 0, 
cot a; 

Dlflferentiatin^ both numerator and denominator, we find 
the required limit ia the same as that of 

_\ 

Qu Sin cc ~ 

^— — ^ or of — ^— , that is, unity. 



The same result may be obtained by writing the proposed 
fraction in the form - ; thus 

1 

X tana; 1 sin a; 

— -— = or . 

cot a; X cos a; x 

\ sm X 

The limit of is 1 and of is 1 : therefore that of the 

cos a; X 

proposed fraction is 1. 

. . a;* 
As another example we may find the limit of -^ when x is 

infinite, n being positive. 

Limit of -5- = limit of —^ 

= limitof "^"-.^>'^ &c. 

e 

Proceeding thus, we shall, if w be a positive integer, arrive at 

I Til 

the fraction = , the limit of which is 0. If n be a fraction, 

we shall arrive at a fraction having e^ in the denominator and 
some negative power of a; in the numerator, which also has 
for its limit. 

Hence the limit of — , when a; = co , is zero; 
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154. A remark should be made for the purpose of pre- 
venting a misconception of some of the results of this chapter. 
Suppose il>{x) and yjr{x) both to vanish when x = a, and that 
^'(a) = while ylr'{a) is finite. We say then, that when x = ay 

limit of -^ = limit of -ffl, 

yjr{x) ^Ir (x) 

meaning that each side of the equation vanishes. It does not 
JbUow necessarily that 

,) i -7- ■ , ,; { has unity for' its limit. 

Ex. ^ (^) = ^*> V^ (^) = sin a?, 

^'(oj) = 2aJ, -^'(a?) = cos a?. 

When x approaches the limit zero, we can infer that, since 
y>y^ approaches zero, so also do^s ^j\ ' ^^^ ^* ^ obviously 
not true that the limit of 

" Sv ^X n XT cos X • m , 

or of - — ; — IS unity : 



sin a; ' cos a; 2a;sma; 

the limit is in fact J. 

155. It should be observed that there are examples which 
may be solved by means of the Differential Calculus, but 
which can also be solved, and sometimes more simply, by 
common algebraical transformations. For instance, 

{a?--a')* 

when a; = a takes the form - . Put a? = a + A, and the fraction 
becomes 



or 



and the liiait, when A == 0, is 0, 
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Agaiix, suppose we haire to find the limit of 

Va;-1 + V(a?"-1) 

as X approaches unity; put a; = 1 + A, and the fraction becomes 

V(&+i)-l + VA 
V(A" + 2A) • 

Multiply both numerator and denominator by 

V(A + i) + i-V*i 

and we get 

2VA ? 

VA V(A+2) W{h+l) + 1 - VA} ^^ V(A+2){V(A+1)+1-VA} ' 

and the limit of this, when A a 0, is -^ • 

156. There are cases in which not only ^ (a?) and -^ (a?) 
vanish, but all their differential coefficients, and where, con* 

sequently, we are not able to ascertain the limit of ^4-^ • 

For suppose 

a and n being positive numbers, and a greater than unity : 
we have 



4>{^) ^ ■ ' ^+1 



of* 



^'// \ 1 -ifwloga w + 1] 

&c. 



Puti = «, 

X 



^l. JL'/ \ ^ log «.»*** 

then ^{x) = ^ ■ , 

„ . nloga{/i loga.g'^*^^>- (n + l)g^} ^ 
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also the value a? = corresponds to 2? = oo . But it is easy to 
see that every expression of the form 

where a, w, w, are positive numbers, and a greater than unitv, 
is zero when z is infinite. For if we apply to this example 
the rule for finding the value of a fraction which assumes me 

form — and differentiate r times successively, r being the 

integer next above w, we have 

limit of -s= limit of - 



where Tc is some constant, and '^{z) a function of z which is 
infinite when z is infinite. Consequently, all the differential 
coefficients of <h [x) vanish when a? = 0. 
If then we nave 

where & is a positive number greater than unity, and v! also 
positive, the differential coefficients of all orders of the. two 

terms of the fraction ,\ i will vanish when aj=0, and the 

limit cannot be found by this method. 
In the case of n' = n, the fraction becomes 



($}''■ 



this, when a? = 0, will be or 00 , according as a is greater or 
less than h. 

157. The fraction 

X 

takes the form - when a; = 0. Put a?=- and we have ^ , the 

y _ ^ 

limit of which, when y is infinite, is 0, by Art. 153 ; 
T. D. c. K 

Digitized by VjOOQ IC 



130 INDETERMINATE PRODUCT. 

1 

-, or - X 6* is of course infinite when a; = 0, 

X X 

1 



Hence — is or oo when x approaches the limit 0, 
^ X 
according as we suppose x negative or positive. 

158. Form x oo . Suppose <^ (a?) and -^(a?) two functions 
of X, such that \ (a) = 0, and n|r (a) = oo ; it is required to find 
the limit of ^ \x) ^ {x) as x approaches a ; 

and as the fraction on the right takes the form - when x^a^ 
its limiting value may be found by rules already given. 

Ex. Let <^(^)=log^2-^), 

i|r(a?)^ tang. 
Here, <^(aj) -^(a?) takes the form x oo when a? = a.' 



Then log (2 - ^) tan|^ 



log (2 -2) 
log (2 -2) 



^irx 

cot — 

2a 

The limit of this when a; = a, is found by making a? = a in 
_ 1 1 

a* X 
2— - 



sm"-— 
2a 
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2 
which gives - • 

TT 

Again, a?** (log a;)*, 

where m and n are positive, takes the form x oo , when a?=0. 

Here ^T"" takes the form - 

when 0? = ; its limit is the same as that of 



aj(log»r' 
which does not assist ns. 

K we assume x = e"*, then a^ (log a;)* becomes 

the value of this, when y is co , is 0. See Art. 153. 

The result in this case should be carefully noticed, as it is 
frequently wanted in mathematical investigations, 

159. Forms 0', 00 ^l~. 

Let 6 {x) and -^(a?) be two functions of a?, such that when 
a? = a, the expression 

assumes one of the forms 0°, oo °, 1*; it is required to find the 
limiting value of this expression. Since 

we have {<f> {x)]^^ = e^wiog^w. 

Now '^(a?)log^(aj) in each of the proposed cases takes 
the form x oo , and its limitinff value can be found by Art. 
158, and thus the value of {<^(a;)p*> becomes known. 

Ex. a!', when ia? = 0, takes the form (f\ 

aJ• = e»l^^• 
and a? log a: = 0, when a? = 0, (Art. 158) ; 
therefore, af = 1, when a? = 0, 

K2 
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©■Ins 
takes the form 00° when a; = 0; alaa 



sin a; 



Now, sin X log a: = . au log^i»^ 

when a; = 0, we have 



am a; 

X 



^1, 



a? log a? = 0, (Art. 158), 
therefore, sin x log a? = 0, when a? = 0, 

therefore, f-j =1, when a: =0. 

When a? = a, the expression 

takes the form 1*. 

The atov« exprefisio^ =5:e*"*»^^*"^ 

1 
= e» when x=:^a^ (Art. 158). 

160. Form 00 -^QO. 

Let <f> (x) and ^^ {x) he two functions of x which become 
infinite when x^a, then 

i>{x)-'^{x) 

assumes the form oo — oo ; it is required, to find the valtie of 
the expression. 



Put 

then 



if^<f>(x)---^i^{x), 
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Thus, when x^a^y takes the form - and its yalue may be 

investigated by Art. 145. 
Or we may proceed thus, 



y-H'-^h 



then y is infinite unless the limit of ^r-r is unity ; if the 
limit of T/ ■ I is unity, 



since y 






it takes the form - 



Ex. Suppose y = tan a; — sec a?; 

97* 

then y takes the form oo — oo when aJ — 'r . 

Also 3'=^'»(l-|Sl) 

_1 — coseco?^ 
~ cot a; ' 

this takes the form - , and its limiting value is 

cosec a? cot a? 

1 — or 0. 

— cosec"^ 

161. The limit of — ~ when a? = oo , supposing F{x) to be 

F*(x) 
then infinite, will be the same as that of — ~-^ , or ^'(a;), 

(Art. 151). 

But, ^>±^::i^M«j.'(^+^A). 

If 05 be made to increase indefinitely the limit of the 
second member of the equation is F'(x)» 
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Hence, 

limit when a?— oo of — ^ =limit whena? = oo of — J- — • 

X h 

If for simplicity we make h = 1, we have 

limit of ^^^= Kmit of {F{x + 1) - F{x)}. 

X 

1 

162. The limit of {F{x)Y when x is infinite, is the same as 
that of 

e ' . 

But, by Art. 161, supposing F{x) to become infinite with a?, 

the limit of — — — is the same as the limit of 

X 

logF{x+l)-\ogF{x), 
. , F{x + 1) 

Hence the limit, .when a;= oo , of {F{x)Y 
= the limit of ^^fe±^. 
Suppose, for example, that we require the limit when x is 

infinite of \r-[ . 

IN ^ 
By the theorem just proved the required limit 

,. .. .{x + lT'ix 
=:lmutofij^^ 

= limit of (?^y 

= limit of ^1+-) 

eaeby Art. 16, 

163. A few remarks may be made on indeterminate firac- 
tions involving more than one variable. 



Digitized by VjOOQ IC 



INDETERMINATE FORMS, 135 

A function of two variables may take the form -, 1st. 

when one of the variables remains undetermined and the 
other has a particular value, 2nd. when both receive particular 
values. 
As an example of the first, suppose 

c{x^'-a') 



if we make a? = a we have 2f = ^, whatever y may be. But 

by removing the factor a? — a from the numerator and deno- 
minator of 2?, we have 

c (ic + a) 

y + x—a' 

Hence, when a? = a, we have 

2ca 

This case is very simple, and whenever it occurs the ap- 
plication of the preceding rules will give the limiting value 
towards which z approaches as. x approaches its limit. 

As an example of the second case, suppose 

cix—a) 

This fraction takes the form - when x = a and y = 5, and 
is really indeterminate. For suppose y — J = wi (a; — a), then 

c 
m 

Hence the value of z is indeterminate, for x and y being 
independent m may have any value we please. 

164. It may happen that the values which such a ftmction 
assumes, although infinite in number, are confined within 
certain limits. For example, suppose 



z = 
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Assnme 


y^h = m{x-'a); 


therefore 


CUft 




c 




m 



Here the greatest value of is when w = 1, and z always 
lies between - and — - . 

165. We give two more examples : Ist. suppose 
{x-ar + c{y-h)\ 
'~ (a;-a)'+c(y-J)« ' 

this takes the form - when x = a and y = 'b. 



Put 


a?- 


a = 


'h and y — h^Je; 


therefore 




z 




If now we 


assume 


h 


= Ahf^, we have 



« = ' 



v^cA^hr^ ' 



and, according to the different hypotheses we make respecting 
a, my p, &c., we shall obtain for z finite, infinite, or zero 
values. 

2nd. Letz= ^''-yY'-'(;^-^\'^ + (\-''^f . 
{x-y){a-y){a-x) 

If x=y==a, this takes the form -. Put a+A and a-\-k 
for X and y respectively ; we shall have 

_ {h-h)a* + h{a + Ki'~h{a + hY 
"' {h-k)1ch, 

If we expand (o + A)" and [a + Te)*, and make some 
reductions, we obtain 

, = ^(^)«-+^ilzJl|zi)a-(A + ;fc) + &c. 
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Hence, putting h and k each zero, we have 

_ n(7i-l) ^ 
1.2 

This restilt may also be found T)y examining the limit 
to-wards which z tends as x approaches y, and then the limit 
toT^ards which this result tends as y approaches a. 

The next article must be omitted until the student has 
read Chap. xi. 

166. Generally, -if z = \}, ' , ^ and both numerator and 
•^' ^ F{x,yy 

denominator of z vanish for certain values of x and y, the 

value of z is really indeterminate, and in fact depends upon 

the arbitrary relation we choose to establish between x and y. 

Suppose that a?=a, ^= J, are the values which make z assume 

the form -; and assume that y = '^(a;), where A|r(a?) is any 

function the value of which is b when x = a. 

Thus the nimierator and denominator of z become fimc- 
tions of X only ; and by previous rules for ascertaining the 

value of a fraction which takes the form - , we have 

\dx/ 



X being put =a and y = b after the differentiations are per- 
formed. This value is indeterminate, since -^'(a;) is a function 
which is quite arbitrary. 

But if (-4-) and (-j— ) boih vanish, 

then the value of z becomes determinate. 
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The value of « is also determinate if 

(^ (^ 
\dx) \dy) 

\d^) \dy) 

rr fdf\ r. fdF\ ^ fdf\ ^ fdF\ ^ 

^ (ij=«' W)=«' (^)=«' w)=«' 

then proceeding to a second differentiation we have 

which is generally indeterminate, since '^*{x) is an arbitrary 
ftmction. 

( •—• ) = - = 1, when a? = 1, 

^1, ^ 1+tX^) 

therefore z = , . ^.i,\ , 

which is really indeterminate, and may assume any value 
between +go and -co. 

Ex, 2. Again, suppose 
Here z takes the form - when a? = 1 and y = 1, 
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Also tihen (-f-) = o and (^— )=0. 
\dxj \dx/ 

Hence z lias a determinate value, namely, — - • 

2 

Ex. 3. Suppose ^- Z^% ■ 

Here, when a? = and y=0, we have 

(^ 
\dx) 



-"■ (D-». (S)-». (f)=». 



and . ^ 1 + 2^'(a;) +WWi' . . {1 + t'Ca'))' 

1 + ^Wl' l + V^'WT 

(! + «)' 
= !+!?• ^y- 

Here the value of z is indeterminate ; but it will be found 
that it is confined between the limits and 2, as may be 

2w 

shewn by writing the fraction just given in the form 1+ , , 

remembering that , is never greater than unity. 

167. In solving examples on this chapter there are various 
considerations which will abbreviate the labour of the opera- 
tions, as will be seen in the following case. 

Find the value of log(l + ^ + «^ +log(l-a^ + a^- ^^^^ 

sec a? — cos a? 
a;=0. 

The proposed expression takes the form - when a? = 0. If 

we proceed in the ordinary way, we shall find after reduction 
that the diflferential coefficient of the numerator is 

2iB + 4aj' 



l + a^ + a?*' 
and that the differential coefficient of the denominator is 

sin a; 
-5— + sm QD. 



CQS'o; 
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Thus we obtain again the form — , and we may icontiiiiie in 

the ordinary way the process of evaluation. We may how- 
ever obtain the result more easily by arranging the iraction 
we have now to evaluate thus : 

2 (1 + 2a?) cos'a; x 



{l + a? + x*){l + cos' x) sin x ' 

Here the first factor is not indeterminate when a? = ; its 

value is then unity. The second factor takes the form - , 

and its limiting value is known to be unity. Thus unity is 
the required limiting value of the original expression. 

Or the original expression may be evaluated in the follow- 
ing manner. It may be put in the form 

cos X log (1 + a? + x*) 
sin* a; 

Now cos 05 = 1 when a; 5= ; we need not then pay any atten- 
tion to this fiactor, but consider that we have to evaluate 

\og{l + a? + x*) 
sin* a; 

when a; = ; and we may proceed in the usual wav to dif- 
ferentiate the numerator and denominator. Or if we are 
allowed to use the results of the expansions of functions we 
have 

log(l + a:^ + a;*) a?+x'--i^(a? + xy + i{a?+xr--... 



a?* — Jaj* + ... 

l + ja^-... 
1-Jaj*+... 

! 1 when a? = 0. 
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EXAMPLES, 
rind the limits of the following functions. 



1. 


log ST 

x-V 


when 


x = l. 


^7W. 1. 


2. 


x-1 


when 


« = !. 


Ans. -. 
n 


3. 


sina; ' 




05 = 0. 


^TW., 2. 


4. 


x — anx ' 




x = 0. 


Am. 2. 


5. 


X — sin"' a; 




a! = 0. 


^^•-i 


(sino;)' ' 


6. 


(f-V 

X ' 




a = 0.. 


-4n^. log-T. 


7. 


t&na; — a; 
x — «ax.x' 




a! = 0. 

• 


Ana. 2. 


8. 


x — wnx 
a;' ' 




35:= 0; 


^n..i. 


9. 


sin 3a; 




aj = 0. 


Ans.-^-. 


» — - am 2x 


10. 


1 — aj + loga; 
l-V(2aj-aO' 




aj = l. 


Ana. - 1. 


IL 


1 X 

logo! loga;' 




a5 = L 


^n«. — 1. 


12. 


e*-2co8a+e"' 
assina; * 




ai=0. 


Ana. 2. 


13. 


8in2a! + 2sin'a!— 2 


sina; 


aj = 0. 


Ana. 4. v 


cosa;— cos'a; 


> 
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14. a? tan a? — -sec a?, ^=o* Am:--!. 

.. (a;-2)e"+a; + 2 . .1 

^ (^_1)» » '^ = <^- ^Jw. ^. 

^^' a;«-3a^-7x' + 27x-18 ' "' = ^- ^^- ^^^ 

a? = — 3. -4w«. — . 

„ a;V(3a;-2a?*)-a?4 /^a; ^ ^81 



a;t-l + (a?-l)t 3 

lo. -— Tii > aj = l. ^7W. — -. 



1-a;^ 20 

h(a:-l)^ 
(aj«-.i)f-.a.+ i? 

19. ^^"",^,v^T'^^ ^=1- ^^.0. 

• V(a?-i) 

msln^-sinm^ ^ ^ ^ w 

5(co3^-cosm^} ' 3 

^ • 2 

22. ^i'^Cg+g-sing-g j^ ^„,.-cot0. 
COS (^ + A) — cos(^ — A) 

23. — : : , aj = 0. Am. 2. 

n sm a? — sin nx 

OK Va?-\/g+V(a;-a) j«o _J[ 

lb. ■ ,/ a a^ — ^ — > a? = a. ^n^. ..^ : - , 

V(aJ^-a) V(2a) 

2g 7/ 2 + cos 2a; - siua? \ / 7r-2a?Y ^w- . 1 

V Usin2aj + a?cosa:/ V2 sin 2irj ' ^"^ 2 ' * i* 

27. 2*sinr5, «" x^co. Ans.a. 
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1 



28. 


{a'-l)x, 




a; = oo. 


^n^. log a. 


29. 


M' 


, 


aj = oo. 


Ar&. e". 


30 


fn'Bin nx — n* sin mx 


(1) 

(2) 


a; = 0. 
m = w. 


^rwr. 1. 


nJ\/m 


tan Tix — tan mx ' 




Ana. vT^ (n cos nix - 


- sin nx) cos* war. 


31. 


/ 1\* 




a?=0. 


Am. 1. • 


32. 


1 

/ta,n ir\' 




a; = 0. 


^/w. 1. 


33. 


1 
/tana;\*» , 

\ X ) ' 




a;=0. 


Ans. ei 


34. 


rs 




aj = 0. 


-4n5. 00. 


35. 


n 

(coswio?)*, 




aj = 0.. 


^rw. 1. 


36. 


n 

(cos?na;)a^, , 




a;=0. 




37. 


(cos mx)^i 




a? = 0. 


Ans. 0. 


38. 


a? (cota;)'+ sin a; 

X 




a? = 0. 


^na. 2. 


39. 


x' 


> 


a? = 0. 


Ans. — f . 


40. 


i-V(i-a^) 




a; = 0. 


^«5. 1. 


V(l + a.)-V(l + ^)' 


41. 


(sina;)*^', 




'TT 


-47W. 1. 


42. 


V(2)— sina; — cosa: 
log sin 2x ' 




TT 


^"'- ; 2V2. 
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^, 




sec- 


47. 


log (1- a;)' 



i»=0. 
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43. V(^'-^).cot||:y(^)|, a^ = a. Am.^. 

44. (1 — a?) tan -7- , a? = 1. -4/w. — . 

Jl_ 1 

45. a:*"*, a? = 1. -4n». - . 

e 

Arts, with the upper sign 1, 
with the lower sign 0. 

a; = 1. Ans, oo . 

48. {Ax"^ + J5a?~'"\.. + Jfa? + -N")*, a: = c» . Ana. 1. 
49 1 ^ . ^x^h + 2^{a^ + hx^x^ ' 

2 

-4W5. -T {V(« + J) -" V^}* 

„ COS a!^ — COS ad . sinade"^ 



e^+ 



>»^(i^) 



52. . , a? = 0. -4«5. — i. 

tana? — a; ** 

ejo e*sina? — e"{8ina + V2 (a? — a) COS (a — Jtt)} 

^^' J^ — ^a/^ . ^ — -N > a?=-a. 

e — e ^a; + 1 — a j 

^ntf. 2 cos a. 
1 1 j[^ 

54. f,-* --=-1 } a;=oo. Ana. a^a^...a^ 

^^ (5+ sin 5-^ 4 sin i^)* ^ ^ >i 128 

(3 + cos5-4coai5)" 81 
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56. \^^^[, » = «. Ana.!. 



. {!^)-, 



57. ^ ^/,; ^ ^ ^ , x = l. Ans.l. 

sm'(a;— 1) 

a*" . 

58. Prove that when x is infinite t^ is infinite or zero, ac- 
cording as m is greater or less than n ; a and b being 
both greater than nnity. 

59. Shew that when x is infinite 
-^log(l+^)=i. 



X- 



60. 



that when a;=0, w=: — and -3- = —-—a] and when iB=oo , 
t* = and 3- = 0. 



T. D. C. 
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CHAPTEE XI. 

DIFFERENTIAL COEFFICIENT OP A FUNCTION OF FUNCTIONS 
AND OF IMPLICIT FUNCTIONS. 

168. Suppose u a function of y and «, and y and z them- 
selves ftinctions of cc, it is required to find ^ . This of course 

might be obtained by substituting in u for y and z their yalues 
in terms of a?, by which substitution u becomes an explicit 

function of a;, and -j- can be found by previous methods. 

But it is often convenient to have a rule which gives -7- 

without requiring the substitution for y and z. To this rule 
we proceed. 

169. Suppose w = </>(y,«^), 

where y and z are both functions of x. Let x become x + Ax, 
and in consequence let v, z, and u, become respectively y + Ay, 
z + A«, and u + Aw. Then 

AM = <^(y + Ay, z + Az)''^{y,z) 

= (l>{y+Ay, z+Az)--(f>{y, z+Az)+<f>{y, z-\-Az)-^{y, z); 

therefore At^^ </>(y+Ay, ^ + A.) -</>(y, .+A.) Ay 
Ax Ay Ax 

(piy, z + Az)''<f>{y,z) Az 
Az Ax' 

Now let Ax and consequently Ay, Az, and Am, diminish 
without limit; then 
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the limit of -r— is -j- , 
the limit of -r^ is -^ , 
the limit of -r— is ■^- . 
The Umit of »(y. ^ + ^) - <^(y> «) jg the differential 

coefficient of ^(y, z) or i^, taken on the supposition that z is 
the only variable ; and may therefore be denoted by -7- . 

The Umit of ^(y + Ay,^+y-<^(y,^ + A.) .^^ 

Ay 
did not change, be the differential coefficient of ^(y, iS + A^?) 
with respect to y. But as A« diminishes without limit with 
Ay, the limit is the differential coefficient of ^(y, «), tofen on 
rte supposition that y is the only variable. 

We have then finally 

du _du dy du dz 
dx'~ dy dx dz dx' 

170. In this result -7- denotes, as stated, " the differential 

coefficient of w, taken with respect to y, supposing y alone to 
vary^ It is not impossible that the reader may be inclined 
to say, " But y and z being both functions of a;, if y varies, 
z must vary too, how then can I make the supposition that 
y alone varies?" His own further reflexion will probably 
remove the difficulty, if such it be. Should he however be 
unable to satisfy himself, it may be suggested to him that 
we do not make the supposition that y alone varies as a 
Jmal supposition. We allow for the vanation of both y and 
«, but it IS convenient for our purpose to consider these varia- 
tions one at a time. 

It is usual to write (-5-) and f -j-j , instead of ^ and -1- , 

the brackets serving to remind us of the suppositions to be 

L2 
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made in finding the values of these differential coefficients. 
Hence the above equation should be written 

du _ /du\ dy (dv\ dz 
dx'^xdyjdx \dz) dx' 

Of course the brackets may be omitted, and indeed frequently 
are omitted, provided we can feel certain of remembenng the 
conditions which they are designed to express. The he^inner 
will do well to use them, although as he advances in the 
subject he may be able to dispense with them, 

171. Ex. w = «* + y" + i?y, 

2? = sin a?, 



© = 2^+2^' 



^ = cosa.; 

du 
therefore ^ = (sy + «) e* + (2^ + y) cos x 

= (3e** + sina;)6*+ (2sina; + e*) cos a? 

= 3e** + 6* (sm X + cos x) + sin 2a?, 

and this value is of course precisely what we obtain if we 
substitute in u for y and z their values in terms of x^ thus 
obtaining m = e"* + e* sin a? + sin^a;, and then differentiate with 
respect to a?. 

172. An important case of the general proposition is 
obtained by supposing « = a; so that ;t- = 1. We have then 



du __ fdiA dy fdu\ 
dx " \dyj dx \dx) * 
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Here we cannot dispense with the brackets or some equi- 
valent notation, (-j-j denoting what would he the differential 
coefficient of u with respect to a?, if y were not a function 
of Xy and -j- denoting the actual differential coefficient of u 
-with respect to a?, when y is a fanction of x. 
173. Ex. u = tan"^ (xt/), 



/du\ x 



therefore 



W 1- 

(du\ _ X 

^y 

dx 

du _ e*a? + y 

_ e"(l + a?) 

which of course is what we obtain if we differentiate tan"*(aje*) 
with respect to x. 

^ 174. Suppose u = <^{v,.y, z) where v, y, z, are each func- 
tions of X, We have, as before, 

£iu-<l>{v+Av, y + £i^yy « + A«) - <^ (t?, y, «) 

= </»(ir + Atf, y + £iy, « + A«)-</»(i?,y + Ay, 2J + A0) 
+ </»(i7,y + Ay, + A«)-<^(i;,y, « + A2;) 
+ (^> y^ xj-f A«) -</» (v, y, «) ; 

Au^ ^ {v + Av, y + Ay, g + Ag) - ^ (v, y + Ay, z + Az) A?; 

Aa; Av Ax 

. </>(t?, y + Ay, g + Ag)-</>(t?, y, g + Ag) Ay 
Ay Aa? 



^ ^ (y, y, g + Ag) -</> (t?, y, g) Ag 
Ag Ao;* 
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; __ fd%i\ dv fdu\ dy fdu\ dz 
J "~ \dvl dx \dy) dx \dz) dx ' 



Proceeding to the limit, we obtain 

du 
dx' 

The process may be extended to the case in which u involves 
more than three functions of x. 

175. Examples may occur more complicated in appear- 
ance, but essentially involving the same principles as those 
of the preceding articles. Suppose for instance 

u = (t>{v,y,z,x), 
v^-y^iy.z.x), 

z = F{x), 

so that u could, by performing the requisite substitutions, be 
made an explicit function of a; ; it is required to express the 
differential coefficient of u with respect to x, without pre- 
viously making these substitutions. 



du __ /du\ dv (du\ dy (du\ dz /du\ 

dx " \dv) dx \dy) dx \dz) dx \dx) ' 

__ (dv\ dy /dv\ dz /dv\ 

~~ \dy) dx \dz) dx [dxj * 



dv 
dx 



!-/(»), |-^'(-). 



Hence 



l-©l(l)^<"-©^''"-(S} 



(|)/(^)^(l)^'(«>+(S)> 



176. The same suppositions being made as in Art. 169, 
it is required to express -7-5 . We have 



du _ /du\ dy /du\ dz^ 
dx "" \dyj dx \dz) dx * 
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Now (^) is itself, a fanction of y and z. If we denote it 
by V it3 differential coefficient with respect to x will be 

/^\ dy^ fdv\ dz^ 

\dy) dx \dzj dS ' 

which may be written 

(d\\ dy^ ( d^u \ dz 
\dj^) dx \dz dyl dx * 

The differential coefficient of -j- with respect to a? is -7^ . 
Proceeding in the same way with the factor 

(dv\ dz 

\^)d^' 
and remembering, (Art. 134), that 

/ JV \ _ f d^u \ 
\dz dyl ~ \dy dz) ' 
we have 

d^u _ (d^ f^XjLO f^\ dydz^ fd^i\ fdzV 
da?''\dfj[dx) ^ [dydz)dxdx^W)[dx) 

/du\ d^y (du\ d^z 
^\dy]'M^\^]~d^' 

If z-x^ we have ^ =1> ^[3 = ^; *^^ 

^^(^ (dy\\ ^( d%\dy ^ (d^u\ ^ (diAd^ 
da? \df)\dx) '^^\dydx) dx^\da?)'^\dy) da?' 

177. Hitherto in this chapter we have given methods 
which, although often convenient, are not absolutely necea-- 
sary, as in all cases, by effecting the required substitutions, 
we may obtain an explicit function of cc, and differentiate it 
by known rules. But the case we now consider is one in 
which a new method is frequently indispensable. 

Let ^ (cc, y) =0 be an equation connecting the variables x 

and y ; it is required to find -j- . If the given equation can 
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be solved so as to give y in terms of a?, say y = '^{x), then the 
diflFerential coefficient of y with respect to x can be found hj 
previous rules. If x can be expressed in terms of y, we can 

determine -j- and then -^ , since ^- x -^ = 1. But as it is 
ay dx ay dx 

often difficult, and sometimes impossible, to solve the given 

equation, it is necessary to investigate a rule for finding — 

which does not require this operation. 

Put u for <l>{xjy). From the given equation y is some 
definite function of a? ; hence >vt^~ o 

(du\dy (du\ P-:i:'j\ (> 

is, by Art. 172, the differential coefficient of w with respect to 
a?, fiut u is always zero, and therefore so also is its differential 
coefficient with respect to x. Hence 



«-(|)^(s)- 



fdiC\ 

therefore ^ = — ^-—.^ 

dx /du\ 

178. This important result may also be obtained thus, 
which is in effect combining into one article^ portions of the 
preceding pages. Let 

^ (aj, y) = 0. 
Suppose X to become x + Aa: and y to become y + Ay, so that 

(a? + Aa?, y + Ay) = 0. 
Hence </» (a? + Aa?, y + Ay) -0 (a?, y) = 0, 

and </»(a?+AaJ, y+ Ay)-</»(a;+Aa?, y)+</»(x+ Aa?, y) -^(a;,y)=0. 
Divide by Aa?, and we have 

<l> (a?+Aa?, y +Ay) -•</> (a?+Aa?, y) Ay 6 (a?-hAa;, y) -<^ (a;, y) 

Ay Aa; Aa? ' 

This equation, being always true, remains so when Aa; and. 
Ay are diminished indefinitely. 
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The limit of 't>{x-\r^,y)-4>{x,y) ^^^ ^ diminishes, 

is the differential coefficient of ^ (a?, y) with respect to x,Jvrmed 
on the supposition that x alone varies, and if we put u for 

^(ic, y), this limit may be denoted by (-r-j . 

The limit of ^(^ + ^^>y + y-</>(^+^>y) ^onld, if 

Ax remained constant, be the differential coefficient of 
^ (aj 4- Ax, y) formed on the supposition that y alone varies. 
But as Ax diminishes w ' 



without limit when Ay does so, the 
limit is the differential coefficient of u with respect to 
formed on the supposition that y alone varies. It may 

denoted by (|). 



The limit of ^ is ^ . Hence finally 

, \dyj ax \dxj' 
179. Ez. Suppose 

Here u^ay + b*a?-4^b\ 

therefore a^y t^ + i*a? = 0, 

therefore :jr = — «" 

dx cry 



.(1). 



Since y=a—V(<*'~"^ from the given equation, we obtain 



a 



.(2). 



directly dy _ hx 

dtx" a^J{a^'-a?) 

When in (1) we substitute the value of y in terms of x, 
the result agrees with (2). 
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In this case we can verify our new rule, hy comparing its 
results with those previously found. In more complex 
examples, such as 

a?*- a»'y + Jajy-y* = 0, 

we can find -p only by the new method ; 

putting u for oj"— aa?'y + Jic'y — y, we have 



{£)=-<^+^^^!/-^y'y 



therefore -f- = —=-1 — ttt^ f- • 

dx by — 26ary + oaf 

180. We shall now investigate the second differential 
coefficient of an implicit fanction. 
From the equation 

w or ^ (a?, y) = 0, 



we have deduced ^ = -.ii^^ {!); 



fdu\ 

\dy) 
it is required to find ^. 

We observe that i-jA being a function of both x and y, 
its differential coefficient with respect to x must be found by 
Art. 172. If we put v for \-t-j^ the required differential 
coefficient will be 

\dyl dx \dxj 

Similarly, denoting (-r-j by t^?, we have for its differential 
coefficient with respect to a?, 

(dw\ dy /dw\ 
\dy) dx \dx) ' 
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Henoe, Aom (1), 

(fdv\ dy /(fo\l f /^«^^ ^y , ^^^M 



w 



NoTf 






the latter symbol denoting that w is to be differentiated twice 
with respect to a:, on the supposition that x alone varies; also 

/dv\ / d\ 



(dv\ _ / d^u \ 
\dyj ■"■ \dy dx) 



the latter symbol denoting that w is to be differentiated with 
respect to a?, supposing x alone to vary, and the result with 
respect to y, supposing y alone to vary. Similarly 

[dx)''[dxdy)' 
fdw\ __ fd^u\ 

KdyJ^Wr 

Hence, substituting in (2), we have 

fdt£\ (f oPu\ ^ f^^X _ (iA U^'\ %,/ <?*» \] 

<&«" fduV 

\dy) 

(3). 

If we substitute in (3) the value of -^ given by (1), we 
<f*y _ W j [dyj [dx dy) [dxj \dy) "*" UW W 



di* 



(4). 
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181. This result may also be found from Art. 176, by 
supposing w = always, and therefore -y-^=0; or indepen- 
dently thus. 

From -f li. w = 

'"»»"-"»' ' (|)lHs)-» (')■ 

Denote this result for the sake of shortness by 

=- (|)IHe)-"7 «• 

which result, expressed in terms of w, is 

(S)*K^)l^(S)(l)'*(|)S=« ("'• 

BS — IB already known, this equation will famish -^. 

Equation (1) is frequently called the " first derived equa- 
tion, or " the differential equation of the first order ;" and 
equation f3) is called " the second derived equation," or the 
" differential equation of the second order;" the equation u=0 
being called the "primitive equation." 

182. Should the reader succeed in correctly deducing for 
himself the important equation ("S) of the last article, he may 
omit the next two articles, as it seems unnecessary to direct 
his attention to difficulties he might have felt, or mistakes he 
might have made. T£ however he has failed in his attempts, 
he may compare his process with the following. 

In (1), put^ for -p , so that v stands for 
Hence (|) = (^>.(^(|).(g). 
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Thus (2) becomes 

. -(^>-(|)(l)-(S)=». - 

this simplification we obtain the required result. 

A very common mistake is to omit the brackets in 

(§)^+©' ""^ ^^"^ (i) '' '^**^° ^' ^""^ ^^"^ 

remains a superfluous term, viz. -^ , or as it has perhaps been 
written by the student, — ^ 



dydx' 

183. In Art. 182 we proceeded very strictly according to 
the literal requirements of the rule involved in equation (2) of 
Art. 181 . We might have reasoned thus. 

We have merely to express symbolically the fact, that the 
differential coeflScient of 



Now the differential coeflicient of f-7- j with respect to a?, 



ldu\ dy^ (du\ 
\dy) dx \dx) 

with respect to x is zero, 

dy, 

I d^u \ (d*u\ dy 
^ \cb^)^\dyVto' 

and the differential coefficient of ^ with respect to ^ is ^^ . 

Digitized by VjOOQ IC 



1 



158 DIFFERENTIATION OF 

Hence the differential coefficient of (j-j ^ is 

\^dxdy)'^\df) dx] dx^\dy) dsf ^ ^' 

Also the differential coefficient of f^j is 

(JPu\ dy /^\ f . 

\dydx) dx ^ \da?) ^^' 

Collecting the terms in (1) and (2), we have 

/(?w\ ( d^u\ ^ (^\ fdy\\ fdu\^^ 
\da?) "^ \dxdy) dx "*" Kdy'JXdxJ "^ \dyj d^ 

184. It is not necessary to proceed further with the 
successive differential coefficients oi implicit functions, as the 
equations become too complicated to be often used. The 
reader may, as an exercise, obtain the following result from 
equation (3) of Art. 181, by either of the methods we have 
used in Arts. 182 and 183 : 

(d^u\ , ^f d'u\ dy ( d^u\ fdyV f^\ fdyV 
\da?) ^ ^ \doi?dy) dx^^ \dxdf) [dxj ^ \dyV \dx) 

'^ ^ X^dxdy) ^ \df) dx) d^ "^ \dy) doi? 

We may observe that it is often found convenient to use a 
certain abbreviated notation for partial differential coefficients. 
Thus if ^(a5,y) be any function of a? and y, any partial differential 
coefficient of the function may be indicated by the letter ^, 
with accents above corresponding to the number of differen- 
tiations with respect to a?, and with accents below correspond- 
ing to the number of differentiations with respect to y. For 

example, ^" will indicate ( ^J ] > ^"^^ ^/ '^^ indicate 

We may also use y for ^ , and y" for ^ , and so on. 
Thus with the present notation the equations (1) and (3) of 
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Art. 181, and the equation which may be obtained from (3) 
will be expressed respectively as follows : 

185. Suppose thcxtwo equations 
/(a?,y,«)='0, 

exist sivnuUaneouslyy in which x is the independent variable 
and y and z dependent variables. From the two given equa- 
tions we may eliminate z, and thus find an equation connecting 

y and x. Hence ^ may be determined. Again, from the 

two given equations we may eliminate y, and thus find a 

relation between z and a?, whence -^ may be determined. In 

cases where the elimination is tedious or impracticable we 
may proceed thus. 

Let u denote f{x,y^z) and v denote F{x^yyz). Since y 
and z are functions of a?, the differential coefficient of u with 
respect to x is, by Arts. 172 and 174, 

(du\ fdu\ dy /du\ dz 
\^}'^\4y)di^\^)'3^' 

and since u always = 0, we have 

S^M,.0.(|).(|)|.r|)* (.,; 

from which we find 

fdiA fdv\ _(<^\ (^\ 
dy \dx) \dz) \dx) \dz) /«x 

^" /du\ f^\ _ fdv\ /du\ 

\dy) [dzj \dy) [dzj 

Digitized by VjOOQIC 



160 DIFFERENTIATION OF 

fdv\ fdu\ fdu\ fdv\ 

(4). 



dx /^\ /du\ _ /rfwN /ewN 



186. By differentiating equations (1), (2) of tte last article 
with respect to x, we obtain 

/^\ / JV_\ ^ f d'u\ dz^ (^\ (^y 
\cb?) "^ '^ W^y/ <& W<fo/ dx "^ W// W 

■^ Wy<fo/ dxdx^ \dzV \dx) "^ U^^y <&' "^ W <iB' ~ ' 
W/ W<iy/ ^^K \<icc&;/ dx ^ \df) \dxj 

■^ Uy<?«/ <& <fo; "^ W/ \dx) "^ Uy/ rf«* U^/ di>f~ 

From these equations we can deduce -j^ and t-^ , which 

may also be found by differentiating equations (3) and (4) of 
the preceding article. 

187. Suppose we have n equations connecting n + 1 vari- 
ables x,y,z, t. Let the equations be 

F^(x, y, z, t) = 0, say m,=0, 

F^{x, y, z, t) = 0, say m,=0, 

F,{x, y, z, t) = 0, say m,=0. 

From these equations all the variables but one may be 
considered fdnctions of that one. K sc be the independent 
variable, we have 

^~\dx)^\dy)dx^\dz)dx^ ^\dt)dx' 

n - /'^A X (^ il 4- (^^ ^ a. J. (^^ ^ 

^~\dx)'^\dyjdx'^\dz)dx'^ "^[dtldx' 
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firom which n equations we can detennine the n quantities 

dy dz dt 

do?' dx^ dx* 

188. Suppose ^ (a:, y, 2) = to be the only equation connect- 
ing three variables, so that z msj be considered an implicit 
function of the two independent variables x and y ; it is re- 
quired to find -J- and -j- . 
^ ax ay 

By -7- is meant the differential coeflSicient of z with respect 

to a:, supposing y constant, and by -j- the differential coefficient 

of z with respect to y supposing x constant. Theoretically 
we may from the given equation find the value of z in terms 
of x and y and then effect the differentiation by common rules ; 
(see Art. 131). But to avoid the difficulty of solving the 
given equation we adopt another method. Suppose y constant 
80 that we have two variables x and Zj and let u stand for 
^ (a?, y, «), then by Art. 178 



©+(!)£=» w^ 



where (-^ ] stands for the differential coefficient of u taken on 

the supposition that x alone varies, and f ^j for the differen- 
tial coefficient of u taken on the supposition that z alone 
varies. Similarly 



(l)-©i-» «• 



Equations (1) and (2) determine j- and ^ . 

We may determine ^-^i and -r-^ by the method of Art. 

T. D. C. M 
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180, or by that of Art. 181. If we adopt the latter, the 
two equations we obtain are 

/5^*\ f cPu \ dz fcPu\ fdzy (du\ ^ss _ 
W) '^^ [dxdzj dx'^ [dzV [dxj "^ W^~^' 

f^^J^O fJ^\ ^4. (^\ f—\^ 4.f^\^^C\ 

\df)^^\dydz)dy^\dzV\dy) "^We?/'^' 

We can obtain an equation for finding ^—p bj differen- 
tiating (1) with respect toy, or (2) with respect to x. We 
thus deduce 

/ d^u \ f d^u\ db / d^u\ dz /^\ dz dz 
\dxdy) \dzdx) dy \dzdy) dx \dz^) dy dx 

\dzj dydx 

189. Suppose we have two equations connecting four 
variables ; for example, 

f{v,x,y,z) = 0, sayMj = 0, 

F{v,x,y,z)=^0, sayt*,= 0; 

from these equations v and z may be considered functions 
of the independent variables x and y. If we eliminate v we 

obtain an equation connecting z^ a?, and y, so that -7- and -7- 
may be obtained by the preceding article; and similarly 
if we eliminate z we may find -j- and -r- . Or we may pro- 
ceed thus : from w^ = we deduce, by Art. 174, 
/du^\ (du\ dv^ /rft^A dz _ 
\dx)'^\di)^'^\dz)'^~^' 

and from Wg = we have 

fdu^\ (du\ dv fduA dz ^ 
\dxj \dvjdx \dz) dx"^ ' 



from which -j- and -j- can be found. 
dx dx 
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Similarljy from Wj=0 and ^,= we deduce 
(du\ (du\ dv (du\ dz 
\3^) + W dy^Kd^jd^"^' 

•^ (l)^(§)l+(t)i-''. 

from which -7- and -r- can he found. 
dy dy 

In such equations as those in the present article it is 

.^ df df dF ^ ^ , ^ dw, 
very common to wnte —- , ^ , -7- , &c., to denote -j-* , 

dv' dy' ^''' 

190. If values of x and y which satisfy an equation u = 
involving x and y, also make f -j-j and f ^J vanish, -^ , 

(1) 

W 

assumes the indeterminate form - . If we apply the method 
of Art. 145, we have 

/du\ (^u\ / d^u \ 

xi> T 'J. r\d^/ xi. T -x iXda?) xdxdyjdx 
the limit of -7-7-7- = the hmit of lu , 1/ ^ ■ , 
/du\ / d% \ fd^vXdy ' 

\dy) \dxdy)^\df)d^ 

the numerator and denominator of the second fraction being 

respectively the differential coefficient of (-r- j and of (~\ 

with respect to a?. 
We have then 

fd^u\ / d^u \ dy 
dy ^ \da?) \dxdy) dx 



which = — — ^FT 

fdu\ 



dx 



/ d^u \ fd^u\dy 
\dx dy) \dy*) dx 



(1). 

m2 
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In this expression we must substitute in l-r-^j , [ jj ] > 
and [•j^ji the values of x and y under considettition, and thus 
we obtain a quadratic for finding ^. This quadratic is 

QiiM^/M^h' «^ 

equation (2) agrees with equation (3) of Art. 181, remem- 
bering that by hypothesis ( j-j = ^* 

191. Should the values of a? and y we are considering in 
addition to making t* = 0, (-j-j =* 0, ( j- j = 0, also make 

©)=«' (0)=^' (^)='' 

then the value of -^ given in equation (1) of the preceding 

article also takes the form -. Hence, applying again the 
rule for finding the limit of such a fraction, we have 

.(1). 




Since [^r-j-j and (-t^) vanish, we obtain from (1) 

($)©"-'(^)(l)'-(^)l^(S)=»-(^). 

where in all the difierential coefficients of u we must sub- 
stitute the values of x and y under consideration^ giving a 

cubic equation to determine ^ . Compare Art. 184. 
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It must be observed that ttis method is liable to an 
objection. We assume thut ^p-f-jK ^^^ d?^ vanish 

'because in each case one factor vanishes; if however ^ be 

tnfinitey it does not follow necessarily that , , -^ and 

^^ vanish. 

192. Ex. y* + 3ay--4a'a?y-aV=0, orM = 0. 
Here ( -7^ ) = — 4a'y — 2a*a;, 

fdu' 



(|)=y + 6a'y-4a««; 



tnereiore ^ - ^y ^. g„.y _ ^^.^j 2^ + 3«'y - 2«'aj " 
Here x^O, y—Q, satisfy tt=:0, mi msk.^ -M- assume the 

fonn^. 
Differentiate both numerator and denominator, and we have 

•f- = the limit of i 

^ (6y»+3«»)|-2«» 

2|+1 
= ■ H nltimately. 

•^^ KIT-*!-'""' 

therefore ^ = — =^ — • 
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Again, suppose ay* — hafy + a?* = to be the given equation. 
fdu\ 



^^ ©=*^-2*^' 



(du\ ... ,^. 



(D=-^- 



therefore d^ = la?-Za^' 

This value of -^ takes the form ~ when x and y vanish. 

Hence, diflferentiating the numerator and denominator, we 
have 

dx _ dv * 

when X and y are made= 0. 
Again, we have the form - . Hence, differentiating again, 

dy dx doir 



ay ax aocr 



X and y being made each = 0. Thus asmming that x -^ 



andy^ vanish, we have 




i{^»-«"(l)}- 




from which -^=0, 





or 



dx -y a 



193. It may be noticed that equation (2) of Art* 190 
differs from equation (3)* of Art. 181 onlj in the omission of 



Digitized by VjOOQ IC 



WHEN INDETERMINATE IN FOEM. 167 

the term ( -^ ) ^ . This term would not occur if ^ were 
\dy] dx' j2 6&B 

a constant quantity, for then -^ would be zero. Hence 

equation (2) of Art. 190 may be derived by differentiating 
the equation 

\dx)^\dy) dx' ' 

with respect to x and treating -r- aaifit were a constant. 

Similarly, equation (2) of Art. 191 may be deduced from 
equation (2) of Art. 190 by differentiating with respect to x 

and treating -^ as if it were a constant. 

194. If in equation (2) of Art. 190 we have f j^J = 0, 
we have ^^ ^ 



^ = -. 



fd^\ 
[dxV 



dx / d'^u \ 

\dxdy) 

as one value of s^ . The other value of -^ will be infinite, 
dx dx 

for we know from Algebra that if we have a quadratic 
equation and the coefiicient of the highest power of the un- 
known quantity gradually diminish without limit, that one 
of the roots simultaneously increases without limit. 

195. The value of -^ , when the values a? = 0, y = 0, make 
it assume an indeterminate form, may often be more simply 
found thus. We have only to seek the limit of - as x and y 
diminish without limit; this is obvious from the meaning of 
Jf- ; it will be seen too if we refer to the geometrical illustra- 
tion of Art. 38. 

Ex. ^* + S[ay-4Q%-aV=^0. 
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Hence, y.g)V8««(f)-4a«|-a--0. 

If now ~ have emj finite limit, the term y*(-) will vanish 
when y = 0, and we have for finding the ultimate value of ^ 



\« 



the equation 

\xj \xj 

KS)'-'(l)->-»' 

X 3 

If 2l have an infinite value, then - has a value zero : 

^ . . . y 

putting the given equation in the form 

.0? •/aJ^* 



OR - ■ 1/ 

we see that - = ultimately would not satisfy it. Hence - 

has not an infinite value. 
Again, suppose ay* — hfy + au* « ; 

therefore a{^ -i^^j + »^0: 

when X vanishes, we have 

therefore s^ = ultimately. 



v^* 



or ^^± 

X 

Again, suppose a?*+aa?y + &cy*— y* — 0; 

therefore aj + a^^ + ftf^^J -vf^j^O, 

X \xj ^ \xJ 
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The fini^ limiting values of - are given ty 
therefore - = 0, 



X 

X b 



And since the given equation may be put in the form 



rm 

we see that -= ultimately satisfies it; 
therefore ^=00 ultimately for another value. 
Hence the limits of - are 

X 

0, or — T- , or 00 . 

This method is free from the difficulty which is pointed out 
at the end of Art. 191. 

If we wish to ascertain by the method of the present article 

the value of -^ at a point for which a? = a, y = J, we may put 

a + aj'fora? and J+y' for y in the equation which connects 

X and y. We shall then have to find the value of nr> when 

aj'ssO and v*=0; and this may be ascertained by the method 
shewn in the preceding examples. 



EXAMPLES. 
1. If M = a/( «T^ ) ' wi^® ^ ^^^ y ^® functions of a?, 

find -J-, 
ax 
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2. If M = sin"' - , wliere z and y are functions of x, find -t- . 
3 11 v^ -oar ^--— ^L_ 

4. Ifa^'-Z^O. ^^ f-^^^ogy 

^ ax ar—iry log a; 

5. If(a+y)'(J»-2^+(aj + a)V=0,find^. . 

6. If sin {xy) = wa?, find -j^ . 

^. • « 11 ^'v 2a^a^ 

7. Given y*+aj'—3aajy = 0, shew that.^ = — . ,_ vg * 

8. Given a>*+2aa?*y = ay*, find ^ and ^, and writ6 

down the third derived equation. 

du 

9. Ify = <^(i»,y,w) and '^(a;,y,w) = 0, find ^. 

dfi|r <?^ dyjt d(f> dyjr 

7? 7/ ^^ — ^ ^y dy dx dx 
dx dyjr d(f> dyft d(f> dyjt * 

du d}f dy du du 

10. If w = ^ (a?, y), and u = x{a;), find ^ . 



^''lk<»')-©}-©^'w- 



11. If u = c^-\'is/{^tcxy) find ^, (1) when x and y are 

independent, (2) when x-\-y^a. 

12. If a^+V(seca?y)=0, find^. 

Jt^sult ^y ^ y ^(^^^ ^) ^^^ ^ "^ 2a^ya:y^^ log a 
dx a? V(seca?y) tanajy+2a^a^logaloga;* 
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13. K x^-^-^aofy - a^* = 0, shew that ^ = 0, or ± ^|2y 

when a? = and y = 0. 

14. If«*-oy* + 2airy' + 3aa?y = 0, shew that ^ = 0, or-1, 

or 3, when x^O and y == 0. 

15. If asf^-^ify^ajf^ 0, shew that ^= 1, 

when X 5= and y = 0. 

16. If a?^= (a«-3/«) (J +y)«, shew that g = ± -^^ , 

when a?= and y = — J. 

17. U{f^^{x^l){x^^^2{f + a?--2x)\ 

find -^ when x and y vanish, and when as = 1, y = 1. 

B«^y(-)...a-M?!). 

18. If y*-y*+3ay-2ai"=^0, find ^ when a; = 0. 

3 
Besult 1, 2, or — - . 

19. Given w' + iB'+y' + «* = c", 



find ^-. 



logrH+«a? = J', 



20. 



Besult w -T- r= e ^ + — . - X. 

ctx X x+y xxz-^-i 

If ^ + ^+^-1-0, find 

d^ d^z ^ d^ 

da?^ dxdy^ dy^' 
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CHAPTER Xn. 

CHANGE OF THE INDEPENDENT YABIABLB. 

196. In Art. 60 we have proved the equation 



and in Art. 63, 



^ = J- (I) 



^^^^ ^ (2). 

dx dz dx " * ^ 



and we now proceed to some extensions of these formuUe. 

Given x and y, both functions of a third ^variahle «, it 
is required to express the successive differential coefficients 
of y with respect to sc, in terms of those of y and x with 
respect to z» 



We have ^ = t^by(2). 



dx dz dx 

dz 
d^ dy 

XX ^y ^d^dz _d^dz dz^ , . . 

35 "" die ^ "" flfo ^ * etc ^^ ' * 
dz dz 

d'y dx ^ d^ dy 
d^ d z ds^ dz dz 
(dxV ' dx 



fdx 
\dz. 



dz) 
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d^y dx d^x dy 

d^ dz dz^ dz , ,^. 

= — w? — ^^^'^• 

\dz) 

d^y dx d^x dy 
* . d^y d 'd^ dz "" dz^ dz dz 

^s«^' :^=^ — 7^ — -^ 

[dzj 

(^y^^^d^dy\ (d^ _^ (dxV d^x /d^y dx d^x dy\ 
_ ^db? dz dz*dz) \dz) " \dzj d^ \d^ dz dz^ dz) dz 
^ /dxy dx 

[d^J 

(d*y ^_^^dy\ dx ^ d^x fd^y dx d^x dy\ 
d^ dz dz^ dz) dz d^ \dz^ dz dz^ dz) 

\dz) 
Similarly we miglit express -j^ , &c. 

This process is called " changing the independent variable 

d\ 
from x to z'^^ since in ^^ the independent variable is x, 

"but in the expression • 

d'^y dx d^x dy 
ds? dz d^ dz 

the independent yaxiable is z, 
197. Suppose in the preceding article we pnt z = y. 

Wehave ^ = 1 ^ = ^-0 &c 
we nave ^^-i, ^^. = 0, -^-0,&c. 

dz~ dy' 'd9~'c^'°^'' 
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and thus :r^=-7-j 

flfe ax 

dy , 

A d'!t 

\dy) 



dx d^ ^ fd^x\* 






198. The formulae of Ait 197 may also be obtaujed 
directly thus, 

dM dx^ 



therefore 



ds? dxdx 



dy dx' dx 
dy 

d^x d^x 

__ dif dy d'l^ 

\dy) \dy) 

d^x d^x 

d^y _ d df d dy" dy 

daf^ dx fd^^^'d^T^'dx 
\dy) \dy) 
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djt\dy) ^\dy)W) 

{%) ■ 

This process is called changing the independent variable 
finym x to y. 

199. With respect to the use of the preceding articles 
^we must observe that, as is the case with some other parts 
of the Differential Calculus, the student is here acquiring 
materials which will be available in some of his following 
subjects. Expressions which present themselves can some- 
times be much simplified by transforming them in the manner 
above indicated ; of this examples will be seen at the end 
of this Chapter, 

200. The following is an important case. 

d^v 
Change the independent variable in a?** v| from x to ty 

where x^^. 

We have Ux^^^^ix^^^^ 
we nave ^^\x ^^n)- ^\^ ^^n) ^^ 

This result may for the sake of abbreviation be thus ex- 
pressed; 

/d \ ^dy f^id'^^y ,,. 



Digitized by VjOOQ IC 



176 EXAlfPI.ES OF THE CHAKOE 

Put n sal; then 

M.^. ''S-Ca-')! <"'• 

Put n = 2 in (1) ; then 
or from (2), 

•'S-C^^)!!,-)! '»)■ 

Proceeding thus we deduce 

»-S={s-("-)}{^(»-'}-i-'}S <*'• 

201. It is often useful in geometrical applications of the 

Differential Calculus to have expressions for ^ and -7^ in 

terms of 0, supposing 

a? = r cos ^ 

y = rsin«j ^^^• 

Since y is by supposition some function of a?, it follows 
from (1) that an equation subsists between r and tf, so that 
r may be considered some function of Q. 

, -^ sm^^ + rcosS 
No'^ ■i-3^'~P^ — ,from(l), 

^^^8in£g + r^ ^ 

rfaj^ dd ^dr . >,'<&' 

cos^Tg — rsin^ 
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The mimerator of this fraction is 

(smO -™4-2costf Tg— rsin^j fcos tf-^ — r sin^j 

— fcos ^^- 2 sin ^ ^ -r cos ^j Tsin ^ ^ ^r cos^J 
and the denominator is 

^cos^g-rsin^y. 



r^+2 



Hence, 



d'y ^ \dd) ^ de" 

<3te**/ ^dr T!?' 
(cos^-jja— rsm^J 



202. Let 1^ be a function of the independent variables 
X and y, saj u =/(aj, y) ; and suppose x and y functions 
of two new independent variables r, &, so that 

y^F,{T,e). 

It is required to find the values of -rj- and -7- in terms of 
^ dx ay 

differential coefficients of u taken with respect to the new 

variables. 

If for X and y we substitute their values in terms of r 

and tf, we make u an explicit function of r and Q. Now, by 

Art. 169, 

du _dudx du dy 

dr'^ dx dr dy dr ' 

du ^du dx du dy 

dd^didd'^d^de' 

From these equations -r- and -7- can be found. 
^ dx dy 

203. If the equations which connect a?, y, r, tf, instead of 
those in Art. 202, be 

T^F^{x,y), 

0^F,{x,y), 

T. D. C. N 
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we may use the formulaB 

du ^du dr du dO 
dx^ dr dx d0 dx* 

du ^du dr dudO 
dy ~ dr dy d0 dy* 

204, If the equations which connect a?, y, r, d, are given 
in the form 

F,{x,y,r,0)^O (1), 

F,{x,y,r,0)^O (2), 

we may, in order to find the values of -r- j ^ , -j-, ^ , 

required by the formulae of Art. 202, by successively eliminat- 
ing y and x from (1) and (2), obtain explicitly the values of x 
and y in terms of r and 0, Or, by Art. 189, we may find 

dx dti 

-^ and -^ £com the eqxiations 

\d0)^\dx) d0^\dy) d0~^' 
and use two similar equations for ^ and ^ . 

205. Ex. «=/(», y), 

sc = r cos 0, 
y = r sin ^, 

dx ' a • Ay a 

dx ^ dy . ^ 

■^ = cos ^, ^ = sm a. 
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Hence, by Art. 202, 



therefore 



du . ^du . /,6?tt 

dQ dx ay 



du ^du \ . ^du 

:^ = cos ^ -y- sin ^ 35 , 

flfe dr T av 

du , ^du 1 ^du 



.(1). 



If we proceed according to Art. 20^, we must put the 
equations between x, y, r, 0, in the form 



T^^[a?+jf), 



^ = tan"'^; 
x^ 



hence, 



X 



X 



dr^ ^_ 

dx ^{pi?-\-y^) r' 



dr 



y, ^y 2£^ 



de 

dx 
d0 



--. y 



y 



X 



X 



therefore 



dy ^/{a?+y') r' dy a^+/"r^' 

e?w_aj^ y du 
^^rdr ?d0' 



.(2). 



du _y du X du 
d^~rd^'^?dS' 

X V 

Since - = cos ^ and - = sin 0, the formulae (1) and (2) 

agree. 

In this branch of the subject beginners are liable to mis- 
takes from not paying sufficient attention to the precise 
meaning of the symbols. Generally speaking mathematical 
notation is so dennite that the meaning of any symbol can 
be settled without regard to the context ; but sometimes in- 
stead of using a complex symbol to express our meaning 
without any possibility of mistake we use a symbol which 
in itself may be ambiguous, but which is rendered perfectly 

n2 
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definite by means of the connexion in which it occurs. Thus, 
for example, as we have intimated in Art. 170, the brackets 
expressive of differentiation under certain conditions are 
sometimes omitted, that is, they are left to he suggested by 
the context. 

In the present case the meaning of the symbols -7- , -^ , 

du dti 

— , — which occur in Arts. 202 and 203 must be carefully 

Cm? Cby 

observed. We mi^ht use a more complex notation, as for 
example the foUowmg; let -^(a?, y) be any function of a; and 
y, and let %(r, &) be the form which >^(a;, y) takes when for 
X and y we substitute their values in terms of t and 6\ then 

^% (^> ^) ^ i ^^'(^> y) \ ^^ ft ?i|r(a;,y) [ dy 
dr \ dx ) dr \ dy ) dr^ 

and this is the equation which in Art. 202 is expressed more 
briefly thus, 

du ^dudx du dy 
dr dx dr dy dr* 

The beginner however must remember that the second form 
is an abbreviation of the first form, and he should recur to the 
first form if he has any doubt of the meaning of the symbols 
du . du du 
dx^ dy^ dr* 

It is however with respect to the symbols -y-, -^ , 

dx dy t • t , A t 1 1 1 dr dQ 

•j^ , -^ which occur m Art. 202, and the symbols -j- , -^ , 

-7- , -T- » which occur in Art. 203, that mistakes are most 

frequently made. For example, beginners sometimes imagine 

dx dr 

that the -5- of Art. 202 and the -5- of Art. 203 are connected 

dr dx ^ 

dx dr 
ly the formula -j- ^ ^= !• This formula however is quite 
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inapplicable here ; for it implies that there is a single eqtiation 
inYoiying x and r and no other variable, which is not the 
case here. 

In Art. 202 we suppose that x and y are expressed as 

fiinctions of r and 0y and -y means the differential coefficient 

dr 

of X when r varies but does not vary ; and as r varies y will 

also vary, so that on the whole r, a?, and y vary and does 

not vary. In Art. 203 we suppose that r and are expressed 

as functions of x and y, . and -j- means the differential co- 
efficient of r when x varies but y does not vary ; and as x 
varies will also vary ; so that on the whole a?, r, and vary 
and y does not vary. 

dx df 

Thus the -3- of Art. 202 and the y- of Art. 203 are formed 
dr €Cx 

on different suppositions as to the quantities which vary and 

the quantities wnich do not vary. 

In the example of the present article the -5- of Art. 202 

dr X 

= cos^, and the -j- of Art. 203 =- = cosd; and the product 

of the two is not unity. 

206. Suppose u a ftmction of the three independent vari- 
ables X, y, z, and that these are connected by three equations 
with three new independent variables 0, <l>fr; it is required 

du du dti , . i>i*/v« .-I /*»• /• 

to express ^ , -j-, ;r > ^ terms of differential coefficients of 

u taken with respect to the new variables. 



We have, by Art. 174, 
du du d0 



du d^ du dr 



dx d0 dx d<f)dx ctr dx 

du ^ du d0 du d<f> du dr 

dy "" d0 dy d<f) dy dr dy 

du _ du d0 du d<f> du dr 

dz'^dSdz d<f)dz dr dz 



(1). 
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But by means of the three equations between Xj y> z, 
Oy <l>, r, we can determine the values of 

dx^ dy^ dz^ dx^ dy^ dz^ dx^ dy^ dz^ 

3 , , V V ^ du du -, du 

and hence the above equations express t- , t- , and -7- , m 

J. du du >, dii 
terms of ^, ^, and^. 

Also by solving the above equations we can express 

du du du , . jf du du ^ du , . , -t 

-=7i , ^. , -7- , in terms of -r- , t- > and 3- 1 which can also 
d0^ d<l>^ dr* dx^ dy^ dz ^ 

be found by the equations 

du ^dadx dudy du dz 
M'^loide^dyWdzde 



du ^ du dx du dy du dz 
d^ dxd<l> dydif) dz d<p 

du ^dudx du dy du dz 
dr dx dr dy dr dz dr 

207. Suppose, to exemplify the above, we put 

a?=rsin5cos^, y = rsin5sin<^, a? = rcos5. 

Hence, to apply equations (2) of Art. 206, we have 

^ = r cos 5 cos <^, ;^ =* ^ ^^^ ^ ^^ ^j 



(2). 



^=5— rsin^sin^, ^ = rsindcos<^, 
-^ =sindsin^, 



dx , ^ . 
-T- =sin^cos^, 

therefore 

du /, .du , ^ » ,du . >, 

-77i=:rcos^cos6^ — |-rcos^sin0-7--rsin^ 
dd ^ dx ^ dy 

du • /I • J ^^ . • /i . ^^ 

= — rsin5sin<^ -T- + rsin^cos9 



dz . /J 

dz y, 

^ = cos^; 



du-^ 
dz 



d4> 



dy 



du . y, »du ^ . ^ . ,du ^ ^du 
-^ =sm5cos<^^ + sm&sm0^ +cos^^ 



(1). 
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If Tre employ equations (1) of Art. 206, we must put 
the relations between x, y, and z, in the form 

, = tan-'V(^±^. 



^ = tan-|; 



therefore -r- = 



X 



X 



= -=sin^cos^, 



dx ^{a?+f + z'') r 

dr y . /, . , 

dy r ^' 

dr z ^ 

—- = - = cos ^, 
dz r 

dO ^ z X __cos0cos<f> 

^""a^ + Z + ^'VC^^+y) "" ^ ' 
dO _ z y _ cos 6 sin ^ 

rfg^ V(a^ + y) sing 

e?<^ _ y sin 

dx "" 



a^ + y "" r sin g ' 
a? _ cos^ 
" aj* + y" "" r sin g ' 



dz "' 



tfierefore 
dx 



= smgcos<^^ + j: 55""7^i^# 



rfj^ . /I . . ^«^ . cos^sin^ Jw cos<^ rfi^ 
^=singsm^^+^ 5g"*TS"d# 

Ju /I du sin g (^t< 

which will be found consistent with (1). 



.(2), 
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For exercise we give the results arising firom differentiating 
equations (2) of the preceding investigation. 

d^u _ sin 2^ f . ^q ^u cos'g d?u ^ 1 cTu 

sin 20 d^u sin'g du cosO /« • /j , 1 ^ ^1 
'^ir'd0di^'^~Vd^ ^V^'^^'^^^Jdd} 

(1 d^u cotg d^u 1__ rfw] 

d'u _ sin 20 (d'u _ j^ ^ _ 1 §}A 

db^z 2~''''^^W'"?deP Tdr) 

cos 20 cos ^ r d^u ^ 1 ^1 
■^ r \d0dr r d0\ 

sin <f) (1 d^u ^ cos cPu ) 
'*'"V|r"3^ sin drd^) 

sin 2^ cos <^ , cos 20 cos <^ ,, sin<^ u 
= - ^ ^+ ^; 2^ + — ^o, say; 

cPu sin 2g sin <^ . cos 2g sin ^ ^ cos <^ >^^ 
rfycfo ** 2 r r ' 

d'w «/i^^ si^^/l^Pw rf^ , sin 2g /^l du d^u \ 

^=cose/^ + -^(^-^+^j+-^(^^^ ^^^^y; 

d^" 

a . f_._j ^<?i* , cos'd d^u , sin 2^ ' e?w , cos'^ du %m20 du\ 



cos 



. f«8/i««* cos'g (rt< , sin2g dru co£0du ^m20du\ 

sin 2^ J (f*^ cotg d^u 1 du) 

"7 \dft>dr'^ r rftfd^ "" r sin" ^ 5^J 

sin' ^ J 1 e?w 6?m cot 5 du) 
■*"~7" jrw?^^ "^ ^ "^ "7" ^SS'r 

, , ^ sin 2<^ , . , sin* 6 , , 
=scos'^ii ^ Jf + ^-ST, say, 



d'u • • . r . sm 2A ,, , cos* A ^^^ 

3-5= sin* ^i + -^M-] ^^. 

at/' ^ r r 
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By addition, we have 

cP'u cPu cTu _cPu 1 cPu ^ 1 cTu 2du cot 6 du 
da?^ dy"^ dz^^ di^^ 7^ d0''^ 7^&m^0 d<t>^'^ r dr^'l^ dd' 

208. The following example for two independent variables 
is analogous to that in Art. 200 for one independent variable. 

If 0? = e* and y = e* it is required to change the independent 
variables from x and y to 6 and ^ in the expression 

"^ doT^"^ y doT'dy^ 1.2 ^ ^r^n^^^ + .- 
Xiet this expression be denoted by v^, and let v^^ denote 
li^hat it becomes when n is changed into n + 1; we shall 
prove that 

dv^ . dv^ „. 

^^^ dO'^ dxW''^' 

and ^•^^^^^V^*. 

(/<^ dy d^ ^ dy 

Now take any term in the expression represented by v^ and 
perform the following operations ; differentiate the term, with 
respect to x and afterwards multiply by x ; differentiate the 
term with respect to y and afterwards multiply by y ; theii 
add the two results. Take for example the (r + ljn term 
which is 

n(n-l)...(n-r + l) d^'u 

\r y doT'dTf' 

and by performing the operations we obtain 

n(n^l)...(n-r+l) ( dT^u ^^ ^, _jy_ 

\r r ^ db"**"^<^/ ^ dx^-^dy^' 

d^u 



+ nar^y 



h- 
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Hence we infer that x-^ + y -^{^ equal to nv^ together 

with two series ; and by uniting like terms in the two series 
we obtain a single series of which the general term is 

(n+l)n(n-l)...(rn-l-r+l)^ ..,^ r d^^'u 



Therefore «, J+y |l = „,, + ^^^. 

and thus (1) is proved; we may write (1) for abbreviation thus, 

"- = {1 + 4 "4''- ^^^• 

PatM = l in (2); then 

as we may write it ; again put w = 2 in (2) ; then 
Proceeding in this way we obtain 

EXAMPLES. 
1, Change the independent variable from a? to y in the equation 

^^+*^+«=^' 

supposing y = log or. J?«^ft^ + « = 0. 
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2. Transform^+j^| + ^^^ = Ointoanequa. 

tion in which 6 is the independent variable, where 
= tan"*a?. -n u ^y , a 

3. Transform -j^ + - ;t^ + y = 0, into an equation in which 

t is the independent variable where a? = 4<. 

Besult * ^ + ^ + y = ^- 

5. If a? = cos <, then 

6. Transform . ,a^ > ^7 assuming a? = r cos &, 

7. If aj = rcos5, y = rsin^, shew that 

8. If a? = a (1 — cos t) and y = a (ni + sin <), 

d^y . , -^ x> 7x w cos ^4-1 
express -^ m terms of ^. Besult r-- — . 
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9. Suppose M to be a fdnction of r and 



then If 




d^u d^u d^u d\ 

dx^ ' dx^ ' dxy ^ dx:' 


= 0, 


shew that 




d^u n — ldu ^ 





10. Given x^a cos 0, if = b sin ij>, express 



hM, 



in terms of <j>. 

BesuU (^'«^^^<^+/^cos-<A)» 
ab 

into an equation in which t shall be the independent 
variable, having given x = log V(tan «). 

Besult -if + w'y=0. 

12. Change the independent variable from y to a? In 

d\ d^u Q du 

^-4tany^ + 2tan*y^ = 0, supposmg tany=a;. 

^Ml4-«0'g + 2.(l + a?)g + 2| = 0. 

13. Transform -t|, + f;/ ) i^to an expression In which y is 

the Independent variable. 

d^u 

14. Given a; = « + ^, transform -1-5 into an expression in 

which X is the Independent variable. 
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15. If z^sw-e sin w, 

and tan-= . /(- ) tan-, 

^ fZv (1 + e cos t?)* ' 

and a^-|-^ = a*, 

shew that a?* -rr — « == 0. 

17. Transform 

by assuming a + bx = ef. 

18. If 2; 1)6 a fimction of the two independent variables x and 

y, and x and y be connected with two new variables 
r and bj means of two equations, express 

d*z d^z , d^z 

d^' d^' ^^^^* 

in terms of the new variables. 

Ex. If a? = r cos ^, y = r sin ^, shew that 

d^z 

^ = ^ + J? cos 2d - Csin 2^, 

^ = ^-J?cos2d+Csin2d, 

^ = J? sin 2d +(7 cos 2d; 



dxdy 



t- 4 . -n d z . y^ 1 d z 1 dz 

where ^ + 5=^, ^-5=^_+--, 
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19. If X, y, «, and f , 17, f, be co-ordinates of the same point 
P referred to two diflferent rectangular systems, prove 
that 

da?'^ dy''^ dz" ' d^ "*" dv' "^ d^' ' 



20. Ex. If 


«^-j(i)^i 


and 


aj=ye', 




d*z dz 


prove that 


"dy'^^y'"- 


21. Given 


"&'^im-- 


and 


©• + (1)'='. 



22. Transform^— sectfcosec^-^+yw*tan*^ = 0, into an 

equation in .which x shall be the independent variable, 
having given x = log (sec 0). 

Result 3^ + ^V = ^- 

23. If y = e"^ and a; = sin ^ 

^ = -^{3sin^costf-sin»tf-.2}. 
dx"" cos*(?^ ^ 

24. If 5 = e* + e^; and ^ = e"* + e"^, express 

6?V ,^ rf'tt d^u . ^ s, du dii 

^^ ' dP^-^'^d^'-^.de+'ds + ^dt ' 

25. If a; = ae^cos^, and y = a^sin0, shew that 

, d'u d*u ^ d^u d^ du 

^d^'^^^^^'^'^^'^df'^dd' 



Digitized by VjOOQ IC 



( 191 ) 



CHAPTER Xin. 

MAXIMA AND MINIMA OP FUNCTIONS OF ONE VARIABLE. . 

209. Suppose <I>{x) to denote a certain function of a:, 

and that while the variable x changes gradually from one 

definite value to another, <j>{x) changes in such a manner 

that it is sometimes increasing and sometimes decreasing. 

There must then be certain values of x, for which <l>{x) begins 

to. decrease, having previously been increasing, or begins to 

increase, having previously iJeen decreasing. In the former 

case, ^{x) has a greater value for the particular value of x 

than it has for adjacent values of x^ and is said to have a 

fnaximtim value. In the latter case, <l>{x) has a less value 

for the particular value of x than it has for adjacent values 

of X, and is said to have a minimum value.* Hence, these 

terms m^aximum and minimum are not used to denote the 

arithmetically greatest and least values which a function can 

assume; for it appears from the above explanation that a 

function way have several maxima and minima values, and 

that some particular minimum may be greater than some 

particular maximum. 

210. Def. If as X increases or decreases from the value 
a through a finite interval, however small, 0(a?) is always 
less than 0(a), then <f}{a) is called a maximum value ot d>{x) ; 
if <f>{x) is always greater than ^(a), then <f}{a) is called a 
TninimumYdluQ oi <j>{x), 

211, Rule for discovering maxima and minima values. 

Let if>{x) denote any function of x. By Art. 92, we 
liave 

•0(aj + A) = 0(aj)-|-Af (a;) + ^f' (a;-h^A). 
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1£ <l>{x) be not zero we can give such a value to h that 
the sign of 

shall for that value of A, and all inferior values of A, be the 

A** 

same as the sign of A^'(a;), because - <l>"{x + 0h) can always 

be made less than ^'{x) bj taking A small enough. In this 
case 

^(a? + A) — ^(a) 

and ^(a? — A) — 0(a?) 

have different signs, and therefore 4^{x) has neither a maxi* 
mum nor minimum value. 

Hence, as the first condition far the existence of a maxi« 
mum or minimum value of <f>{x),we must have 

f(a') = (1). 

Let a be a value of a; deduced from e<]iia1^on (1), so that 

. * f(a)=0. 

We have now, by Art 92, 

^(a+A)-=^(a) + j^f'(o) + |f"(a + ^*). 

Suppose 4>' W ^^* ^^^ I Awi by giving to A some value 
sufficiently small, the sign of 

^f'(a)H-|f"(« + ^i) 

A' 
will be the same as that of —^ i>"(pt)i or of ^"(a), for that 

value of A and all inferior values ; 

therefore ^(a + A) — ^(a)^ 

and. ^(a — A)— ^(a), 

have the same signs. 

If then <l>"{a) be positive <f>{a) is a minimum value of 
<f>{x); if <l>"{a) be negative 0(a) is a maximum value of ^ (a;). 
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If ^"(a) vanish as well as <^'(a) then, hj Art. 92, 
. ^(a + A)=^(a)+|f"(a)+^*r'(« + ^A). 

By reasoning similar to that used before, we may shew 
that xmless <l>"'{a) also vanish 0(a) can be neither a maximum 
nor ipioimum value of <l>{x) ; but that if 0'"(a) vanish and 
<f>"'*'{a) he positive <f) (a) is a minimum, and if ^'"(a) vanish 
and <f>""{a) be negative ^ (a) is a maximum. 

Since this process may be continued until we arrive at 
a differential coefficient which does not vanish when x = a, 
we have the following result. In order that <^{x) may have 
a maximum or minimum value when x^a, it is necessary 
that this value of x should make an odd number of the suc- 
cessive differential coefficients o{<f}{x) vanish, beginning with 
the first ; when this condition is satisfied (a) is a maximum 
if the next differential coefficient be negative and a minimum 
if it be positive. 

212. It is to be observed that in the above demonstration 
we have used to denote a fraction less than unity, and it 
is not to be assumed that the same firaction is denoted when- 
ever the symbol is used. Also we have supposed as usual 
that none of the fonctions 0'(a), 0"(a), &c. are infinite. We 
shall shew hereafter, that maxima and minima values may 
occur when if) (a?) = oo , as well as when (jy' {x) = 0. 

213. Suppose that when x = a, the function <l>{x) has a 
maximum or minimum value, and that 0"(a) is the first 
differential coefficient that does not vanish, n being even. 
By Art. 92, since 0'(a), <l>"{a), &c. all vanish up to 0""'*(a) 
inclusive, we have 

f(«-*)=— ^i^-w+f *"(«-^»*)' 



where and ^^ are proper firactions. 

From these values of0'(a + A) and 6'{a-'h) we see that 
<j} {x) changes sign as x passes through the value a. If we 
suppose X to increase and pass through the value a, then 

T. D. C. 

{ 
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<j>{x) changes from positive to negative if ^*(a) be negative, 
that is, if 0(a) be a maximum ; and 0'(aj) changes from nega- 
tive to positive if 0*(a) be positive, that is, if 0(a) be a 
minimum. This suggests another fonn for the definition 
of maxima and minima values and for the investigation 
of the conditions of their existence which we give in the 
next article. 

214. Dep. If as o; varies through any finite interval, 
however small, (x) increase until x = a and then decrease, 
<j> (a) is called a maximum value of <f> (x) ; if <j> (x) decrease 
until aj = a and then increase, 0(a) is called a minimum value. 

By Art. 89, if the difierential coefficient of a function 
be positive that function increases with the variable, and if 
the differential coefficient be negative the fanction decreases 
as the variable increases. Hence, as x increases 0'(a;) must 
change from positive to negative when x = ay if <j>(a) be a 
maximum, and from negative to positive if (a) be a minimum. 
But a ftmction can only change its sign by passing through zero 
or infinity. Hence, we must find the values of x that make 

f(a:)=0, 

or 0' (a?) = 00 ; 

and if AS a? passes through any one of these values 0'(a?) 
changes its sign, we have for that value of a? a maximum 
or minimum value of (x), according as, when x increases, the 
change is from positive to negative or from negative to positive. 

Ex. (1) Suppose 0(a;)=aj'-9a5^ + 24a;-7, 
then 0' (x) = 3 (a^ - 6a; + 8), 

0"(aj)=6(a;-3). 
If we put 0' (a?) =? 0, we obtain a; = 2, oraj=:4,' 
when a; = 2, 0"(a;) is negative, 

when a;=^4j i>' {^) is positive. 

Therefore when a; = 2, (a?) has a maximum value, and 

when a; =s 4, (a?) has a minimum value. 
Ex. (2) Let 0(a5)=e* + 6"* + 2cosa;; 
therefore 0' (x) = 6* - c"* - 2 sin a?, 

0"(a?) = e*-fe''-2cosa?, 
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0'"(a;)=e'-e"* + 2sina;, 
^"" (a;) = e* + e"* + 2 cos a?. 

If 05 = 0, we have 4! [x) = 0, <l>"{x) = 0, ^'"(a;) = 0, and 
if>""{x) = 4. Hence, ^ [x) is a minimum when a? = 0. 

It may be easily shewn that a; = is the only value of x 
for which 0'(a?) vanishes; for 

a? a? 

e' = l + a; + r| + p + &c., 

e'^ = l-a: + ^-r^+&c., 

f a?*^ a;*' p ) 
2sma? = 2 -jaj — 7^ + T^ — cfccK* 

{31? oS a?" ] 

therefore <^'(a?) = ^ ji^ + pf + FYJ + *^^-p 

All the terms in 0'(aj) being of the same sign, ^'(a;) can never 
vanish except when a; = 0. 

Ex, (3) Suppose -r- = a; (a? — 1)* (a? — 3)^ for what values 

of X will w be a maximum or minimum ? In this example 
the method of Art. 214 is preferable. When x is negative 

3— is positive ; when x is positive and less than unity, -r- is 

negative. Hence j- changes from positive to negative as 

x passes through the value 0, ^nd a; = makes u a maximum. 

When a; =1, ^ vanishes ; It does not however change its sign, 

but continues negative until a; = 3, and after that it is positive. 
Hence, when a; = 1, t^ has neither a maximum nor minimum 
value, but has a minimum value when a; = 3. 

Suppose that in the example last given we merely wish 
to ascertain if a; = gives a maximum or minimum value to m, 
and that we are required to proceed according to the method 
of Art. 211 ; we have 

02 
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^ = (»~l)*(aj-3)'^ + 2aj(a:-l)(aj-3)»+3a?(a?-l)"(aj-.3)*; 

when a? = the first term in ^-^ is negative, and the other two 

terms vanish since they both have x as a factor. Hence we 
need not have expressed them, but might have put 

—- = (a; — 1)" {x — 3)' + terms vanishing when a; = 0. 

This remark should be carefully noticed, because in exam- 
ples like the above we are saved the trouble of writing down 
superfluous terms. 

215. Maxima and minima values of an implicit function. 

Let A (a?, y) = be an equation connecting x and y ; it is 
required to find the maxima or minima values of y. From 
the given equation we know that y must be some fimction 
of a?, and if the equation admits oi solution we can express 
y explicitly in terms of a?, and then find the maxin^a or minima 
values of y by the foregoing articles. 

But instead of solving the given equation we may proceed 
thus : by Art. 177, 

fdu\ 
dy _ \dx) ^ 
dx /du\ ' 

where u stands for ^ (a?, y). But the values of x which make 
y a maximum or minimum must, by Art. 211, bei found by 

isolving the equation ^ = 0. Hence 



ity 



:0, 



and this equation, combined with k = 0, will determine the 
values of x, which may make y a maximum or minimum. 
To determine whether such a value of x does make y a 
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maximum or minmmm, we must, by Art. 211, examine the 
value of ^ . B7 Art, 180, since f ^J = 0, we have 

\dy) 

Hence we have this rule : To find the maxin^a or minima 
values of y, which is an implicit function of a: determined by 
ti = 0, we must find values of x and y which satisfy w = 



and {j- j = 0. If when these values are substituted in ^-r— 



. [dxV 

w 



the fraction is positive, we have obtained a maximum value 
of y ; if the firaction be negative, we have a minimum value 
of y. 

Ex. If af-Zaxy^y' = (1), 

find the maxima or minima values of y. 

Here ^ ^J^' . -" '' 

ax y' — ax 

therefore ay-aj" = (2). 

Combining (1) with (2), we have 
a;*-2aV=:0; 
therefore a? = 0, 

or a? = a^2. 

The corresponding values of y are 

y = o, 

\da?} 
If we substitute the values x = 0^2, y = a<y4, in - -j— 



(da\ ' 
\dy) 
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that is, in — -r-5 r- , we obtain — . Hence there is a 

3(y — aa;) a 

maximum value of y. The values a; = 0, y = 0, which make 

the numerator of -^ vanish, also make its denominator vanish ; 

/7 ^ 

thus -~ assumes an indeterminate form, and we must discover 

dx 

its real value. Forming the derived equations from the 
given equation, we have 

When we put aj = 0, y = 0, in these, the first gives us 

J^ = 0, and the second -T^ = r-. Hence, when a; = 0, and 
dx cUxr oa 

y = 0, y is a minimum. 

216. If the values of x and y found from u = and 

f T-) = 0, make -7^ vanish, then in order that they may 

make y a maximum or minimum, it will be necessary that 

-j^ should also vanish. This can be tested by making use 

of the value of ^ given by Art. 184; and by obtaining 

d^V d^v 

a formula for -j^ similar to that for -j^ just referred to, we 
ax ^4 ctx 

can ascertain whether -r^ is positive or negative for the 

specific values of x and y. On account however of the 

d\ d*v 

complexity of the general formulse for -^ and ^ , it is 

preferable to determine them in any example directly bv tbe 
method of Art. 184, rather than to quote the results of that 
article, 

217. Suppose u^<l>{x, y) and, -^ (a?, y) = ; so that y is 
a function of a; by the second equation, and therefore from 
the first equation t^ is a function of x ; required the maxima 
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and minima values of u. We may proceed theoretically ttas : 
solve the equation y^ {xjv) = 0, and thus obtain y as a nmction 
of a;; substitute this value of y in </> (ar, y) ; thus u becomes a 
function of x only, and its maxima and minima values can 
"be found by previous rules. But we may avoid the difficulty 
of solving the equation yfr [x, y) = 0, thus. 
By Art 172, we have 

du _ (dtiS (dv\ dy 
dx \dx) \dyj dx * 

Also, putting V for -^(a?, y), we have, by Art. 177, 

dy _ \dx) ^ ♦ 

^ ~" "" (^ ' 
\dy) 

/du\ (dv\ 

wv^J , 

dx \dxj /dv\ 

\dy) 

Hence, the values of x and y that render u a maximum 
or minimum must be sought among those that satisfy simul- 
taneously 

and ^lr{x, y) or i? = 0. 

d^u 
The value of -j-^ must then be found by Art. 176, and 

we must examine whether the specific values of x and y 
render this positive or negative, in order to determine whether 
t£ is a minimum or a maximum. 

Ex. w = aj* + y*, 

while (a;-a)'+(y-J)'-c^ = 0, or t; = 0. 
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EXAMPLE OF A MINIMUM. 



Hence x {y'-h)—y{x — o) « ; 

therefore ay = hx. 

Substitute the value of y in t? >?= 0, and we have 



therefore 



x^a± 



ac 



V(a" + *")" 



Upon examination it will be found, that if we take the 
upper sign in the value of x we obtain a maximum value 
for w, and if we take the lower sign, a minimum. This 
example J0 a solution of the geometrical question, '* To find 
the points in the perimeter of a given circle which are at a 
maximum or minimum distance from a given point." 

218. The foUowinff example will introduce the reader to 
considerations by which the process for finding maxima and 
minima values may sometimes be abbreviated. 

Through a given point P a 
straight line is drawn, meeting 
the axes Ox and Oy in A and B 
respectively; find the least length 
this line can have. 



LetOif=a,JI£P=J,P^O= 
Then P4 = 



PB = 



b 

sind* 

a 



O JVC A. X. 



C^ 



-^ "-.N 



Puttt: 



sind 



cos ^ * ; 

^, and we have to find the least value of w. 
cos a 



a 



Now 



du hcoB0 a sin 



therefore ^ vanishes only when tan = ^ /- . 

From the figure it appears that by making either as 
small as we please, or as nearly equal to a right angle as 
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we please, the line AB may be made as great as we please. 

IT 

Also, as varies from to -, there must be some value 

of which gives to the line AB the least length it can have, 
and this least length of AB will satisfy the definition of a 

mtnimum length. And as ^ for a value of between and 

— can never change its sign except when tan^ = A /-, this 

must be the value of that gives the least length we are 
seeking. 

This value of gives hi the least length the value 

In this example it is easy to see from the value of -^, 

that it does change sign from negative to positive when 
increases and passes through the value assi^ed ; but in more 
complicated questions it is often advisable to shew in the 
maimer above exemplified, that a maximum or minimum 
must necessarily exist, and then we are saved the trouble of 
examining if the di£ferential coefficient of the function changes 
sign when it vanishes. 

219. The process for finding the maxima and minima 
values of an implicit function may be extended to the case 
in which one variable is connected with more than one other 
variable, the whole number of equations being one less than 
the whole number of variables. Suppose, for example, we 
have three equations, 

^,(aJ,y, «, w) = 0; 

u being the variable of which we wish to find the maximum 
or minimum value. 

From the given equations it follows that we may consider 
if J Zy and u functions of the independent variable x. Hence 
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202 MAJtIMA AND MINIMA VALUES 

dF_ dF^&i dF dz dF du 

dx dy dx dz dx du dx" 

dF^ dF^ dy dF^ dz dF^du^ 

dx dy dx dz dx du dx 

dF^ dF^dy dF^dz dF^du 
dx dy dx dz dx du dx" 

From these equations we can eliminate -^ and -7- , and 
the value of y- which we then obtain must be put equal 
to zero. Or, more simply, we may put -r- = in these equa- 
tions, and then eliminate -^ and -r- "from the resulting equa- 
tions which are 

dF dF dy dF dz 
dx dy dx dz dx" 

dF,^dF\dy^dF,dz_^^ 
dx dy dx dz dx 

dF,^dF,dy^dF^d^^^ 
dx dy dx dz dx 

The equation obtained by eliminating -^ and 'j- , com- 
bined with the equations -?= 0, i^i=0, i^=0, will determine 
x^ y, z and u. 

d^u 

By differentiating equations (1) again, we can obtain -y-^ , 

and by the sign which the values of aj, y, «, w, already found, 
give to this quantity, we determine whether w is a maximum 
or minimum. 

220. Suppose we have a function of n variables, the 
variables bemg connected by w — 1 equations, and we require 
the maximum or minimum value of the function. For ex- 
ample, suppose three equations 

F{x, y, z, u) = 0, F^ {x, y, z, u) = 0, F^{x, y, z, u) = 0, 

and that we wish to find the maximum or minimum of 



.(2). 
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WHEN THE DIFFERENTIAL COEFFICIENT IS INFINITE. 203 

}f{p^9 y^ ^f ^)- In this case, to the equations (1) of the pre- 

ceding article, in which -7- must not be supposed zero, we 
must add ^ 

dx dy dx dz dx dudx 

From these four equations we must eliminate ^7 > ^7- ? 

du . '^ ^^^ 

and J- , The resulting equation combined with the given 

, equations F=0, ^ = 0, F^=0, will determine a?, y, z, and u. 
I TVe should then form the second diiFerential coefficient of 

; /(scj y, z, u) with respect to x. This will involve ^4 , -r^ , 
and -y^i, which must be found by diffisrentiating equa- 
tions (1) : by the sign of this second differential coefficient 
of f(x^ y, 2J, u) we shall settle whether the function is a 
maximum or a minimum. 

221. In Art. 214 we obtained as the condition for ^ (a?) 
having a maximum or minimum value, that ^'(a?) must 
change sign, and hence that ^'(a?) must be zero or infinite. 
The cases in which ^{x) is infinite occur but rarely, and in 
the articles following Art. 214 we have always considered ^'(a?) 
to vanish when ^ {x) is a maximum or minimum. We shall 
here add one proposition which shews that according to the 
first view given of maxima and minima values (Arts. 209 
—213), a maximum or minimum may exist when the differ- 
ential coefficient of the function considered becomes infinite. 

Suppose that 6 (a?) is such a function of x that when x^a 
we have some of the differential coefficients of ^ (x) infinite, 
so that ^ (a + A) cannot be expanded in powers of A by 
Taylor's Theorem. 

Suppose that by some unexceptionable algebraical process 
we find 

1^ (a + A) -^ (a) =^A* + -BA^+ OAy + Ac, 

where a, yS, 7, &c., are not necessarily positive integers. If 
any one of these exponents be a fraction in its lowest terms 
with an even denominator, then ^ (a — A) — ^ (a) will be 
impossible, and the consideration of maxima and minima 
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values becomes inapplicable. K none of the exponents be 
of this form, then ^ (a — A) — 6 {a) will be a possible quantity. 
Now there may be cases in wnich, by taking h small enough, 
the sign of Ah°; determines the sign of ^ (a + A) — ^ (a) ; for 
example, this happens if the number of terms in ^ (a + A) — ^ (a) 
is finite, and the exponents a, )3, 7, &c., all positive, and a 
the least. Let us suppose such a case, and let a be a proper 
fraction with an even numerator ; then ^ (a + A) — ^ (a) and 
<f>{a — h) — <f> (a) are both positive if A be positive, and nega- 
tive if A be negative, when h is taken small enough. Hence 
^(a) in the former case is a minimum value of ^{x) and 
in the latter a maximum value. 
Also, since a is dk proper fraction, 

^ J. — - is infinite when A = 0, 
ah 

therefore ^'(^) is infinite when x = a. 

Hence <\> (a?) may be a maximum when ^'(ic) is infinite. 

Ex. Suppose 

therefore ^(a + A) =c + A^ + A*, 
<^(«) = c, 
</)(a±A)-^(a) = A*+A*. 

Hence ^ (a + A) and ^ (a — A) are both necessarily greater 
than ^(a). Hence (f>{a) is a minimum value of <\>{x)y and 
it is obvious that ^'(a?) is infinite when a3 = a. 

222. On certain cases of Geometrical Maxima and Minima, 

We occasionally meet in Geometry cases of maxima or 
minima values for which the ordinary analytical process 
appears to fail, though from geometrical considerations it is 
obvious that maxima or minima do exist. The following 
problem will introduce the difficulty which it is proposed to 
explain. " Find the maximum and minimum perpendicular 
from the focus on the tangent to an ellipse, the perpendicular 
being expressed in terms of the radius vector." 
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The equation which gives the perpendicular in terms of the 
radiud vector is 

therefore ^ ^ = {2a--rY ' ^^^^^ ^^^^ " ^* 

Now this can only be satisfied by r = + oo , which values 
are not admissible, whereas we know from Geometry that jp 
ias a maximum value =a (1 +e), and a minimum value 
= afl-e). 

The reason we do not find these values by the above usual 
analytical process is this. In the ordinary theory of maxima 
and minima the function is considered expressed in terms. of 
an indej>endent variable which may assume all possible values. 
But in the example above r is not an independent variable ; 
its values are limited to those found by ascribing all possible 
values to in the equation 

1 4- e COS 5 * 

Since r is thus a function of 0, we may consider p 
which is a function of r to be also a function of 6. Hence 
d'D dt) dv 
^ = -T" "13 , and this may be made = if we can make 

-7^ = 0. This we can do, and thus p has a maximum or 

minimum value at the same time as r has. 

Similar remarks apply to other examples. Thus generally, 
if y = <^ (ic), where x is not susceptible of all possible values, 

it may be impossible to make ^ = 0, and thus there may be, 

apparently, no maximum or minimum value of y. But in this 

case, if x can be expressed in terms of some variable Q which 

dx 
can assume all possible values, we must put -jh—^y which 

makes :^ = 0, and thus we determine simultaneous maxima 
au 

or minima values of x and y. 

Ex. To find the maximum and minimum length of the . 
line drawn to a circle from a given external point. 
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Take the axis of x passing through the centre of the circle 
and the given external point, the former being the origin. Ijct 
a = radius of circle, 

c = distance of given point {A say) from the centre, 
X be the abscissa of a point F in the circle ; then 
AP' = d' + a!''-icx. 

The differential coefficient of this expression with respect . 
to a; is — 2c, which cannot vanish. But if we put x = a cos tf, 

AP" = (?-^ a" -2ac cos 0, 

d.AP , . . 
,^ = 2ac sm ^ ; 

and ^ = 0, ^ = 7r, give the minimum and maximum values 
respectively of AP^. 

In this example the difficulty would not appear if we had 
so chosen our axes that x should not be a maximum simul- 
taneously with AP. Calling h the ordinate of A^ c the abscissa 
of -4, and a the radius of the circle, we shall have 

-4P' = a"+J" + c"-2iV(a'-a:')-2caj, 

which has its minimum and maximum values, when 

The following is an analogous case. Findjthose conjugate 
diameters in an ellipse of which the sum is a maximum or 
minimum. If r and r be any two conjugate diameters, then 

t^ = r + r' is to be a maximum or minimum, 

while ' r' + r'»=«a" + i' = c', say; 

thus w = r + V(c' — 0> 

du ^ r 



du (j {j 

If -r be put = 0, we get ^' = o" ' ^^^ therefore r'* = - . 

This gives us the eqtial conjugate diameters^ the sum of which 
we know to be a maximum. If we express r, and therefore 
r\ in terms of some variable which can take all possible values, 
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as £or example ^ the inclination of r to the axis major, we 
shall get an additional result. For Tl = 3" jT > ^^^ there- 
fore, if ^7 =0, we have also -tt = 0. But ^r = makes r a 
^ d<f> a<f> d^ 

maximum or minimum, and thus we obtain the two principal 
cLoces^ whos^ sum is a minimum. By a different method, we 
might have obtained at first the minimum value of r + r. 

For since r' + r^ = a* + J'*, 

and rr* sin 0=^aby 

we have (r + ry = a' + b'+^, 

•where is the angle between r and r. Differentiate with 
respect to 0, and we get 

^ 2ab cos 5 _ 
sin- 5 "~^' 

therefore 0= -^; this gives the minimum value as before ; 
-v-jT = would give us a second result, which would be the 

maximum. 

The foregoing article has been taken nearly verbatim from 
the 3rd vol. of the Cambridge Mathematical Journal^ p. 237. 
The following problem will famish an exercise. Find the 
maximum or minimum length of the line drawn from the end 
of the minor axis of an ellipse to meet the curve. If a?, y, be 
co-ordinates of the point where a line drawn from the end of 
the minor axis meets the curve, the length of the line can be 
expressed either as a function of a? or of y ; thus two solutions 
can be obtained and compared. 

In the solution of some of the examples on maxima and 
minima the following results will be required ; they may be 
established by means of the Integral Calculus. 

The volume of a right cylinder is found by multiplying 
the area of its base by its altitude. 

The convex surface of a right cylinder is found by multi- 
plying the perimeter of its base by its altitude. 

The volume of a right cone is one-third of tne product of 
its base and altitude. 
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The convex surface of a right cone on a circular base is one- 
half the product of its slant side by the perimeter of its base. 

If r be the radius of a sphere its volume is — ^ and its 
surface 47rr*. 



EXAMPLES OF MAXIMA AND MINIMA. 

1. If w = 0^ — 5iB*+ 5a?— 1, find its maximum and minimum 

value. x = l gives a maximum, a? = 3 a minimum, 
0? = neither. 

2. If w = aj' — da?+ 15aj -- 3, find its maximum and minimum 

value. 4 is a maximum, and — 28 a minimum value. 

3. If w = a;' — 3aj' + 6aj + 7, shew that it has neither a 

maximum nor a minimum value. 

4. If t^ = a;' — 3a3* + 3aj + 7, is it a maximum or minimum 

when a? = 1 ? Neither. 

5. tt = (a;-l)*(a; + 2)'. 

Maximum when a; = — y, minimum when a; =: 1, 
neither when a; = — 2. 

6. w = (1 + a;') (7 — x)\ x=0 makes w a minimum, a? = 1 

makes u a maximum, and a; = 7 a minimum. 

7. u = 3af^- 125a;' + 2160a;. 

A maximum when a; = — 4, and when a; = 3 ; and a 
minimum when a; = — 3 and when a; = 4. 

1 — a; + a? 

8. w = o . a? = i makes u a minimum. 

1 + aj — ar ^ 

9. u = 777 — . Ifa;=4, w is a maximum, and if 



a;-10 



a; = 16, a minimum. 



10. 



If ^ = a?(a;-l)"(a?-2)'(a?-3)*, find what values of a; 

make u a maximum or minimum. 

a; = gives a maximum, and a; =» 2 a minimum. 
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11 . If J" = («— 1) (a?— 2)' (a?— 3)', find when u is a maximum 

or minimum. 

x^l gives a maximum, and a; » 3 a minimum. 

12. u = x{a + xy{a--x)\ 

A maximum when a? — « , and when aj = ^ a, 

a. 

and a minimum when a? = — - . 

2 



8 



13. „ = ^. 

a — 2a? 

A minimum when a? « 7 . 

14. tt= J + c(a?-a)'. 

A minimum when re = a. 

15. tt = — + - 



X a — x 

A minimum when x == — — r , and a maximum when 
a + 6' 



X- 



A minimum when aj=0, and a maximum when aj=Hfca. 

17. tt = {mx + na)"^ - (w + nY^oTa''. 

A minimum when a;=3a« 

18. tt = 



l + ajtana?* 

A maximum when aj = cos a:. 
1 ' 

19. tt = af. 

A maximum when a? ss 6. 

^^ tan'a? 

A maximum when a? = ^ , &c. . ' ' * 

T.D.c. V : : .^.>. '-^ 

* * \ » ' ^ '* ^^ 
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IT 

21. ShewthatBina? (1 + cosaj) ia a maximum when a?= ^ • 

22. If ay (y — a?) = 2a*, find whether y has a maximum or 

minimum Talue. 

A minimum when x^a. 

Q 

23. K Say + a^ + 4aa5^=:0, shew that when x = — ,y has 

a maximum value, namely — 3a, the value of -^ being 

• then——. 
5a 

24. Ifaj* + 2aa:*y— ay*=0, shew that when a; = ia, y== — a 

and is a minimum. Also, when y = — K*^ ^ ^^'^ 

a maximum and mmmium, and is = + — — . 

26. If 2ai?+3ay*— a:y=0, a? = a.5' makes y a minimum, 
and=a.5 . 

26. Find the maximum and minimum value of y, when 

y* — 4d'yaj+a;* = 0. 
aj =s c >y3 makes y = c v/' (27) a maximum. 
a;=s — cv^S makes y = — c\^ (27) a minimum. 

27. A person being in a boat 3 miles fixmi the nearest point 

of the beach, wishes to reach in the shortest tune a 
place 5 miles from that point along the shore ; Sup- 
posing he can walk 5 miles an hour, but pull onlv at 
the rate of 4 miles an hour, required the place where 
he must land. 

One mile from the place to be reached. 

28. The sides of a rectangle are a and h ; the greatest rect- 

angle that can be drawn so as to have its sides pasQing 
through thQ CGsners of the given rectangle is a square, 

each side of which is — ;—- • 
V2 

29. If a rectan^ar piece of pasteboard, the sides of whicb 

are a add 5^ have a square cut out at each comer, find 
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the sidte of the square that the remainder may form a 
box of maximum content. 

The8ide = ^ + ^-^^f-"^ + ^r 
6 

30. A Norman window consists of a rectangle surmounted by 
a semicircle. Given the perimeter, required the height 
and breadth of the window when the quantity of light 
admitted is a maximum. 

The radius of the semicircle must equal the height 
of the rectangle. 

31. Shew that the altitude of the greatest equilateral triangle 

that can be circumscribed about a given triangle, is 
(a« + 6«-2aJcos(47r+(7)}*. 

32. A straight line is drawn through the given point P, 

meeting the axes Ox and Oy in A and B respectively 
(see fig. to Art. 218) ; find the position of the line, 

(1) When AB is a minimum. 

(2) When OA + OB is a minimum. 

(3) When OA x OB is a minimum. 

(4) When OA+OB^ AB is a minimum. 

(5) When OA x OB x AB is a minimum. . ' 

(6) When OA"" + OB* is a minimum. 

Let denote the angle PA 0, then we must have 

(1) tan^ = @*, 

(2) ta«^ = ©*, 

(3) tan^=.|, 

^ ' a + V(2aJ)' 

(5) 2atan»^-&tan»^ + atan5-2J = 0, 



(6).ten^ = (0 



1 



P2 
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33. Having given an angle of a triangle and tlie side 

opposite to it, prove that the area will be a maximnm 
when the given angle is equidistant from the other 
angles. 

34. Having given an angle of a quadrilateral and the two 

sides opposite to it, prove that the area will be a 
maximum when the given angle is equidistant from 
the other angles. 

It follows from the preceding example that the two 

sides which contain the given angle must be equal in 

• order to ensure a maximum area ; for if they were not 

equal the area of the quadrilateral would be increased 

by changing these two sides into two equal sides. 

35. Find the least ellipse which can be described about a 

given parallelogram, and shew that its area is to that 
of the parallelogram as tt : 2. 

36. The least tangent to an ellipse intercepted by the axes 

is divided at the point of contact into two parts, which 
are equal to the semiaxes respectively. 

37. Find the area and position of the greatest triangle that 

can be placed in a given parabolic segment, having the 
chord of the segment for its base. 
38.. Find the least triangle which can be described about a 
given ellipse, having a side parallel to the major axis 
and having the other sides equal. 

The height is three times the semi-minor axis. " 

39, Prove that of all circular sectors described, with the 

same perimeter, the sector of greatest area is that in 
which the circular arc is double the radius. 

40. A chord P8P* is drawn through the focus >8^ of an ellipse, 

and the points P, P', are joined with the other focus Hi 
determine when the area PHP* is a maximum. 

Let e be the eccentricity of the ellipse and the 
angle between the chord P8P' and the major axis of 
the ellipse. If 2e' is greater than 1 the maximum is 

determined by cos'5 = 2 — -?, and 0^-^ gives a minit 

mum ; if 2e* is not greater than 1 the maximum is 

when 6^-^ and there is no minimum. 
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41. Find the length of the shortest normal chord in a para- 

bola, and prove that it intersects the curve nearer the 
vertex than any other normal chord. 

K 4a be the latus rectum of the J)arabola the re- 
quired length is 6a V3. 

42. Two ships are sailing uniformly with velocities w, v 

along Imes inclined at an angle ; shew that if a, b 
be their distances at one time from the point of iater- 
section of the courses, the least distance of the ships 
is equal to 

{av — hu) sin ^ 
(t«' + v'*-2wt?cos^)** 

43. Of all the lines drawn from the vertex of a given ellipse 
to the circumference of the circumscribing circle, deter- 
mine that for which the portion intercepted between 
the two curves is a maximimi. 

. If ^ be the inclination of the line to the major axis 
of the ellipse, and e the eccentricity of the ellipse, 

2e"cos'5 = 3-6"-V{(l-«')(9-0}- 

44. If an ellipse be described to touch a given semicircle and 

its diameter symmetrically, its area when a maximum 

will be -^—7^ , r being the radius of the circle. . 

45. An ellipse is inscribed in an isosceles triangle, and has 

one of its axes coincident in direction with the line 
bisecting the vertical angle of the triangle ; shew that 
this axis is two-thirds of the height of the triangle 
when the area of the ellipse is a maximum. 

46. What sector must be taken out of a given circle, in order 

that the remainder may form the curved surface of a 
cone of maximum volume? 

The angle of the sector must be — ,» '^ • 

47. Two focal chords are drawn in an ellipse at right angles, 

find when their sum is a maximum, and when a 



mimmum. 
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[In the following problems the cones and cylinders are sup- 
posed to be Tight cones and cylinders on circulafr bases.] 

48. Detennine the greatest cylinder that can be inscribed in 

a given cone. ^ 

If 6 be the height of the cone, and a the radius of 

4 
its base, the volume of the cylinder is -rz va^h. 

49. Detennine the cylinder of greatest convex surface that 

can be inscribed in the same cone. 

The surface =5 -r— . 

50. Determine the cylinder, so that its whole surface shall be 

a maximum. 

The radius of the cylinder « ; but by the 

nature of the problem this must be less than a ; this 
leads to the condition that h must be greater than 2a in 
order to ensure a maximum. If h be not greater than 
2a the whole surface of the cylinder continually increases 
as its radius increases, and there is no mommwnu 

51. Determine the greatest cylinder that can be inscribed in 

a given sphere. 

If r be the radius of the sphere the height of the 

cylinder is -y^ . 

52. Determine the cylinder inscribed in a given sphere which 

has the greatest convex surface. 

Height = rV2.. 

53. Determine the cylinder so that its whoU surface shall be 

a maximum, 

Height = r{2(l-^)}'. 

54. Determine the greatest cone that can be inscribed in a 

given sphere. . Height = jtr. 

55. Determine the cone <rf the greatest convex surface. 

Height = Jr. 
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56. Detennine the cone so that its whole snrface shall be 
a maximum. 



Height = ^ (23 -vn). 



57. Given the volume of a cylinder, find its height and 

radius when the sum of the areas of its convex surface 
and one end is a minimum. 

The height id equal to tiie radius. 

58. Of all cones described about a given sphere, find that of 

minimum volume. 

The sine of the semivertical angle must be ^ . 

59. A series of cones have their slant sides of the same 

length ; find that which has the greatest volume. 

The tangent of the semivertical angle = V^- 

60. Find the position of the chord which passes through a 

given pomt within a parabola, and cuts off from the 
parabola the least possible area. ^ 

61. Find a point in an ellipse from which, if perpendiculars 

be drawn upon two given conjugate diameters, the sum 
of their squares will be a maximum. 

62. Prove that ^ {/(^)] ^^ necessarily either a maximum or 

minimum when /(a?) is a maximum. 
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CHAPTER XIV. 

BXPAKSION OP A FUNCTION OP TWO INDEPENDENT 
YABIABLES. 

223. Let m == ^ (a?, y) be a function of two indeuendent 
variables, and suppose <l>{x + h,y + k) is to be developed iii 
ascending powers of h and Je. Put 

then ^ (a? + A, y + A:) = ^ (oj + oA', y + oik') ; 

the last expression m^ be considered a function of a, and 
denoted by /(a). By Maclaurin's theorem, 

/(«) =/(0) +/(0) .a+/"(0).^ + &c.; 

we shall now shew how the diflferential coefficients of /(a) 
may be conveniently expressed. Suppose 

then /(a) stands for ^ (a/, y') and since both x' and y' con- 
tain a, we have by Art. 169, 

..,. d<l>{x\y') dx\ d4>{x\y') dy' 
•'^W d^^— da^ di/ doL 



^^ dx' '^^~^' • 



Also by Art. 63, 



but 



dx 


d^ix',1,') 
- dx' 


dx' 
'dx' 




dx' 
dx' 


= 1; 
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therefore #My).#^). 

ax ax 

hence /'(a)=A'^^^) +;fe.#||jO ^ 

which, for shortness, may be written 

Similarly, 

The law of the formation of the successive differential 
)efl5cients of /(a) i 
tt ; hence we have 

/(0)=t*, 



coeflScients of /(a) is thus obvious. When a = 0, /(a) becomes 
5 ha 



&c • 

Restore h for oA', and h for oA;' ; then 

+ &c. 
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224. If we wish the series for <f> (aj+A, y+^) to close after 
a finite number of terms, we can put the expansion for/(a) 
imder the form 

/(«) =/(0) +/'(0) . «+/"(0) . ^2 + ... +/"(0) . -^ 

and from this the recraired fonn for ^{x + h,y+k) xi&n be 
obtamed. For example, if » = 3, 



1 fyrf'w 

or ^ 



+ Ukp^ + Ji 
ax ay 



where v stands for 4^{x + 0h,y + 0k), 

225. In the formula established in Art. 223, put aj=0, 
and y = 0; then 



^(a.^)=«.+a£'+*|» 



1 f„rf\ 



-^*^^-^^} 



+ &C., 

where u^, ^°, ^% ^^, &c* stand for the values of 

du du d\ p 1 . xT_ • X ^ 

w, -^ , -T- , -T-^ , &c. when in these expressions we put aj= O, 

and y = 0. If we change h and k into x and y respectively in 
the above formula, we have 

+ &C., 
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a? and^ ^^^f ^^^ P?* ®9^^ *? ^^ i° ^o ^^^ ^^ differential 
ooeffidents after the differentiations have been performed. 

In this manner the formula of Maelanrin is extended to the 
development of jftmctions of two variables. 

226. The expression for the nth differential coelEcient 
of /(a), in Art. 223, is 

dor daS'^dy 1.2 doT^djf^ di/" 

iwrhich, for abbreviation, may be written 

provided we interpret this expression thus: (h'j--^ ^' 'tY 

d 

is to be expanded by the binomial theorem as if A'-2. ^ere 

, d d/^ 

one term and Ic -j- the other term : when the expansion is 

y f dV^ f dV 

effected, every such term as fA'^j U'^j/ which occurs 

is to be replaced by h'^^k'' ^^n/^ r • If we adopt this abbre- 
viation the result of Art 223 may be written 

- -tiEi(*^'ir-5(*^-*i)"«. 

where u = ^{x, y), and v = <^{x+0hyy + Ok). 

By Art. 107 the last term of the expansion may, if we 
please, be replaced by 

i^(.-«)-(4+*i)-.. 

The methods here given for the expansion of a function 
of two independent variables may be readily extended to the 
development of a function of more than two independent 
variables. 
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MISCELLANEOUS EXAMPLES. 
1. Shew that if x and e are positive 



2 log 



X 



+ '-+ ' 



c + a; X c + x 



vc+to 



decreases as x increases. 

2. Shew that if x and c are positive 

\e + x/ 
increases as x increases. 

3. If w=(aj-3)e^ + 4a;e' + aJ + 3 s^ew that ^ , ^ , and 
u are positive for all positive values of x. 

4. Shew that for positive values of x the expression 

e^{x'-'i)+e'{x + 2) 

diminishes as x increases, and that its greatest value is -r • 

5. Prove the following approximate expression when x is 
small, 



6. Evaluate -^i^tf^^ when aj = 0. 



7. Shew that when x is infinite 

a.(l + iy-«^log(l + l) = 0. 

8. Find the value when x is infinite of 

8a?(l + iy-8ea^log(l + i). 



BesuU. — "5 . 



Besuh. e. 



Digitized by VjOOQ IC 



i 



MISCELLANEOUS EXAMPLES. 221 



- — tan"* a; 



4 ^^ ^ 
9. Evaluate ^n^^iogx) ^^^» ^ = 1- 

logTcotl) 
lO. Evaluate i when a? = 0. 

11. Evaluate —^^^ when a? = — . 

12. Evaluate *^fr*^.T > 

sm {nx — ma?) 

(1) when a; = 0, (2) when 7i = m. 

13. Li the equation f{x + h) —/(a?) = hf (a? + 0h), shew 
that it f"{x) is not zero the limiting value of ^ as A is indefi- 
nitely diminished is - ; also shew that \i f{x) is the first of 

the differential coefficients /"(a?), /'"(aj), ...which is not zero, 
the limiting value of ^ as A is indefinitely diminished is 



e 



t- 



14. In the equation /(a; + h) —f{x) =hf'{x + 0h) shew 
that if ^ he the same for all values of A, it must equal - and 
f\x) must be constant. 

15. Change the independent variable from ig? to a? in the 
equation 

where «=6-«'. 

BesuU. -y? + tan a?-~ = 1. 
ax ax 
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16. Transfonn the expression 

(/du\* . (diA' , fduV) ( du , du , du\-* 

into one in which r, 0, <j> shall be the independent variables 
having given 

a; = rsin^ cos^, y = rsin^sin^, e^rcoaO. 

17. If X, y and f , 17 he co-ordinates of the same point 
referred to two systems of rectangular co-ordinates^ shew 
that 

d^ df \dxdy) "d^^ dff [d^dnJ' 

18. Shew that a? + x sina? + 4cosa? is a minimum when 
aj = 0. 

19. CQ is the perpendicular from the centre C of an ellipse 
on the tangent at a point P; find the maximum value of PQ. 

Result. a-:h. 

20. A straight line drawn from the extremity of the minor 
axis of an ellipse cuts the major axis in Q and Ihe cnrve in P; 
from P the ordinate PNia drawn to the major axis ; find when 
the area PQ^is a maximum. 

RemU. PJV^=|(V17-1). 
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CHAPTEE XV. 

% 

MAYTMA AND MINIMA VALUES OE A FUNCTION OF TWO 
INDEPENDENT VABIABLES. 

227. Def. a function <j) {x, y) of two independent vari- 
ables is said to have a maximtm, value when ^ (aj + A, y + >fe) 
ia leas than ^ (as, y) for all values of h and k^ positive or 
liegative, comprised between zero and certain finite limits 
however small. The fdnction is said to have a minimym 
value if ^ (a? 4- A, y + A;) is greater than ^ (a;, y) for all such 
values of h and Ic. 

228. To investigate the conditions thai a function of two 
independent variables may have a maximum or minimum 
valtie. 

Let w = ^(aJ, y), 

v=^^{x + Oh,y-hdk); 
then, by Art 226, 

^(x-^h,y + k)^u + h£ + k^-^E, 

Now, by taking h and h sufficiently small, we can always 

make JR less than h-j-' + k-r-, and hence the sign of 

ax dy^ rfw tfM 

^(a? + A, y+Jfe) — ^(i», y) will depend on that of A j- + A;^, 

and will therefore change by changing that of h and k ; it 
is impossible then that ^ (a;, y) can have a maximum or 
minimum value unless 

h-j-^k-j-^Q. 
ax ay 
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Since the quantities h and h are independent, we mnst have 

dx ' dy 
Find values of x and y from these equations, say aj = a, 

y = J ; let the values of -^ , ■ , , , -j-^^ , when these values 

are assigned to x and y, be deno.tea by -4, 5, (7, respectively. 
We have then by Art. 226, 

^ (a + A, & + >fc) -^ (a, ft) = 7^{^A»+25AA;+ 0**} +-8^, 

1 • J 

X being made = a, and y = ft, alter the differentiations have 
been performed. 

The sign of ^ (a + A, ft + Jfc) — ^ (a, ft) will, when h and A; 
are taken small enough, depend on that of 

or of ^{{a\ + bJ-\-AO--B^. 

liAG—B^ be negative, it will be possible, by ascribing 

a suitable value to ? ? to make the last expression vanish and 

change its sign ; and then ^ (a, ft) is neither a maximum nor 
minimum value of ^ (a?, y). Hence aenerally we must have 
AG'-B^ positive as a condition for the existence of a maxi- 
mum or minimum. In this case A and C will have the same 
sign, and Ah^ + 2Bhk + Ck^ will have the same sign as ^ or 
(7; and if that sign be positive^ <f> (a, ft) is a minimum value 
of 6 {x, y)f if negative J 6 (d, ft) is a maonmtim value* ' 

We say that generally AG—ff must be positive ; because, 
in fact, there rnay he & maximum or minimum value when 
-40—^=0, as we shall now proceed to shew, 

229. To investigate the additional conditions fir the ex- 
istence of a m^aximum or minimum when AG'-B^^O, 
If u4 (7-^=0, then 

Ah' + 2Bhk+ Gfi?^^fA^^Bj; 
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OF A FUNCTION OP TWO INDEPENDENT VARIABLES. 225 

hence ^ (a+ A, J + Jfc) — ^ (a, h) is always of the same sign as 

-4, when h and k are taken small enough, exc^t when j- is 

7? 
^qual to —j; and then the sign is as yet unknown and 

fiirther investigation is required. Let P, Q, 8, T stand for 
tlie values of 

d^u cPu d^u d'u 

^' dafdy^ dxdy^ dy^ 

respectively, when x^a and y = J ; and let 

a; being made = a and y = ft after the differentiations. 

Suppose T w eyteaZ ^ "" "l > *t®° -^^' + 2Bhh + CK;' vanishes, 

and 

^ (a+A, J + Z;) -^ (a, 5) =1 {Ph^-^ZQ7^k^^8h^^^^T^^]^R^. 

\1 

Hence if h and h be taken small enough the sign of 

will be the same as the sign of 

Ph^^^Qh^k-{-ZSW^Th\ 

and wiU therefore change by changing the sign of h and k ; 
it is impossible then that ^ (a, h) can be a maximum or tnini- 
mum value unless 

vanishes when t is equal to -^-j. 

Suppose this condition to be satisfied then the sign of 
(a + A, J + A;) — (a, J), 

to%^ T w equal ^ — -j > is the same as the sign of jB,; and 

when T is not equal to — -j , and A ^d A are taken small 

T.D.C. Q 
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226 MAXIMA AND MINIMA VALUES 

enough, the 6lgn o{ <f>{a + h,h-\'h)^<j> (a, b) is the same as 
the sign of A. But in order that ^ (a, b) may be a maxi- 
mum or minimum value the sign of ^ (a + A, 5 + A) — ^ (a, b) 
must be invariable when h and k are taken small enough. 

Hence we have the condition that the sign of JB, when y w 

equal to —j and h and Jc are taken small enough must be 

the same as the sign of A. 

If these two additional conditions are satisfied <(> (a, b) is a 
maximum value if A be negative, and a minimum value if A 
be positive, 

230. If -4 = 0, jB= 0, and (7=0, we must proceed thus : 
^{a + h,b + k)-'<l>{a,b) = ^{Ph'+SQh'k+d8hJi?+Tk'} + E^, 

where P, Q, 3, T, stand for the values of ^ , , , , , &c. 
when a? = a and y = J, and 

^ 1 fT4^*t7 , .,8, d*v 74 ^M 

a; being made = a, and y = J, after the differentiations. 

Hence, that ^(a, 5) may be a maximum or minimum, it 
is necessary that P, Q, 8, T, should all vanish. Also, JR^ 
must be of invariable sign ; but the conditions to ensure this 
are too complicated to find investigation here. 

231. The following is another method of investigating 
the conditions that a function of two independent variables 
may admit of a maximum or minimum. 

Let u = <f>{x,y)y where x and y are independent: required 
the maxima and minima values of w. 

If y, instead of being independent of a?, were equal to 
some function of x, q|y -^(a;), then u would be a function 
of one variable x. We should then have 
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In order that u may be a maximnm or mmimum, we must 
have, by Art. 211, 

du 

therefore (|) + (|) v.'(.) = 0. 

Hence, since y is really independent of a;, this equation must 
liold whatever be the function ^^\x) ; 

therefor @.«, (^)=,. 

In order that u may be a maximum, the values of x and y 

d u 
derived from the last equations must make -r-^ negative, 

whatever -^'(a;) may be; hence, denoting by A, B, G, the 

values which {^) , ( 77 ) , and (;7-2) > respectively assume 

for the values of x and y under consideration, we require that 

A-{-23^\x) + C{ir\x)Y 

should be always negative, whatever -^'(a?) may be. Hence 
as in Art. 228, A must be negative, and generally AG-^B* 
must be positive. Similarly, that u may be a minimum we 
must have A positive, and generally AG — B* positive. 

The preceding method may be rendered more symmetrical 
by supposing both x and y functions of a third variable t* 

Putting for shortness Dx for -5- , and Dy for -j- , we have 



du 
"di 



/du\ dDx fdu\ dDy 

'^KdxJ'W^^J'dr' 
Hence we must have 

©=«. (!)-«• • 

Q2 
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Also for values of x and y found from these equations, 

must preserve an invariable sign, whatever be the signs and 
values of Dx and By, From this we deduce the same results 
as in the preceding article. 

232. There is no theoretical difficulty in finding the maxi- 
mum or minimum value of an implicit function of two inde- 
pendent variables, nor in finding the maximum or minimum 
value of a variable which is connected with any number of 
other variables by equations when the whole number of equa- 
tions is two less than the whole number of variables. For 
example, suppose we have two equations 

/i (a?, y, «, w) = 0, f^[x,y,z,u)=0 (1), 

involving four variables a?, y, 0, w, and we wish to find the 
maximum or minimum value of w. We may eliminate one 
of the three variables £c, v, z between the two equations; 
suppose we eliminate z\ then we obtain one equation con- 
necting 0?, y, and u ; from this we find u in terms of x and y, 
and proceea in the ordinary way to investigate the maximum 
or minimum value of «. Or if we wish to avoid the elimina- 
tion we may. adopt the following method; consider x and y 
as the independent variables and differentiate the given equa- 
tions (1) ; thus 

dx dz dx du dx 

dy dz dy du dy 
^j^df^dz^^^^d^^^ 
dx dz dx du dx 

dy dz dy du dy 

From these equations we can eliminate -^ and -^ , and 

dx dy 

find ^ and -j- ; then for a maximum or minimum value of u 
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the values of -^ and ^ must be zero. Thus, more simply, 
-WG may put ;7- = and ^=0 in equations (2), and then 

eliminate -j- and -7-; the two resulting equations combined 

'witli (1) will determine the values of a?, y, z and u, which may 
correspond to a maximum or minimum value of u. And by 
differentiating equations (2) with respect to x and y we can 

find ^-^ , J y , and -^ , and so settle whether u is really 

a maximum or minimum. 

Practically the solution of problems of this class is facili- 
tated by the method of indeterminate multipliers, which is 
explained in the following chapter. 

233. The student will find it advantageous to illustrate 

this chapter by means of the Geometry of Three Dimensions. 

If z = <j>lx, y) be the equation to a surface, to find the maxima 

and minima values of z amounts to finding those points on 

the surface which are at a greater or less distance from the 

dz 
plane of (a:, y) than adjacent points.. The conditions t- = 0, 

dz 
and ;j- = 0, make the tangent plane at any one of the points 

in question parallel to the plane of (a?, y). The interpretation 
of the case in which B^ — AG^d will be seen from what is 
stated in Art. 235. 

The method given in Art. 231 admits of clear geometrical 
illustration. If, for example, there be a point on the given 
surface which is at a majximum distance from the plane of 
(a:, y), then in passing from that point to an adjacent point, 
alxmg any curve whatever lying on the awrface, we must ap- 
proach nearer to the plane of (a?, y). Now, by combining the 
equation 2? =^(a;, y) with y = -^(3?), we obtain a curve lying 
on the given surface, and by giving every variety of form to 
'^{x) we may obtain as many curves as we please. Hence we 
see that if we put y = -^ (a?), and leave the form of the function 
'>^{x) arbitrary, we do not really break the restriction that x 
and y are to be independent. 
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234. A function u of two variables may have a maximum 

or minimum value for values of x and ^ which render -r— 

du . . . . ^^ 

and -7- indetermtnate or infinite. Such exceptional cases must 

be examined specially, as there is no general theory appli- 
cable to them. For example, suppose 

du _ 2a? du __ 2y 

^"3(aj" + /)*' ^~3(a:» + y»)^' 

Here, when x and y vanish --p and -7- become indeter- 
minate. If we put y = oa;, we have 

du 2 </«« 2a 



dx 3a;*(l + a')*' ^V 3a;*(l + a')^' 

Hence -j- and -j- are infinite when a? = 0, and y = 0. But 

u is really a minimum then, for it vanishes only when x and 
y vanish and is never negative. 

235. On a case ofmaaAma or minima values of a function 
of two independent variahlea. 

If u denote a function of two independent variables x and y, 
the values of x and y that make u a maximum or minimum 
are found from the two equations 

du du - 

dx" ^ dy 

If these equations are satisfied bv a single relation between 
X and y, we cannot determine a finite number of values of x 
and y, that render u a maximum or minimum. This case we 
propose to examine. 

Suppose u-<f>{x^y) (1), 

dx dy 

where Z7, F, M are functions of x and y, 



%^u.M, |=r.M (2). 
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If JIf = (3), 

V . i_ du :, du . ^ 
DOth -J- and -j- vanish. 
dx ay 

From equations (2) we deduce 

->-a = ?7. -y- + Jf . -3- = U. -y— when (3) is satisfied, 
dor dx dx dx ^ ^ 

-j-j = F. -7— + if.-r- = 1^' -3- when (3) is satisfied, 
df dy dy dy ^ ' 

= F. -7- + -3^.-7-= T^'-r ^^^"^ (^) 18 satisfied, 



dxdy ' dx ' dx ' dx 

■^ =5 U. -J- + M. -T- = U. -J— when (3) is satisfied, 



dydx^ ' dy dy^ * dy 

But , ■ =';7~T ^l^^y^J hence, when (3) is satisfied, 

{ ^^ V_ TT yiM ^ 
\dx dy) "" * ' dx' dy * 

If then ^, 5, denote the values of -j-^ , , , , and -j-^ 

when (3) is satisfied, we have 

AG^B" (4). 

Now suppose that firom Jf = 0, we find y in terms of a;, 
say y=''>^{x)y and substitute in w ; we thus make u a function 
of a? only. On this hypothesis 

du _ fdvX fdu\ dy 
dx "" \dx) \dy) dx 

^ U.M+ r.M^, hj (2), 

= 0, since Jf = hy hypothesis. » 

Hence, this substitution of -^ {x) for y has reduced u to 
a constant, since -r- vanishes without our assigning any parti- 
cular value to a?. 
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s 



Let us now return to equations (1) and (2). Change in 
(a?, y) the variables x and y to x^-h and y + k respectively, 
ialling u the new value of u^ we get 

, T du T du Ji? (d^u 2k <Pu . i? cPm) 

u =:iU + h-j- + k 

ax 



'dy^\.2\dx^^ h dxdy'^ h'df]'^^' 



Let us now assign to x and y any values consistent with 
(3), leaving however the ratio of kto h quite arbitrary, and 
examine whether u' becomes less or greater than u when k 

and h are sufficiently diminished. The coefficient of — in 

the above value of u\ is 

d^u 2k d^u , k? d^u a x^^ j^^^ n 
d^^T l^^Tt ^» """^ -^ "^ T ^"^ F ^• 

Now by (4) this 

and is therefore necessarily positive if A be positive, and 
necessarily negative if A be negative, whatever he the ratio of 
k to hy except for that particular value of the ratio which make^ 
the coefficient vanish. Hence the conclusion will be this : if 
we assign to x and y values consistent with if = 0, then when 
h and k are sufficiently diminished, u' is certainly less than u 

if -rj be negative, and certainly greater than u if ^^ be 

5ositive, excepting only when k has to h one particular ratio. 
^his latter case would require further examination, had we 
not already shewn that by a certain supposition u is reduced to 
a constant^ so that when k has to h the one particular ratio, 
u is ultimately neither greater than u nor less than u, but 
equal to it. 

The whole theory may be illustrated geometrically; for 
example, if 

z^ = a^^a^^y^^ (a? cos a + y sin a)*. ........ (1), 

^.^ find maxima or minima values of ;3 ; 



Digitized by VjOOQ IC 



OP A FUNCTION OP TWO INDEPENDENT VABIABLES. 233 

z 'r'= — x+{xco3a + y&ma) cosa 

= (y cosa — a?fiina) sin a, 

dz , • . 

5? -T- = — (y cos a — ic sin a) cos a ; 

therefore, when ycosa — a;sma = (2), 

-r- and -7- both vanish. 
dx ay 

Under these circumstances z becomes = + a. 

Now equation (1) represents a cylinder having its axis 
parallel to the plane of (a?, y). Equation (2) represents a 
plane which passes through the axis of the cylinder, and 
which cuts the surface in two parallel straight lines. Along 
the upper line we have « = a. All points in this line are 
at the same distance from the plane of (a?, y), and at a greater 
distance than any points not in this line. This line is in fact 
a ridge in the simace. 

Another example may be seen in the equation 

z^^2a^J{pl?^-f)^{a?^-y'). 

This surface is that formed by the revolution of a circle about 
a tangent line which is the axis of z. The highest point of 
the circle will by revolution generate a circle, all the points 
of which are at the same distance from the plane of (a;, y), 
and at a greater distance than any adjacent points of the 
surface. 

EXAMPLES. 

1. Let w = ar4-aw+VH 1 — , 

^ ^ X y^ 

du ^ a? du ^ ^ a' 

8 8 

therefore 2a; +y — , = 0, 2y + a; — i = 0; 
therefore (2aj+y) a? = c?^ (2y + 3?)^*; 
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therefore 2 (a^ — y') = a?y (y — a;) ; 

therefore 2 (a;— y) (a:*+a?y4-y^) = a:?y (y — a;): 
either then » = y> 

or 2a:' + 3a^ + 2y* = 0. 

The latter leads to an impossible result; the former 
gives a? = y = |^. 

Also ^-2 + ?^ 



dxdy 

therefore t^ t-o — ( ■, , 1 is positive when x and y 

d^ df \dxdyj cPu . 

have the assigned values, and -7-^ is positive ; hence 
u is then a minimum. ^^ 

2. Let u = cos X cos a + sin a? sin a cos (y — )8), 

-y- = — sin a? cos a + cos a; sin a cos (y — ^), 

-7- = — sin a sin a; sin (y — )8). 

^y 

Hence -j- vanishes when y=/S, and then -r- becomes 

sin (a— a?), and vanishes when a? = a. 

d^u 
Also -7-3 = — cosajcosa — sina;sinacos {y^-^t 

= — cos a; sin asin (y — )8), 



^rfy 



^ = — sinasina?cos (y-jS), 
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The first becomes — 1, the second 0, and the third 
— sin* a, when the assigned values of x and y are sub- 
stituted. Hence 

da? di^ \dxdy) 
is positive, and w is a maximum. 

3. .Suppose w = e-**-«^(aic*+Jy'^, 

Here ^ = 0, and j- = 0, give as one pair of values 
a; = 0, y = 0. And these values make 
d^u d^u d^u 

^=^"' ^^='^' ^=2*' 

therefore u has then a minimum value. 

Another pair of values is given by 
a; = 0, 
and 6 — aa3'-6^ = 0, 

that is, a; = 0, and y = + 1. 
With these values we have 

Hence, if a Is less than J, we have a maximum value 
of t*, and if a is greater than i, we have neither a 
maximum nor «i minimum. 

There is only one more solution, namely, that found 
by combining 

y = 0, and d — oa?' — 5y* = 0; 

therefore y = 0, and^ a; = + 1. 
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Here we should find that if a is less than h^ there 
is neither a maximum nor minimum, and if a is greater 
than &, there is a maximum value of u. 

If in this example a = &, we arrive at the anomalous 
case considered in Art. 235. 

4. To find a point such that the sum of the lines joining it 
with the angular points of a given triangle shall be a 
minimum. 

Let ABC be the given triangle ; let BG = «, 
CA^h,AB=c. Take 
any point P and draw 
PM perpendicular to 
AB^ let AM=x, PM 
=y. Also let AP=u, 
BP^v, CP=^w; the 
angle APM^0, BPM 
= <f>, GPM^^Ir. 

Then u'^a? + f, 

V? = (J cos -4 - a?)' + (J sin A —yf. 
For a minimum value of w + v + 1^? we must have 




and 



Now 



du dv dw 

dx dx dx^ ' 

du dv dw 

du X . A . 

-J- = - = sm ff, 
a^x u ' 

dv _ c — x 

dx" V 

dw hcosA — x 

dx w 

du y ^ 

:t-=^ = cos^, 
dy u ' 



..(1), 

.;(2). 



5= — sin^^ 



s= — sin-^, 
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dv y 

ay V ^ 

dw J sin .4 — V , 

--_ -= iL — cos y . 

ay w ^ 

Hence, from (1) and (2), 

sin 9 3= sin ^ + sin ^^^ 

cos ^ = — cos (f) — cos yp". 
Square and add ; thus 

l=*2 + 2cos('^-^), 
therefore cos (-^ — ^) = — J = cos 1 20^ 

Thus the ande CPB must be 120^ Similarly it 
may be shewn that APB and APC must each be 120^ 
Hence we have the following result ; describe on the 
sides of the given triangle segments of circles each 
containing an angle of 120**, and their common point 
of intersection is the point required. 

It is obvious that there must be a point for which 
the proposed sum is a minimum, and therefore we 
need not examine the criteria depending on the second 
differential coefficients. 

K the given triangle has an angle equal to 120**, 
then that angular point is the point required; if it 
has an angle greater than 120®, the method fails to 
give the' solution. It may however be proved that 
when the triangle has an angle greater than 120®, the 
vertex of the obtuse angle is the point required. 

For suppose the point P inside the triande and very 
near to the angle B of the triangle; let PB^r, 
PBA = a, PBG = 7 ; then 

^ = V(c^ — 2crcosa + 0> t>=r, 
tu = ^(a* — 2ar cos 7 + r*). 

Thus neglecting squares and higher powers of r we 
have approximately 

M + t? + i£? = a4-c + r — r (cos a + cos 7) 

a-f-ry a — ^y 
= a + c + r-2rco9 — ^ cos —-— . 
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Now 2 COS ' is less than unity if 5 is greater 

A 

than 120°, and thus a + c + r — 2r cos ^^-^ cos — —^ 

^ is greater than a + c. And it is obvious that if ^ be 
outside the triangle the sum of its distances from A^ B^ 
and G is greater than a-^-c. Therefore in passing 
from B to any adjacent point either inside or outside 
the triangle the sum of the distances is increased; and 
therefore at the point B the sum is a minimum. 

The values of -j- and -j- take the form - at the 
ax ay 

point B\ and this is the reason that the solution failed 

to indicate the point B. We have already remarked 

in Art. 234 that a maximum or minimum value 

may exist corresponding to such indeterminate values 

of the differential coefficients. 

5. Let w = sin a? + siny + cos {x +y), 

du • / . \ 

•j- = cosa? — sm (aj + y), 

du • / . \ 

^ = C08y-sin(a;+y). 

If -J- and -J- vanish, we must have 
ax ay ' 

cosa; = cosy = sin {x + y). 

These equations admit of numerous solutions. For 
example, 

if cos a; = cosy, 

we have ^^ = y> as one solution. 

Hence we have cos x = sin 2a? 

== 2 sin a; cos a; ; 

therefore, either cos a; = 0, or sin a? = J. 

If we take the first, and put tt5 = y = -, we have 
neither a maximum nor a minimum ; if we take 
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we obtain a minimum. 

If we take sin a? = J, and put 

TT 

we obtain a maximum value for u. 

rind the maximum and minimum value of 
(fec + Ay — g) {Jix •^-Tcy — b) 

Let u denote the expression, and let v denote 

then u = t;"* {Jix + hy — a) {Jix •\-Tcy — l)] 

du ^k (2Aa;4-2Ay— a— J) 2x {hx+h/—a) {hx+ky—b) 

dx" V v^ ' 

du hi^hx+^hy—a—l) 2y{hx+h/—a)(hx+h/''h) 

dy" V , '^^ 

Put -^ = 0, and -^ = ; thus we deduce 
dx dy 

X V 

T = T =r suppose. 

Substitute rh for a; andrA foryin-7- = or ^ = 0; 

we shall obtain after reduction the following quadratic 
equation in r, 

r^(A« + A»)(a+i) + 2r(A»+A«-a&)-(a + 5)=0; 

thus the values of r are possible, and one is positive 
and the other negative^ 

If we differentiate the values of -j- and -r- , and after 

dx ay 

differentiation use the relations which arise from 3- = 

dx 
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and -7- = 0, we shall find 
dy 

d^ XV ~ rv * 

d^u_ Jc{2hx-a''h) ^ 2h\-a-h 
dy^ yv TV 



dxdy V * 
Hence the sign of -4 (7- jB* is the same as the sign of 

and is therefore the same as the sign of 

Now it may he shewn that if a + J be not zero and 
a be not equal to J, the sign of the last expression is 
positive for both the values which r can have. For 
suppose a + h positive; then we have to prove that 

.?, pv — r is positive, that is, we have to prove that 
0/7.8 1 i.8\ is greater than the positive root of the quad- 

^ {/I "J" fC J 

ratic in r. Substitute the positive quantity . , g -^ . 

for r in the expression which forms the left-hand 
member of the quadratic ; we shall obtain a positive 

result if a and b are unequal ; this proves that —j^ — =j- 

w greater than the positive root of the quadratic 
{Alg^a, Art. 339). Similarly we may establish the 
result if a + J is negative. 

Hence the necessary conditions for a maximum or 
minimum are falfiUed. 

Since A C—JP is positive A and C have the same 
sign, and that sign is the same as the sign of -4 + C, 
and therefore the same as the sign of 
a + h-ihJ' + rir 
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Ka + b is positive this exijression is positive or 
negative according as r is positive or negative ; if a +5 
is negative it is positive or negative according as r is 
negative or positive. Thus we can discriminate be- 
tween the maximum and minimum value of u» 

Two particular cases which have been excepted 
above remain to be noticed. 

I. Suppose a = &. Here we shall have 
-r- = 21?"* {hx +Jct/'-a) { A v — a; (Aa? + % — a) } , 

— ss 2v^{hx + Jcy -- a) {kv—y{hx + kt/ — a)}. 
dy 

If we suppose Aa? + Ajy — a = we arrive at the case 
discussed in Art. 235, in which there is not strictly 
a maximum or minimum. If we take the other factors 

. du ^ du \ 

in -r- and -7- and put 
ax dy ^ 

Ai7— a:(Aa? + % — a) =0 and ^i?— y (Aaj + Ajy — a) = 0, 

we shall obtain 

h h 

x = , y = — : 

a^ ^ a* 

these values will be found to make u a maximum. 

The quadratic equation for r, when a = J, has for 
its roots 

the former value leads to values of x and y which 
satisfy hx + ky — a^O; the latter leads to the values 

h h 

a' ^ - a 

n. Suppose a + J = 0. The original investigation 
becomes inapplicable ; it may be shewn that the only 

values of x and y which make -j- and ^ vanish are 

a; = 0, y = ; and these give a minimum value to u. 
T. D. c. R 
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7. Find the maximum value of a;y (6 — a; — y) . 

Result. Maximum when a; = 3, y = 2. 

8» If w=(2aaj— aj*) {^hy—y^y find its maximum or minimum 
value. Result, aj = a, y = i, make w a maximum. 

9. If t* «= aj* + y* — 2aj* + 4a?y — 2y*, shew that when a? = O, 
and y = 0, w is neither a maximum nor minimum ; 
when a: = + V2, and y = + V^, w is a minimum. 

10. If w=/-8y+18y-8y'+a^-3aj'-3a?, then 3 + 4^2 is 

a maximum value of u and — 6 — 4 V2 is a minimum 
value of w. 

11. Jf w = ar* + a?y4-y' — oaj — Jy, then J(aJ — a* — &*)• is a 

minimum value of u. 

12. Divide a number w into three parts, a;, y, and «, such 

that ^ + ^ + X ^^ ^® * maximum or minimum, 
■ 2 o 4 

and determine which it is. 

Ti lA ^ y 9i 

MesuU. 21 ^ 20 ~ 6 ' ^ maximum. 

13. If w = a?" ^-y* + Saocy, then a' is a maximum value of u. 

14. Find the maximum or minimum of x {a? +y') — 3aay. 

15. Find the maximum or minimum value of:: ^ r- . 

1 — aaj — oy 

Result. ?=.| = i±^^(L±^±^). 

with the upper sign there is a maximum, with the 
lower a minimum. 

16. If w = V{(c-aj) (c-y) (aj + y-c)}, shew that it is a 

17. Shew that //., . ^ , ^v is a maximum when a: = -, 
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IS, Shew that x^^""^^ has neither a maximum nor a mini- 
mum. 

19* Find the minimum value of aj+y + ^, subject to the 
condition 

X y z 

Besult. When-y- = -^ = -7- = Va + V5 + V<?- 
*Ja *Jb tsjc 

20. Find the minimum value of a^y^z^ subject to the same 

condition as in the preceding example. 

Remit. When-^ = ^ = — = « + o'+r. 

21. Having ^ven the three sides of a triangle, find a point 

withm it, such that, if perpendiculars be dropped from 
it upon the sides, their continued product shall be a 
maximum. Shew that lines joining this point with the 
comers of i the given triangle will divide it into three 
equal triangles, 

22. Find the maximum value of xyz subgect to the condition 



x^ 'if z^ 

= 1. 



l-^-i = 1 



Bemlt 



3V3' 

23. Determine a point within a triangle, &uch that the sum 

of the squares of the distances from the three sides is 
a minimum. 

Remit. If ^, J, r, be .the perpendiculars on the sides 
a, J, c, respectively, then 

^ _^ y _ r __ 2 area of triangle 

24, Determine a point within a triangle such that the sum 

of the squares of the distances from the three angles is 
a minimum. 

Remit. The centre of gravity of the triangle. 

b2 
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25. Through a point within a triangle three lines are 

drawn parallel to the sides dividing the triangle into 
three parallelograms and three triangles; shew that 
the sum of these triangles is least when the lines are 
drawn through the centre of gravity of the triangle. 

26. A triangular space is to be diminished by fencing off 

the comers, each fence being circular and having the 
nearest comer as centre ; shew how to leave the great- 
est possible central space with a given length of fence. 

Remit. The radii of the circular fences are equal. 

27. Given the sum of the three edges of a rectangular 

parallelopiped, find its form that its surface may be a 
maximuni. 

28. In a given sphere inscribe a rectangular parallelopiped 

whose volume is a maximum. Also one whose surfece 
is a maximum. 

BesuU. A cube. 

29. Of all triangles of the same perimeter find that which 

will generate the greatest double cone by revolving 
about a side. 

BesuU. The fixed side must be two-thirds of each of 
the other sides of the triangle. 

30. A rectangular parallelopiped is so constructed that a plane 

which passes through three of its comers, but through, 
no edge, contains a point whose distances fi-om the 
three faces adjacent to one of the other comers are 
given. Shew that the shortest diagonal which such 
a parallelopiped can have, is (a'+J*+c^)*, where a, 6, c 
are the given distances. 
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CHAPTER XVI- 

MAXIMA AND MINIMA VALUES OP A FUNCTION OF SEVERAL 

VARIABLES. 



236. Let u = <f>{x, y, z) he a function of three independent 
variables, of which we require the maxima and minima values. 
H7 an investigation similar to that in Art. 224, 

(^{x + h,t/ + Jc, z+T)-<f>{x,yyz) 

dx dy dz 
Vd^v. l^d?u Vd^u. ..d^u d^u d^u 



2 da?^ 2 rf/ 2 dz'^ dydz^ dxdz^ dxdy 

+ 22; 

where jB is a function involving powers and products of A, i, I 
of the third degree, which may be expressed for abbreviation by 

V denoting <l>{x + 0h, y + 6ky z + 61). 

K we make h, k, I small enough, the sign of 

i>(x+h, y + k, z + T)-<f>{x,y, z) 

will depend upon that of the terms involving only the first 
powers of A, A, Z; hence, to ensure a maximum or minimum, 
we must have 



-idu^ydu^fdu 
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and therefore, since %, Tcy I are independent, 

Let values of Xyj/^zhe found from these eouations, and 
when these values are substituted in ^, ^, &c,, let 

dydz'^ * dxdz" ' dxdy" 
The sign of 

^ (x4- A, 3^ + ^, «+ Z) -^ (a?, y, «) 

can, with the values of a?, y, « just found, be made to depend 
on that of 

AV-\-Bie'\- GP+2A'kl + 2Bhl + 2Crhk (1). 

Hence, that u may have a maximum or minimum value, 
the expression (1) must retain the same sign, whatever be the 
signs and values of A, &, I comprised between zero and fixed 
finite limits. If we put 

it follows that 

A8''-\'Be-\-G+2A't + 2B'8-{'2G'8t (2), 

must be of invariable sign, whatever be the signs and values 

of « and t. Multiply (2) by A, and rearrange the terms; tiien 

(-4^ + 5'+ G'ty+{AB^ G") «^+2 {AA'--B'G') t + AC-B^ 

(3), 

must retain an invariable sign. 

Hence, {AB - (7'»)/ + 2 {AA' -B'G')t + AG''B'* must 
be incapable of becoming negative; therefore 

AB— 0'^ must be positive, and (4), 

{AA'^BG'Y less than {AB-- G'^ {AG-^B^) (5); 

(4) and (5) are the conditions that must be satisfied in order 
that u may be a maximum or minimum. Conversely, if tiiej 
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OF A FUNdtlOiT OF SeVeML VARIABLES. 2ii 

axe satisfied, u is a maximum or minimum ; for then (3) is 
necessarily positive, therefore (2) has always the same sign as 
-4, and w is a maximum if A be negative, and a minimum if 
-4 be. positive. 

Hence the necessary and sufficient conditions for the 
existence of a maximum or minimum value of a function u of 
three independent variables, are, that the values of cc, y, z 
drawn from 

dx" ^ dy" ^ dz" ^ 

should make ^ ^ - (^ positive, 

/d*u d^u d'u d'u \ * 
\da? dy dz dxdy dx dz) 

. (^ d*u _ / d\ yi |<7v ^ _ / d*u yi 

|cte* dly' \dxdy) )\da? dz' \dxdz) )' 
It follows of course from these conditions, that 

^d^-[^ must be positive, 
and thus -j-^ , -7-5 , -^^ must all have the same sign, and u 

is a maximum if that sign be negative, and a minimum if it 
bejbositive. 

From the conditions (4) and (5), we should conjecture by 
the principle of symmetry, that^tJ— -4'* will also be positive 
if (4) and (5) hold. This is easily verified, for from (5) we 
find that 

A {ABG+ 2A'B' G' - AA" - ^^'^ - GG"} 

is positive, and therefore, since by (4) A and B have the same 

^'^' B{ABG+2A'B'G''-AA''--BB''^ GG"] 
is positive, and therefore 

{BB' - A Gy is less than {BG - A') {BA - G% 
from which it follows that BO — A'* is positive. 
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237. Ex, Letw=:- 



a?yg 



{a+x) {x+y) {y + z) {z-^b)\ 

du yzjay — a?) u {ay — a?) 

cic"" {a-^-xfix -i-yYiy + «) (s + &) "" a (a + a?) {x+y) * 

Similarly, -j- = ■■ , ; ^ / . x , 

^ dy y{x + y){y + z)' 

du_^ u{by'-z*) 
dz~' z{y + z) {z + h)' 

Hence, if ay — a^ = 0, xz^y^=^Oy and hy — z^^O, u way be 
a maximum or minimum : tnese equations give 

^ — y — ^ — "^ . 
a""a?""y~«' 

therefore each of these fractions = a /(-•-•-•- 1 or. /- . 

y \a X y zj y a 

Call this r; then 

x = ar, y = ajr = ar*, z==yr=^ar\ 

Proceeding to the second differential coefficients of w, we 
have 

d^u 2ccu « 

(^"" x{a + x) {x-^-y) '* 

the terms included in the &X5. being such as vanish when 
the specific values are assigned to x, y, z. 

Hence -4 = — -j— 7-^-^ — 77= — a /1 . — re* 
aV (1 + ry aV (1 + ry 

Similarly B, (7, &c. can be found, and we shall finally arrive 
at the result that t^ is a maximum. 

238. Suppose it required to determine the maxima and 
minima values of a function ^ (a?, y, 2?, ...) of wi variables, 
these variables being connected by n equations, of which the 
general form is 

F,{x,y,z,...)^0 (1). 

The m variables involved in (f> are of course not all inde^ 
pendent, since by means of the given equations n of them 
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may be expressed in terms of the remaining m — n. The 
simplest theoretical method of investigating the maxima and 
minima values of ^ would be to, express hj means of the 
given equations the values of n of the vanables in terms 
of the rest, and to substitute these values in ^; thus ^ 
-would become a function of m — n independent variables, 
and we might proceed to ascertain its maxima and minima 
values in the manner already given for functions of one, two, 
or three independent variables. But this method would be 
often impracticable on account of the difficulty of solving the 
given equations, and the following is therefore adopted. 

Suppose a?, y, «... all functions of some new variable f, of 
whicn consequently ^ becomes a function. Put for shortness 



g = 2?a., ^=i>y, ^. 



^=Dv. t = 



JDz, 



then #=gi,.+ g2>y + t2>.+ 



dt dx 



dy 



dz 



.(2). 



From the n given equations (1) we deduce 



dy ^ '^^ 



dx 



dz 






dx 



dz 



5ite+fiVH-¥i'« + ...-0 



dx 



dz 



(3). 



By solving the linear equations (3) we can express n of 
the quantities Dx, Dy^ Dz ... in terms of the remaining 
m — w. Substitute these values in (2), then only wi — n of the 
quantities Dx^ Dy, Dz ... remain, and we have a result 
which may be written 



dt 



X.Dx+ Y.Dy + Z.Dz ... + Q.Dq (4), 



where X, F, Z, ..• do not involve any of the quantities 
Dx, Dy^ Dz, &c. Since, consistently with the given equa- 
tious, we may consider the m — n quantities Dx, Dy, Dz^ ... 
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to te quite arbitrary, it follows, in thfe same manner aa in 
Art. 232, that if <f> is to be a maximum or minimum, we 
must have 

X=0, r=0, Z=0, = (5). 

These m — n equations, combined with the n given equa- 
tions, will give the values of the variables for which (f> ma^ 
be a maximum or minimum. To determine whether ^ ts 

a maximum or minimum we must express -y? • From (4), 

with the use of (5), we have 



We should then examine whether the above expression 
retains an invariable sign, when the specific values of the 
variables a;, y, z, ... are used, whatever be the arbitrary 
values assigned to Dx, Dy, Dz, &c. If it does, then ^ is 
a maximum if that sign be negative, and a minimum if it 
be positive. 

239. The practical solution of any example according to 
the above theory is facilitated by making use of indeterminate 
multipliers. Multiply the first of equations (3) by X^, the 
second by \, ... the n*** by X^, the values of X^, \, ... X^ 
being at present undetermined. Add the results to (2), then 
we may write 

+ (6)* 
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K we equate the coefficients of n of the quantities 2>a?, 
2>yj... to zero, we shall arrive at n equations for determining 
\, Xj,,.,. X». Substitute these values of \, X,,... X„, in the 

remaining terms of (6), and ^ takes the form given in (4) ; 

we must therefore equate to zero the coefficients of the re- 
maining w— w of the quantities Dx^ JDy, ... Hence we have 
the rule : " Equate to zero the coefficients of every one of the 
quantities 2>a?, Dy^.,. in (6); the m equations thus found, 
together with the n given equations, will enable us to elimi- 
nate the n quantities X., X^,... X», and to find the values of 
the quantities a?, y, «..• 

240. The concluding part of the theory in Art. 238, in 

which we are directed to examine the sign of -^ , frequently 

becomes in practice excessively complicated. In fact the 
examples of this method are generally such as allow us to 
predict that a maximum or minimum must exist, and to dis- 
pense with the second part of the investigation. 

Ex. 1. Find the maximum or minimum value of 

subject to the conditions 

aa? + Jy + c«- 1 = 0,1 .. 

a'a;+% + c^-l = 0,J ^ ^* 

Putting ^ for a?" +y" + z^i we have 

-J- = 2xDx + 2yDy + 2zDz. 

Also from equations (1), 

aDx + hDt/ + cDz=0,\ .. 

a'Dx + b'Dy + c'Dzr=oJ ^'^^• 

Hence, multiplying equations (2) by X^ and X^ respectively, 
we may put 

^^{2x + \a+\a') Dx + (2y + \b + \b') Dy 

^{2z-\-\c-{'\c) Dz. 
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Therefore 2x + \a + \a!^0^ ] 

2y-\-\b + \V=-0, I (3). 

2z + \c + \c' = 0, ] 

Multiply equations (3) hj a, J, c, respectively and add ; then 
we have, by (1), 

2 + \{a* + V + (?)+\{aa' + lh; + cc')=0 ...(4). 

Similarly, 

2 + X,(a"+&'*+O+Xi(aa'+jy+cc') = (5). 

Equations (4) and (5) determine \ and X^,, and then by (3) 
we find X, y, z. Also multiplying (3) by a:, y, Zy respectively 
and adding, we have 

2<^ + \ + \ = 0, 

which finds ^. This is the solution of the following question 
in Geometry of Three Dimensions: " In the line of intersection 
of two given planes to find the nearest point to the origin of 
co-ordinates." From the nature of the question it is evident 
there must be a minimum value of ^. 

Ex. 2. Determine the greatest quadrilateral which can 
be formed with the four given sides a, )8, 7, S, taken in this 
order. 

Let X denote the angle between a and ^8, 

y the angle between 7 and S. 

The area of the figure is 

i (a/8 sin 0? + 7S sin y), 

therefore we may put 

^ (^> y) = oti8 sin a? +7S sin y (1). 

If we draw a diagonal of the figure from the intersection 
of )9 and 7 to the intersection of a and S, we have from the 
two different values which can be found for the length of this 
diagonal, 

a" + i8'-2a/8cosaj = 7^+S"-27Scosy. 

Thus a* + i8'-2a/3cosaj-7'-S" + 27Scosy = (2). 
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From (1) and (2), 

-^ = a^ COS xDx + yB coay Dt/ (3), 

— a^sinajjDa? — 78sinyi?y. (4), 

tlierefore -^ = a/8-^cosa? + : -[ Dx (5), 

at \ siny j ^ ' 

Sence, since the coefficient of Dx must yanish, 

sin {x+y) =0. 

Therefore x+y must be zero, or some multiple of ir; the 
only solution applicable to the present question is 

x+y = 7r (6). 

Hence cos y = — cos a?: substituting this value of cos y in 
equation (2), we have 

Since by (5) #^ a/3sin (a^ + y) 

^ ^ ^ dt smy ' 

we have, neglecting such terms as vanish, by (6), 

which, by means of (4) and (6), becomes 

siny 

Hence, since -^ is negative^ we have found a maximum 

value of ^, namely, when the sum of two opposite angles of 
the figure is equal to two right angles. 

Ex. 3. Find the maximum and minimum value of w* when 

w» = aV + jy + cV (1), 

while a^+3^ + «" = l (2), 

and & + 7ny + n« = (31, 



(i+^(/fe)-. 
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From (1), (2), and (3), we deduce 

= a^xDx-\-VyDy-\'C^zDz (4), 

0= xDx + yDy + zDz (5), 

0=5 Wx +mDy+nDz .\...(6), 

Multiply (5) by \ and (6) by \ and add to (4); then 
equate to zero the coefficients of Bx, J)y^ Dz ; thus 

a'a? + \a; + V=0 , (7), 

V'y + \y+\m=^0 (8), 

c^z + \z,+\n=0 (9). 

Multiply (7) by a?, (8) by y, and (9) by «, and add ; then 
by (2) and (3), 

aV + jy + cV+Xj = 0. 

Hence X^ = — u^^ 

Therefore, from (7), (8), and (9), 

0. = --^^ 






,«> 



» = 



— 8 



\m t 



^5" 



u —c 
and thus, from equation (3), 

, This equation is a quadratic in w", from which two values 
of w* can be determined, one of which will be a maximum 
and the other a minimum. It is obvious, that a maximuih 
and a minimum value of %? must exist, for a?, y, «, cannot all 
vanish simultaneously, and no one of them can be greater thau 
unity ; hence t^'must lie between the limits and a* + 6* + c\ 

Ex. 4. Find the values of a;, y, «, when a?*y«' is a maxi- 
ml^n or minimum, subject to the condition 
aV + 2Jy^ + «* = c*. 
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We have, putting u for x*yz*y. 

ia^tfz^Dx + x*s^Dy + 2x*yzDz = 0, 

aDx . Dy 2Dz] ^ 
\ X y z ) 

Also cfxDx + 35y'jDy + 22?'*i);5 = 0. 

Therefore - + Xa*aj = 0, 

X ' 

i + 3XA/=0, 

-+ \^ =0, 
z 

Multiply ihe first of these equations by a?, the second by 

-^ , and the third by «, and add ; then 

17 
therefore X = -.-—, . 

3c 

XT a^ 12c* 7 ii c* 4 3c* 

Hence aV = — , */=i7,. ^=-17- 

b. To find the maximum and minimum value of r" when 
the variables and constants being connected by the equations 

Za? + 7wy+ nz==p (2), 

h + mfi + ny^p (3), 

a^i &% c'w ^ ^" 

[The student who is acquainted with Geometry of Three 
Dimensions' will see that (1) ie the equation to an ellipsoid, 
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and (2) is the equation to a plane ; a, /3, 7 are the co-(»:dinates 
of the centre of the enrve of intersection of the plane and the 
ellipsoid, and r is the radius Tcctor drawn from the centre 
of this curve to any point of the curve.] 

Since r^ is to be a maximum or minimum, we have 

(a:-a)i?a;+(y-/3)i?y+(«-7)i)5?=0 (5); 

also from (1) and (2) 

xDx yDy zDz _ 
"^+T^+"^-^ W» 

Wx + mIhf+nDz==0 (7). 

Multiply (6) by X, and (7) by fu, and add to (5) ; thea 
equate to zero the coefficients of Dx, 2>y, and Dz) thus, 

a:-a + ^+MZ=0 (8), 

y-/3+^+/«w=o .(9), 

«-7 + -^+M»»= (10). 

Multiply (8), (9), and (10) by a?-o, y-^S, and « — 7 
respectively, and add ; thus by (2) and (3) 

thatis, ^ + x|l-g-^-5j = 0....(ll). 

Now by (4) 
^_jS^ _ 7 _ al+/3m + yn p 

thus (11) becomes with the help of (2) 
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Thus (8), (9), and (10) may be wntten 



X 






.(12), 



By substituting the values of a;, y, and z from these in (2), 
we obtain 

Ikc^ (a — fil) mW {/3 — /jan) nJcc^ (7 - fin) 

also la + mP + W7 ^p. 

By subtraction 

-•'■(^'•^S) ^'"-fc^^ '^-■(v^a) „ 

Now Z;/A + -^, ^/^+i2^> a»d ^/t+-T^ are of equal value 

by (4) ; and this value cannot be zero, because then by (12) 
we should obtain the inadmissible values a;= a, y =A « =7. 
Henoe dividing put we have 

aV Vrr^ i?n\ 

ka^ + t'^W^^M + T^'^ 

This quadratic will give two values of r*, one will be 
the maximum value of r and the other the minimum value. 

I The product of the values of r^ will be 

aT+JW + cV ' 

and w times the square root of this product is the area of 
the carve of intersection of the ellipsoid and plaoie; hence 
taking the positive value of the squaie root we have for 
the area 

(a»? + &V + cV)* J' 

T. D. C. S 
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6. Find the iP^inTniiin or Tninimnm yalue of u when 
u = a?^z\ and2a: + 3y + 42? = a, 

BesuU, ( I j is a maximum Yalue. 

7. Find the mmimTini yalne of u from the equation 

tt = a? + y» + i'+ , 

the variables being connected by the equation 
aa; + 2y + c2?+ =*. 

The result is ^ = ^«^y^^^ > 

8. Find the minimum value of 

«* + y* + 2* + «-2«-a?y. 

Result. a:=-|, y = -J> ^=:1- 

9. Find the minimum value of 

where xyz = (^. 

10. K a;, y, 2? are the angles of a triangle, find the values, 
of a;, y, z which make 

sin^a; siri*^ sin^« ' 
a maximum. 

11. Find the maximum or minimum value of arVa'" sub- 
ject to the condition fo + wy 4- w« = a. Hence find the paral- 
lelopiped of maximum volume which has for its three edges the 
axes of Xy y, «, and has the intersection of its opposite edges in 
a given plane, 

12. If aof^r^Kcy-^cCk^^f^ and r^ = ai' +3/*, shew that the, 
maximum and minimum values of r^ are given by the 
equation . 

. (i«-4ac)r* + 4/(a + c)r"-4/'=0. 
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13. Find the maximum value of 

{ax + hy + ez) e""'*'-^''^^. 

Seault. aj=^, ^^^' * = y' 

where i = V2^g + | + |)'. 

14. A given volume V of metal is to be formed into a 
rectangular vessel ; the sides of the vessel are to be of a given 
thickness a, and there is to be no lid. Determine the shape 
of the vessel so that it may have a maximum capacity. 

Remit. K a?, y, and «, are the external length, breadth, 
and-depth; 

15. If r?^aj? + y + a*, where 

oaj* + J/ + c;^^ 2a yz + 2Vzx + 2c xy = 1, 
and . lxr\'my-\-m^Oy 

find the maximum and minimum value of r^. 

Hesult, They are determined by the equation 

'•('-?)(«-?)-»*-H)-(«-?)--(«4)(»-p) 

- 2wW ^a - piV 2/1^' [& - iV 2Zwc' (^c -■ ^) 
+ 2?W7iJV + 2w?cV + 2?WJ' -Pa''- w^5''-wV=0. 



S2 
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CHAPTER XVII. 

ELIMINATION OP CONSTANTS AND FUNCTIONS. 

241. We may make use of differentiation in order to 
eliminate from an equation involving variables and constants 
one or more of the constants. For example, let 

(y — J)'+(a? — a)' — c'ssQ (I). 

Differentiate three times, giving 



(y — J) -^ 4" a? ••o =5 ..*.•. *.•.... (2), 



dsf? \dx) 

(»-*)S+«SS-» w- 

From these font equations we may deduce an equation 
free from the three constants: we have 

dy ^ x-^a 
dx" y — b* 

^ (a?-a)'-f(y-a)' ^ c* 
d^y _ dxda? ^ Sc^jx — a) 
- Hen. {l. (I)} g-»|(g)'=« ..■..■. (.). 
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242. In general, if we have an equation between x and y 
and n arbitrary constants, and we differentiate m times suc- 
cessively, we nave m + 1 equations between which we can 
eliminate m constants, and this will give a result involving 

-7-g and inferior diflferential coefficients of y. There will 

also be 71 — m constants in the resulting equation; and as we 
can choose at pleasure 4he m constants we eliminate, we can 
form as many resulting equations containing n — m constants, 
as the number of combinations that can be formed out of 
n things taken m at a time ; that is, 

n(n — 1) ... (n — m+ I) 
[m 

Each of these resulting equations is called a differential 
equation of the m^ order ^ -j— being the highest diflferential 

coefficient of y which occurs in it. 

When the original equation is differentiated n times suc- 
cessively, we have n + l equations, between which all the 
constants can be eliminated, giving us a differential equation 
of the ri^ order. 

243. If we recur to the example in Art. 241, we have 
for one of the three differential equations of the first order, 



(y — i)^ + » — a*=0. 



If we find a from this equation in terms of a?, y, J, and 

~- , and substitute in the given equation, we obtain another 

differential equation of the first order. If we find h in terms 
of aj, y, &c., and substitute in the given equation, we obtain 
the remaining differential equation of the first order. 

The three differential equations of the second order which 
can be found Iby combining equations (1), (2), and (3) of Art. 
241, are 
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da? 



...-It®]. 



das' 



<?= 






It will be found on trial, that if we take any one of the 
differential equations of the first order, and differentiate twice, 
we shall obtain the same result if we eliminate the two 
constants involved in these three equations, as we have 
already fDund in equation (5) of Art. 241. Also, if we 
take any one of the differential equations of the second order, 
differentiate once, and eliminate the constant involved in 
these two equations, we shall still arrive at the equation (5) 
of Art 241. 

244. The process by which, as in the preceding article, 
we may deduce differential equations by differentiation and 
elimination of constants, has not in itself much interest or 
value. But the method of passing from the differential 
equations to the primitive equation from which they were 
deduced, forms a moat important branch of mathematics. In 
fact all investigations in physical science lead to differential 
equationSy which must be solved before we can be said to 
tmderstand the subject we are considering. We do not 
enter here on the solution of differential equations, but it 
is usual, in treatises on the Differential Calculus to devote 
some space to the consideration of the formation of such 
equations by elimination, as this process throws some light 
on the methods to be adopted for their solution. 
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245. Not only constants may be eliminated, but functions. 
Suppose, for example, 

y = sin a;, 

dy 

3^ = cosa? 

dx 

therefore . f + (^) - 1 = 0. 

Hence the fonction ain x Has been eliminated. 
Again, let 

y = tan(a!+y); 

therefore ^={l + tan''(a!+y)}|l + ^| 

Hence tan(a;-|-y) has been eliminated. 

In these examples given functions have been eliminated : 
we proceed to cases in which unknovm functions are elimi- 
nated. . 

246. Suppose 2? = ^(— j, where ^ denotes some function 



the form of which is not given, and which is therefore called 
an arbitrary fanctwn. The variables x and y are supposed 
independent. 

Put - = < : then 

y ' 

S-f(.)|-ifW, 

therefore a:-7- + y-7- = 0. 

dx ^ dy 
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Hence this last equation is true whatever be the fonn of 
the function <f>; for example, if a = log f-j , or 2r = sin - , or 

z = f - j , in each case we have that equation subsisting. 

247. Suppose u = (f> (v), where u and v are known func- 
tions of aj, y, and 0, but the form of ^ is not given. .The 
variables x and y are supposed independent. If we differen- 
tiate both members of the equation with respect to x and y 
successively, we have 

du du dz _ .,/ X (dv dv dz\ 
d^^TzTy^'^^''^\d^'^Tz'dy\' 

Therefore, whatever be the form of ^, 

fdu du dz\ /dv^ dv dz\ _ /du du dz\ /do dv dz \ 
\dx dz dx) \dy dz dy) ~ \dy dz dy) \dx dz dxj * 

In other words we have eliminated the arbitrary func- 
tion <f>. 

248. Suppose 

two known functions of a?, y, «, which enter into an equation. 

i^{«^,y,«,<^,(«x)*<^,W} = o (1), 

^j and ^j being arbitrary functions. If we form the equations 
dF ^ dF ^ ,,, 

Tx-^^ Ty-^ (^^^ 

l^-^> l^y-^^ ^-^ (^)' 

we introduce the unknown functions 

^/(«x), ^;w, *;'w, ^."w, 

and these, with ^i(aj), and ^.(fi'j), form 5zaj quantities to be 
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eliininafect between the six equations (1), (2), (S). This 
cannot generally be effected. Proceeding to the equations 

d^F _ cPF _^ dJ'F _^ ^^_A (A\ 

we shall introduce only <wo new unknown fimctions, namely 
4^i"(p^ and.^j'"(aj). Hence we can obtain by elimination an 
equation between z and its partial differential coefficients with 
respect to y and x of the third order inclusive, which will 
be free from the ftmctions (f>^{(x^ and ^,(aj) and their derived 
functions. Since we have ten equations and eight quantities 
to be eliminated, two resulting equations can generally be 
obtained. 

249. We say that generally, in the case supposed in the 
preceding article, we cannot eliminate the arbitrary functions 
Dy proceeding as far as the second derived equations. Cases 
however occur, in which, owing to the forms of a^ and a^, this 
elimination can be effected ; for example, suppose 

z^if>^{x + ay) + <f>^{x-ay). 

dz 

~ = <!>:(?!+ ay) + ^/' (« - ay), 
JPz 

therefore 'd'^'^^'do?* 

250. Suppose we have an equation between three vari- 
ables of the form 

involving w arbitrary functions ^j, <^j, ^i» of the n hnovm 

junctions Ofj, tf^, o^ respectively. 
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If we proceed in the manner of Art 248, and deducje 
from this equation all its derived equations up to those of the 
rn!^ order inclusive, we shall obtain 

l + 2 + 3 + 4+..-..-(m + l) ^ 

^x. J.' (w+1) (w+2) . 

equations, that is ^ ~- equations. 

The number of unknown functions will be (w + 1) n, and 
therefore, that we may be able to eliminate the arbitrary 
functions, we must have generally 

fm + 1) (w + 2) ^ . / . .> 
^-^ greater than (w + 1) n, 

therefore — - — greater than n ; 

2 

therefore m= 2n — 1 at least. 

If w = 2/i — 1, the number of equations will be w(2/i + l), 
and the number of functions to be eliminated, 2w'; hence, 
there will be generally n resulting equations. 

251. We will give one case in which more than three 
variables axe involved. Suppose 

F[u, X, y, z, <t>{a, ^)} = (1), 

in which ^(a, )8) designates an arbitrary function of the two 
(quantities a and )8, which are themselves both known ftmc- 
tions of u, X, y, and z. If we differentiate (1) with respect 
to each of the independent variables oj, y, z^ we obtain three 
equations 

dF ^ dF ^ dF ^ 

5^ = ^' ^=^' ■^ = ^ (^)- 

In these equations, besides the arbitrary function ^, we 

have its two derived functions -~ and ^ . Hence, between 

the four equations (1) and (2), we shall be able to eliminate 
the three arbitrary functions, and arrive at an equation in- 
volving 

du du ^ du 
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252. Suppose we have two equations of the foiln 

F[^iy^z,c, ^(c), x(c), }=0, 

and we have to investigate in what cases we may, by succes- 
sive differentiations, eUminate c and the arbitrary functions 

^(^),X(c), , 

^We must consider z and c as functions of the independent 
variables x and y, and eliminate the quantities 

dc dc d^c d^c d^c 
^' ^' ^' d^' d^' dp''"' 

<f>{c), <i>\o), r(c), , 

Xic), Xic), x"(o), , 

•• ♦•••«• «...#*.y 

between the two given equations and those derived from 
them by successive differentiation with respect to x and y. 

Suppose the number of arbitrary functions <i(c), %(c), 

to be w, and let m be any integer. The whole number of* 
quantities comprised in c and its partial differential coefficients 
up to the m^ order inclusive is 

1 + 2 + 3 + (^ + l),orl^i±iy^±^. ' 

The number of quantities comprised in 

^(c), f(c), f'(c), r(o), 

X{c), x'ic), X"(c).- X"(c). 



is n{m + l). If we add to the two given equations all those 
which may be obtained by taking the derived equations up 
to those of the 7»*^ order inclusive, the whole number of equa- 
tions will be (m + 1) (w + 2). Hence the elimination may be 
effected if 

{m + 1) {m + 2)iB greater than % (m rf 1) + (^+^) (^+ ^) ^ 

that is, if 

X ^1 m + 2 • 
w + 2 IS greater than n H r— , 

or m + 2 greater than 2/i» 
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If we take m = 2n — 1, we shall have 2«(2n + l) equations, 
and 4n' + w quantities to eliminate; hence, n different result- 
ing equations may be obtained involving a;, y, z, and the 
partial differential coefficients of « up to those of the (2n — 1)*** 
order inclusive* 

253. As an example of the preceding, suppose only one 
arbitrary function <f>{c). The given equations become 

/{a;,j^, 0, c, ^(c)}=0, 

F{xyy,z,c,if>{c)}:=^0. 

Differentiate each with respect to x and y. We thus have 
six equations, from which we may eliminate 

^' ^' ^' *^^^' andf(c), 
leaving one equation between 

dz , dz 

254. Again, suppose the arbitrary functions to reduce to 
two <f>{c) and x('^)* ^^ ^® ^^® *^^ *^^ given equations and 
those obtained by proceeding as far as the second derived 
equations, we have in all twelve equations, from which we 
cannot in general eliminate the twelve quantities 

dc dc cPc d^c d^c 
^' ^' ^' do?' d^dy' df' 

<^(c), f (c), f (^), Xio), X'W, X\c). 

Proceeding to the derived equations of the third order, we 
have tvyenty equations and eighteen quantities to eliminate, 
namely the twelve already written down, and 

d^c d^e- d^c d^c , „ 

Hence we may obtain two differential equa;tions involvino^ 
X, y, z, and the partial differential coefficients of z up to the 
third order inclusive. 
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255. In particular cases the elimination may be effected 
without proceeding to. so many differentiations as the general 
theory indicates. Suppose, for example, that we have three 
arbitrary functions, we should generally have to form the de- 
rived equations of the fifth order by Art 252. But if the 
three arbitrary functions are so related^ that 

x(c)=f(c), 

t(c) = f'(c), 
the given equations take the form 

Jf{a,,y,«,^(c), f(c), f'(c)}-Oj 

and b7 proceeding as far as the second deriyed eqtiations, we 
obtain twelve equations and €&vm qtumtities to be eliminated, 
luunelj 

dc^ dc_ ^ ^ <rc 
^'dx' dy' da?' dj^' dxdy' 
^(c), ^{S), <f>''{c), f "(c), ^""(c). 

Thus we can deduce one resulting eauation involving a?, 
y, «, and partial differential coefficients ot z up to those of the 
second order inclusive. 

256. The two equations 

/^y, «> c, ^(c), x(c), 1=0, 

F{x,y,z,c,if){c)j x(c), } = 0, 

are equivalent to one equation of the form 

F{x, tf, z, i}>,{x, y, «), Xi(a?, y, «), } =0; 

which may be obtained theoretically, by finding from the first 
equation the value of e and substituting it in the second. Bv 
Art. 254 we see that we shafl generally be unable to elimi- 
nate the two arbitrary functions 4>^ j^ from an equation of 
the form 

F{x, y, Zy 4>^{x, y, e), Xi(a?, y, z)} = 0, 

bv proceeding oifly to second derived equations^ This has 
abeadj appeared in Art 248. 
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EXAMPLES. 

1. Eliminate the constant from 

a?jr-c=(a?+y)(c-l). 



BemU. (a? + a? + l);/+y*+y + l = 0. 



dx 

2. Eliminate e" and cos x from 

y — e*cosa;=0. 

3. If a? — 2ay — <^ — 5 = 0, shew that 

dix? dx 

4. If y = 06*** sin Tia?, shew that 

5. Ify = asinaj+ Jcosa;, then 

6. Eliminate the exponentials from 

BesuU.x ^+2-^-'an/=0. 

7. Eliminate the constants from 

8. Eliminate the constants and exponentials from 
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9. If [x+y) (c+ log x) = xeT, then 

lO^ Eliminate a and h from 

11. Himinate the constants from the equation 
1 = ace* + 25ary + cy^ 

13. " If log a = (a^^ ^■'bx)^■^ {ay - ia;), then 

. 4S-(S)]-f$-(|)]- 

14. If« = 6^^(a:+y),then^^^= ^ 



dx dy x+y* 

15. If>r = ^(ef sin y), then 8m«$ = cos«$. 

''ay ''dx 

da?\dy) dxdy dasdy"^ df\dx} ' 

17. if«=/f3^::!?i),then 



,' ^ dz ^ , s dz ^ 
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18. Eliminate the arbitrary functions from 

z = x(}}{ax + by) +y'^{ax + h/)* 

Khf dxdy dar 

19. Eliminate the arbitrary and exponential fttnetions from 

ty u ^'^ « . o ^^ . ^«* 
MtSUlt. -T-5 = VTU + 2n -T- + -T-i . 

dar dy dtf 

20. Eliminate the circular and logarithmic fimctions from 

(1) y = sin log a?, (2) y^logsinar. 

22. Eliminate the ftmctions frcan y « :^(j5) + ^ («). 

JteauU. The same as in Ex* 16. 

23. If » + wa5 + wy=/{(a5-a)V(y-J)'+(«-c7}, then 

24. If 5J = a:»(ar + %)+^(y + aO+^(y''-«^> 

25. If« = ^fa?+/(3r)}, then 

d'z dz <?jg cTg _ 
c2z;^ die c^ c&b^ ^ 

26. Eliminate the arbitrary funcdoofl from 
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27. I{u+y + z=a?f{x{u — i/)y a;(y — «)}, then 

28. If« = ^|i^(y»-a;^), /(^-y-<)|,then 

du , ^ du , ^ du ^ 

29. liu=xyz.F{f,{a>+y*+^, /.(asy + ass+ya)}, then 

, .du,. .du,, .du 

\ X y z ) 

30. Eliminate z from the equations 

^ f{!e,y)-^[x,y)-£ 
Hemlt 2<}>{x,y) = ^ ^ . 

daf 

31. Eliminate the arbitrary functions from 

BesuU.a?^+2xy^^^+y'^+x^+y^ = n'z. 

32. Shew how to eliminate the w arbitrary functions from 



T, D. C. 



Digitized by VjOOQ IC 



( 274 ) 



CHAPTER XVIIL 



TANGENT AND NORMAL TO A PLANE CURVE. 



257. Def. Let P, Q, be two points on a curve, and sup- 
pose a straight line drawn through them ; the limiting posi- 
tion of this line, as Q moves along the curve and approaches 




indefinitely near to P, is called the tangent to the curve at the 
point P. 

To find the equation to the tangent at a given point of 
a curve. 

Let a;, y, be the co-ordinates of the given point P, 

X + Arc, y + Ay, the co-ordinates of another point Q on the 
curve. 

Then x, y\ being current co-ordinates, we have for the 
equation to the line Y^, 



y 



■-»=SJfe(''-). 



that is, 



y'-y==^(^'-^)- 



Now let Q approach indefinitely near to P; the limit of 
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-r^ is -^ , and the equation to the tangent at P is 

258. Dep. The normal to a curve at any point is a 
straight line drawn through that point perpendicular to the 
tangent at that point. 

To find the equation to the normal at any point of a curve. 

Since the equation to the tangent at the pomt {Xy y) is 



y'-y=i(*'-^)' 



the equation to the normal at the same point is 

dx 
supposing the axes rectangular. 

259. Let the tangent and normal at the point P meet the 
axis of X in the points Tand G respectively ; draw the ordi- 
nate PM] then 

MT is called the suhtangent^ 

MQ is called the svhnormal. 

MP 
Now . -TTrp = the tangent of PTx, 

dx\ 

' tj dx 

therefore . MT=^ = y^. 

dx 

Also ^ = tangent of aPM= tangent of PTx, 

^ ^yy.. 

~dx' 
therefore MQ = y-^. 
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In these expressions for the subnormal and subtangent, 
it is to be observed that the subtangent is measured from M 
towards the hfi^ and the subnormal is measured from M 

towards the righU K in any curve y -^ is a negative quantity, 

it indicates that O lies to the Ufi of M^ and, as in that case 

y -7- is also negative, T lies to the right oiM. 

260. In the equation to the tangent put y' = 0, then 

, dx 

this therefore is the value of OT. 
Similarly, if we put a;' = 0, we find 

I dy 

which rives the ordinate of the point where the tangent 
meets the axis of y. 

261. The length of the perpendicular from the origin on 
the tangent is, by the usual formulae of analytical geometry, 

dy 

^-£-y 

*^/h(l)}■ 

262. If the equation to a curve be given in the form 
^ (^> y) = 0> we have 

dy _ \UxJ 
dx ~ (d^\ * 

Thus the equation to the tangent becomes 

to'-y)(i)+(»'-')©-''- 

and that to the normal 
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The length of the perpendicular on the tangent from the 
origin is, neglecting the sign, 

X 






263. It is sometimes convenient to determine a curve by 
the two equations 

so that X and v are both functions of a variable t, lay elimi- 
nating which between the given equations, a result of the 
usual form y =f{x) may be obtained. With this supposition, 
we have 

Jy _ dt 
dx^ dx" 

a 

Hence the equation to the tangent becomes 

tf-y)§-(^'-»)|. 

and that to the normal 

In the figure we have sup^sed the axes rectangular; 
if they are oblique no change is made either in the inves- 
tigation of the equation to the tangent or in the result. But 
the equation to the normal is 

1 + cos « -^ 

f (tx f f » 

y-y ^(*-*)' 

cos ft) + -j^ 

ax 
where ft> is the angle of inclination of the axes. 

264. Ex. (1). The general equation to a curve of the 
second order is 

^/ + 2jacy+ (V-f 2J>y + 2JEr + JF'=0. 
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Hence, by Art. 262, the equation to the tangent at the 
point (a;, y) is 

(y -.y){Ay + Bx + D)'\- (oj' - a?) ( Ob + % + -2^) = 0, 

which reduces by means of the given equation to 

y'[Ay + Bx + D)'\-x'{Gx'\-By'\-E)'\-Dy + Ex'\-F=-0. 

Ex. (2). Suppose the equation to the curve to be 

9 

y = <^\ 

therefore ^ = ^0^=2f. 

and the equation to the tangent becomes 

The subtangent MT^ J^ = c, and is therefore constant in 
dx 
this curve which is called the hgariihmic curve. 

Ex. (3). The equation to the logarithmic spiral is 
tan"' 2^ = i log ^{a^+f). 



X 

iv 

X' 



, - dy Jex+y 

therefore ^ = ^11^5 

and the equation to the tangent is 
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• Ex. (4). Suppose that the equation ^ (a:, y) = 0, or u = 0, 
can be put in the form 

V|. + V^i+V„_a+ +t?i + t?o = 0, 

Inhere t;», v^^, are ^omoyew^oiw functions of the degree 

71, n — 1, respectively; hence 

dx dx dx ' 



dii^dv^ dv^^ 

dy dy dy ' 

and the equation to the tangent is 

But by the property of homogeneous functions (see Ex. 3 
at the end of Chap. VIII.) 



dv^ dv^ 



dx 



^Ht 






Hence the equation to the tangent becomes 

y(i+'^+ )^<s^%'^ ) 

= nt7.+ (w- 1) v«.i+ (w -2) t?^j + , 

or, since t^^ + Vn^i + v^^a... +^^ + ^0 = 0, 

^(^+^+ )+<^+%'^ ) 

+ t?^^ + 2t?^j+ ... + (w - 1) Vj + Wo = p. 
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Ex. (5). Determine a point in a given curve so that the 
area of the triangle formed by the tangent at that point 
and the co-ordinate axes may be a maximum or "a minimum. 

By Art. 260, the area varies as the product of 

dx J du 

put u ^ , 

dx 
then we require the maximum or minimum value of u. 
It will be found that 

du (y-'^i)('"l+y)S 

dx (d^ 

Now, as we shall see in Chapter XXI., where ^ = 0, 

the curve has in general a singular point called a point of 

inflexion, Wherey — a?^ = 0, the tangent passes through 

the origin and the area in question vanishes. It will be often 
obvious when any particular curve is considered, that nei- 
ther of these exceptional cases can hold. We have then 

a?-%-+y = as the condition which determines the point 

required. 

When ^ ^ +y = 0, we have, by Art. 260, 

X* = 2a?, and y' = 2y. 

Hence in general when the area is a maximum or a mini- 
mum the portion of the tangent between the axes is bisected 
at the point of contact. It will in general be obvious from 
the figure in the case of any particular curve whether the 
area is a maximum or a minimum. 
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266. K the equation to a curve be given in the form 
F[x,y)'-c = Q, 
the equation to the tangent at the point {x, y), will be 

(2''-^)f+(-'-)g'=0 (^)' 

and the equation to the normal 

(3''-^)i'-(-'-)f=« (2)- 

If we consider x\ y\ as constant, equation (1) combined 
with F{x,y) — c^ will give the co-ordinates of the points 
where the tangents drawn from the point {x', y) meet the 
different curves represented by F{x, y)=c; and equation (2) 
combined with F{x, y) = c will give the co-ordinates of tibe 
points where the normals drawn from the point (x, y') meet 
the different curves represented by F{x, y) =c. 

Since the equations (1) and (2) are independent of c, they 
wiU represent the geometrical loci of the points where the 
curves which we obtain by ascribing different values to c in 
the equation F(x, y) = c, are met by their tangents or their 
normals respectively, which pass through the point (a?', y). 
Thus, if we want to draw tangents from the point (x\ y') to 
any one of the curves F{xj y) = c, we must construct the 
curve 

(»■-') (f)^tf-»)(f)=»= 

and determine where it- intersects the particular curve 
F{x,y)=c which we are considering; jom the point or 
points of intersection with the point {x\ y') and we have 
the required tangent or tangents. Similarly, we may draw 
normals from {x\ y) to any one of the curves F{x, y) =c. 



EXAMPLES. 

1. In the curve y {x—1) (a; — 2) = a; — 3, shew that the tan- 
gent is parallel to the axis of x at the point for which 
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2. In the curve y* = (a? — a)' (a? — c), shew that the tangent 

is parallel to the axis of x at the point for which 

2c+a 

a? = • 

3 

3. In the curve aiy = a' (a; + y), the tangent at the origin is 

inclined at an angle of 135^ to the axis oix, 

4. In the curve a^(a?+y) = a'(aj— y), the equation to the 

tangent at the origin is y=^x. 

5. In the curve a;' +y' = a' find the length of the perpen- 

dicular fi-om the origin on the tangent at {x, y); also 
find the length of that part of the tangent which is 
intercepted between the two axes. 

Remits. (1) U{aocif)\ (2) a. 

6. If a7j, Vj, be the parts of the axes of x and y intercepted 

by tne tangent at the point (a?, y) to the curve 

\a/ \oJ or 0^ 

7. Shew that all the curves represented by the equation 

diflferent values being assigned to n, touch each other 
at the point (a, h). 

8. In the curve y'^^id^x, express the equation to the 

tangent in its simplest form ; and determine the value 
of n when the area included between the tangent and 
the co-ordinate axes is constant. 

9. If the normal to the curve x^-\'y^^ a\ make an angle ^ 

with the axis of x, shew that its equation is 

y cos ^ — a; sin ^ = acos 2 ^, 
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10. At what angle does the curve y'=2aa5 cut the curve 

Results. The curves meet at the origin ; here the 
first curve has the axis of y for its tangent, and the 
second curve has both the axes for tangents. The 
curves also meet at the point x = a^2, y = alJ4z ; and 
here they meet at an angle whose cotangent is ^4. 

11. Tangents are drawn to the ellipse -i + ^ = l, and the 

circle aj'+y' — a' = 0, at the points where a common 
ordinate cuts them ; shew that if ^ be the greatest 
inclination of these tangents 

12. If tangents be drawn from a point (A, Ic) to the curve 

+ f^j = 1, an ellipse whose 

semiaxes are a [t) > and iir) will pass through the 
points of contact. 

13. Shew that all the points of the curve y' = 4afaj + asin-j 

at which the tangent is parallel to the axis of x lie on 
a certain parabola. 

14. The normal to a parabola at any point P is produced 

to meet the directrix in Q^ and the tangent at P meets 
the directrix in R] find (1) when QR is a minimum, 
(2) when the triangle PQR is a minimum. 

Results. (1) a?=^, (2) 3?=^; where y' = 4aa; \& 
the equation to the parabola. 
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CHAPTEK XIX. 

ASYMPTOTES. 



266. Suppose one or more of the branches of a curve to, 
extend to an infinite distance from the origin, and that at suc- 
cessive points of such a branch we draw tangents. Then two 
different cases may exist with respect to the directions of these 
tangents; they either, as we pass fi'om point to point along 
the curve, approach some definite limit or they do not. And 
with respect to the position of these tangents, two cases are 

Sossible ; the intercepts cut from the axes either tend to a 
nite limit or they dx) not. If the direction has a limit, and 
one or both of the intercepts a limit, there exists a straight 
line towards which the successive tangents continually ap- 
proach. Such a line is called an asvmptote to the curve ; 
hence we have the definition which follows. 

267. Dep. -An asymptote to a curve is the limiting posi- 
tion of the tangent when the point of contact moves to an 
infinite distance from the origin. 

To find whether a proposed curve has an asymptote, we 

must first ascertain if ~- has a limiting value as we proceed 

to an infinite distance from the origin. If it has not there is 

generally no asymptote. If -^ has a limiting value, we must 

then ascertain if the intercept on the axis of a;, which by Art. 

doc 
260 is a? — y ^ , has a limiting value. Suppose it has, and 

let it be denoted by c while fi denotes the limit of -# , then 

y *: /A (a; — c) is the equation to an asymptote. 
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If -y- increases widiout limit, arid at the same time 

dx ' 

X'-y '^- has a finite limits we have an asymptote parallel to 

the axis of y. 

Also we may have an asymptote when the limit of 

doR 
a; — y -T- is infinite, namely in the ease where the limit of 

-^ is zero, and the limit of y—a? -^ , which is the intercept 

on the axis of y, is infinite. The asymptote is then parallel to. 
the axis of x. 

269. Ex. The equation to the parabola is y = 2'Jcuc\ 

therefore ~- = a/-; hence, when x increases indefinitely 

the limit of -^ is zero; but y — a;^=2 Vo^ — Vaa = VaS, 
which has no finite limit. Hence there is no asymptote. 
The equation to the hyperbola is 

lib 

therefore 



dx a^/{x* — a^) 



dx 



X X 



Hence the limit of -^ when x is infinite is - , and the limit 

dx . ^ b . ^ 

of a?—y^ is 0. Therefore y = ~ a? is the equation to an 

asymptote. 

Suppose y = . _i\8 + ^ *^ ^® *t® equation to a curve, then 
^ 2a" 



8' 



dx" (aj-J)' 
dx ^ X'-h cix — hy 
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As X approaches J, y and ^ increase without limit. The 
limit of a? — y -jT is J, and, by Art. 268, there is an ajsymp- 
tote parallel to the axis of y, having for its equation a? = 5. 

270. An asymptote may also be defined as a straight Une, 
the distanoe of which Jrom a point of a curve diminishes without 
limit as the point in the curve moves to an infinite distance from 
the origin. 

Suppose y—/ix + ^ 

the equation to a straight line, and 

f/=flX + fi + V 

the equation to a curve, then if v diminish without limit as x 
and y increase without .limit, the straight line will be an 
asymptote to the curve. For if a, y, be the co-ordinates of 
a point in the curve, the perpendicular distance of that point 
from the straight line is 

y-f^-A or ^ 



and this diminishes without limit when x and y increase 
without limit. 

271. That the two definitions of an asymptote lead in 
general to the same results may be seen by considering diflTer- 
ent examples, or by the following proof. Let y^/ix + fi + v 
be the equation to a curve, where fi and fi are constants, and 
V diminishes without limit as x and y increase without limit. 
From the given equation 

X '^ X 

Hence ii is the limit of - when x and y increase without 
limit. But, by Art. 148, 

the limit of - = the limit of -r- or -r^ . 
X 1 dx 
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Also yS IS the limit of y — /jlx; but fi = the limit of ^; 

therefore in general /3 = the limit of y — ~^aj. Hence the 

equation to the tangent to the curve at the point (a?, y), 
which is 

y-y = |(x'-.), 
becomes, when x and y are indefinitely increased, 

that is, the equation to the asymptote found according to the 
first definition is the same as the equation found according to 
the second definition. 

272. We say in the last article that in general the limit 

of y — /xaj = the limit of y — ^ a?. Suppose, for example, that 

the equation to a curve is 

y=^Ax + B + ^; 

therefore ^ = A-\ H —. . 

X XX 

Hence it = the limit of - = -4, and 

y-fix=^B+^. 

X 

Also ^-A-- 

therefore y—-f-x = B-\ — . 

Cue X 

Here y—-^ x and y-^fix have the same limit, namely B. 

-n . A ^ a + sina; 
But suppose y = Ax + J3 H . 

Here, as before, fi — A. 
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D i a + siua; 
Also y — fix^B-^ . 

And |^^^^co8^_a + 8in^ , 

therefore t^ — —- « = J?— cos a? + — ^^ ^. 

^ ax X 

Here we cannot assert that tf — fix and y—i^x have the 

same limit : the limit of the former is -B, but the latter cannot 
be said to have a limit, on accoant of the term cos a?, which 
does not tend to any limit as x increases indefinitely. In 
this case the curve 

y = Ax'\-B'{- : 

^ X 

has an asymptote according to the definition of Art. 270, 
namely, y=:Ax + B, but not according to the definition of 
Art. 267. 

The demonstration in Art. 270 might, of course, start 
with the equation x^fiy + fi + v; so that, should the asymp- 
tote be parallel to the axis of y, by taking the second form 
we avoid having fi infinite. 

273. We have hitherto confined ourselves to rectilinear 
asymptotes; we now extend the definition to curvilinear 
asymptotes. 

Def. When the difference of the ordinates of two curves 
corresponding to a common abscissa diminishes without limit, 
or the difference of the absciss® corresponding to a common 
ordinate diminishes without limit, as we pass from point to 
point along either curve, each curve is said to be an asymp- 
tote to the other. 

Hence, if the equation to a curve can be put in the form 
then y=^A^ + A^Qc^'^+ ... + A^^x + A^ 
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is the equation to a curve which is an asymptote to the 
former. So also is 

and y=.A^x'' + A^af'-'+,..+A^^x + A, + ^ + ^^ 
and so on. 
Ex» Find asymptotes to the curve 
a' — icy' + ay* = 0. 

Here. V = ^-^— ; therefore y = + a /( I • 

^ a? — a' ^ ""V A^^a/ 

As X approaches the value a, both y and -^ increase 

without limit, and a? = a is the equation to a rectilinear 
asymptote. 

Putting y in the form' ±a?(l— -j , and expanding by 
the Binomial Theorem, we have 

Hence y = + f a? + - j are the equations to two rectilinear 

• asymptotes. We may obtain as many curvilinear asymptotes 
as we please by making use of the series in (1). For example, 






are the equations to two asymptotic curves of the second 
order. The student will remember that by Art. 114 we 
may use the binomial theorem in the above example aa a 

true arithmetical eocpansion when -. is less than unity, which 

will certainly be the Case when a? is increased indefinitely. ' 

T.D.C. U 
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274. The following method will famish the rectiliiiear 
asymptotes with great readiness in many examples. Suppose 
the equation to a curve, F{x, y) = 0, to be such that F{qCj y) 
is the sum of different homogeneous functions of x and y, ao 
that the equation may be put in the form 

^* (f) +^t (|)V o^x (1) + ... =0 (I), 

where n,^, y, are arranged in descending order of magnitude. 
Every rational integral algebraical equation between x and y 
can be put in this form. From (1) we have 

Now in finding an asymptote we must first by Art. 271 

ascertain the limit of - when x and y are infinite. If we 

X ^ 

call that limit /a, and suppose it to be finite, we have firom (2) 

^(/*)=0. 

Let fi^ be a value of fi obtained firom this equation ; we 
have next to find the limit of y — fi^x* Put y — fi^x = )9, 
then firom (2) 

*(^'+S+^^('*'+S+-=« (3)- 

But, by Art. 92, 

since ^ (/Efi) *= Ok 

Thus (3) becomes 
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In equation (4) let x be supposed to increase indefinitely, 
tlien we shall have diflferent results depending on the value 
of ». 

If p be greater than n — 1 the value of fi is infinite, and 
there is no asymptote for the root fi^ of the equation 

If p be equal to w - 1 and ^'(a*i) be not zero, the limit of 
/8 is — Z,f{ ; and the equation to an asymptote is 

lip be leas than n — 1 and ^'(/tij be not zero, the limit of 
)3 is and the equation to an asymptote is 

In the last case the equations 

give for determining the asymptotes 



.xj ' \x, 



hence when the equation to a curve can be exhibited in such 
a form that the sum of a number of homogeneous functions is 
zero, and the degree n of the highest of these functions ex- 
ceeds by more than unity the degree of any of the others, 
all the asymptotes in general pass through the ori^n and 
may be found by equatmg to zero the homogeneous nmction 
of the ri^ degree. We say in general because there is the 
limitation that ^'(ji^ is not to be zero; that is, by the theory 
of equations ^ (/l) = must not have equal roots. 

275. We will now consider the case in which <f>'(ji^ is 
«ero. First suppose p equal to w — 1. ^ 

If -^(ftj is not zero fi becomes infinite, and there is no 
asymptote for the root fL^ of the equation ^ (/i) = 0. But if 
'^{ji^ = the value of /8 becomes indeterminate. 

U2 
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Suppose in this case j = w — 2, so that equation (2) of Art. 
274 gives 

Since ^ (/aJ = and ^Vi) = ^> ^® have, by Art. 92, 

.1.0 ^{'^■^^'l^i'-y-i)- 

Substitute these values in the equation above, multiply by 
a?, and then proceed to the limit, and we have for determining 
the limiting values of /8, the quadratic 

If the- values of /8 be possible, we thus obtain two parallel 
asymptotes. 

If this quadratic assume an indeterminate form, we may 
proceed in the same manner to form a cubic equation in /8. . 

In the case where ^' (ji^) is zero and ^^ (jij) is not zero, 
there is no rectilinear asymptote for the root fi^ of the equation 
(f>{fi)=0, as we have already stated at the beginning of this 
article. In this case we may in general obtain a parabolic 
asymptote, as we will now shew. 

ByArt.92 ^(^,+£) = igf' (^, + f) . 
Hence equation (3) of Art. 274 becomes 

as X increases indefinitely this equation approaches to the 
form 

• 2a!» x<f>"(jiy 



so that 
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Hence we have a parahoUt asymptote determined Ijy the 
equation 

tlxatis, (3,-y.^xY^--^^, 

Next suppose^ less than w-1. Then since ^'(^,)=:0 
equation (4) of Art. 274 will not determine yS ; and instead of 
this equation we have ultimately in the manner just shewn 

If n —p = 2, we obtain 

SO that {{yfrfji^ and (f)'(fl^ are of different signs we have two 
possible values of /8, and therefore two parallel asymptotes 
which are eg^uidistant from the origin. 

If n—p is not equal to 2, we have a curvilinear asymp- 
tote determined by the equation 

276. We have assumed in Article 274, that the limit 
of ^ is ^finite; if it be not, the limit of ^ will be zero, and 

X y 

tire must examine if there exists an asymptote parallel to the 
axis of y. This can generally be easily ascertained in any 
particular example. Or we may put the given equation in 



the form 



y"*.(3+/t.f!)+...=o, 



and proceed as above. 

277. If a curve be given by a rational integral algebra-* 
ical equation, we may determine the asymptotes which are^ 
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pa^rallel to the axis of y thus. Arrange the equation according 
to powers of y ; suppose it to be 

ff{^) ^^iTfM) +f^M^) + - = 0, 

then the asymptotes parallel to the axis of y will be given by 
the real roots of the equation 

For the equation to the curve may be written 

and it is obvious that this is satisfied by supposing y = oo and 
f(x) = ; and that when y is oo no other value of x except 
those derived from /(a;) = will satisfy it. Hence the asymp- 
totes parallel to the axis of y are found hy equating to zero the 
coefficient of the highest power ofy in the equation to the curve. 

Similarly the asymptotes parallel to the axis of x may be 
found by equating to zero the coefficient of the highest power 
of X in the equation to the curve. 

When a curve is given by a rational integral algebraical 
equation, it will be convenient to determine by the preceding 
method the asymptotes parallel to the axes, and then proceed 
for the other asymptotes according to the following rule ; we 
suppose the equation of the n*^ degree. Substitute for y in 
the given equation fix + fi and arrange the terms of the equa- 
tion according to powers of a?. Equate to zero the coefficient 
of X*; this will give an equation for determining fju ; suppose 
fi^ one of the real values otfi. Then examine the coefficient of 
aj*"\ and give to fi if it occurs in this coefficient the value /a^. 
If we can determine fi so as to make this coefficient vanish, 
then y=^fiiX + /3 will be the equation to an asymptote ; if the 
coefficient cannot be made to vanish there is no corresponding 
asymptote. If the coefficient vanishes whatever be the value 
of yS, then put the coefficient of gtT* equal to zero, substituting 
/Aj /or fjL in it; we shall thus have generally a quadratic equa- 
tion to determine the values of /8, and if these values are real, 
we obtain two parallel asymptotes. If the coefficient of af^ 
vanishes, whatevier be the value of /9, we must equate to zero 
the coefficient of »*"' and so on. 
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This rule can be easily Bhewn to agree with Arts. 274 
and 275. Equation (1) oi Art. 274, msQr be supposed the 



equation to the curre in which n is an integer, jp=7i — 1, 

5 = n — 2, Then if we put /ix + ^ for y, and arrange 

the terms according to powers of a?, we shall .obtain the ex* 



pression 



,/3". 



Thus hj equating to zero the coefficient of af we arrive at 
the equation for determining fi given in Art. 274» Then by 
equating to zero the coefficient of aj^~^ we shall obtain the 
same value of /8 as that found in Art. 274 ; or if the coeffi- 
cient of aj*'* vanishes, whatever fi may be, then by equating 
to zero the coefficient of a?*"* we arrive at the quadratic given 
in Art. 275. 

Ei. (1). y' + tt^-3aay = 0. 

Put fix + 15 (or y, then 

therefore {/i*+l)ix?+3x^{fjffi^afi) +Mx + N^O. 
Hence, ^*+l=:0, ' " . 

are the equations from which fi and /S are to be found ; they 
give/D6 = — 1, J3=s^a; hence, 

is the equation to an asymptote. 

Ex. (2). ^ix + y)^a^{x^y). 

Put fix + 15 {ox y, then 

a' (aj + /LUB + )8) = a* (a? -/AOJ- /9) ; 
therefore a? {1 + fi) + fia? - xa* {l- fi) +0?^ ^0. 

Hence, 14-/^ = and /8 = 0; 

therefore y « — a? is the equation to an asymptote. 
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Er. (3). a?y(y-a?)(y-a; + 3a)+4a'a:-a*=0. 

Here the term containing the highest power of y is ory*; 
thus a; = gives one asymptote, namely the axis of y. Simi- 
larly, the term containing the highest power of a; is yor*; 
therefore y = (V gives one asymptote, namely the axis of »• 
Then put fix + fi {ox y, and we obtain the expression 

. ajO[Aaj-f-/3){(/*-l)i» + i8}{OiA-l)a; + 3a + /3}+4a»a?-^. 

Arranging this according to powers of Xy we have 

+ a^ {/3" (3/A - 2) + 3a/3 (2/i - 1)} + ... 

Put /A (/A — 1)* ^ ; we have then /a = 0, or /it = 1 ; the 
former value of /* will lead to the asymptote coinciding with 
the axis of x which we have already found. The value /it = 1 
makes the coefficient of a? in the above expression vanish ; 
we therefore equate to zero the coefficient of a?*, putting /* = 1 
in it. We thus obtain )3* + Safi = ; thus, /8 = 0, or )8 = — 3a. 
Hence we have for the equations to asymptotes y = a?, and 
yssa? — 3a. 

It will, be observed that the conclusions of this chapter all 
hold whether the axes be rectangular or oblique. 



EXAMPLES. 

Find the asymptotes of the following curves. 
!• yC® — 2a)=a:^ — a*. Ans. a; = 2a; y = ± (a? + a). 

2. y' = a5'(2a — a:). Ans. y^ — x-h — , 

3. y{a* + a?)=a^{a — x). Ans. y = 0. 
^^ y*(«y + i«) = ay + iV. Ans. y = -~a; + 2a, 

5. y'=(x-a)*(aj-c)* Ans. y=a?- J (2a + c). 

6. ay'+ya^ = a*. Ans. a;==0; y = 0; y = — a:. 

7. a5y=^a»(aj*-./), Ans. y = ±a. 
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8. 4aj'=(a + 3a:)(aj' + y'). 

9. (aj + a)y»=(y + J)aj*. 

10. (y-2aj)(3^-a^-a(y-a?)» + 4a*(a;+y)=a'. 

11. 3^(a;-3^)« + aaj"(a?-.y)-3ay-.a* = 0. 

Ans. y = aj + ^(l + Vl3). 

12.. aj(ic'-o*)-2y(3^*-a')=3a?y' + a». 

Ans. 2y = a?, y + aj — a = 0, y + a; + o = 0. 

13. a^(a?-y)«-a*(a:^ + y) = 0, 

Ans. aj= + a, y==aJ±aV2. 

14. (y-.a;)«(a^-a»)-a*. 

15. y-3y*aj4- 4aj' + ay* + aa?y-6aic"+2J*a;-% + c«=0. 

16. If a curve of the third degree be referred to two asymp- 

totes as axes, shew that its equation will be of the form 

xy {ax + hy + c) + a'x + Vy + c' == 0, 
and that the equation to the third asymptote will be 
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CHAPTER XX. 

TANGENTS AND ASYMPTOTES OF CURVES REPEBRED TO 
POLAR CO-ORDINATES. 

278. If we have the equation to a curve expressed in 
terms of x and y, we may transform it to one between polar 
co-ordinates by assuming a; = r cos ^ and y = r sin 0. Thus 
r becomes a function of a, and the equation to a curve in polar 
co-ordinates takes the form r=f{0), or F{rj ff)=^ 0. In this 
case the curve is called bipolar curve or spiral; r is called the 
radius vector and the vectorial angle. 

The angle (•^) which the tangent to a curve makes with the 
axis of X is given by the equation 

tan -^rr^, (Art. 257). 
Hence, by Art. 201, 

sin ^ -^5 + »• cos ^ 

^^" Tr • 

cos ^ ^ — r sin 

279. Expression for the angle included between the radius 
vector at any point of a curve^ and the tangent to the curve at 
that point. 




Let P be a point in a curve, the polar co-ordinates of which 
are r and d, /Soeing the pole. 
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Let Q be another point, the oo-ordinates of which are 

r + Ar, and + M. 
Draw FL perpendicular to SQy then 

FL = rsm^0, 

i^ = r 4- Ar — r cos Ad; 

therefore tan L QP = — — r t-t, . 

r + Ar — r cos Aa 

Let Q move along the curve to P; the limiting position 
of QP is bv definition the tangent to the curve at P; let this 
^ FT. The limit of the angle LQF will be the angle 8FT] 
call this angle ^, then 

tan <& = limit of — >, 

^ r + Ar — r cos Aa 

when Ad and Ar are indefinitely diminished. 

r sin Ad 

^ r sin Ad _ Ad 

r + Ar — r cos Ad "~^ . .Ad 

2r sin* — - . 
2_ Ar 

Ad ■*"Ad 
The limit of .^ is 1. 

Ar . ^i^ 

The limit of -^ is denoted by -jg . 

^ . ,Ad . Ad 

2sin»— sm— ^ ^^ 

The limit of .x , that is, of la sin — , is zero. 

T 

Therefore ian ^ = r ^ . 

280. The result of the last article may also be obtained 
thus, 

Bin d^ + r cos d 

tanPraj= ^ , (Art. 278), 

• cosd^g-rsind 
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EQUATION TO TANGENT. 



P8x=^0; therefore 



tan 8PT^ 



sm a Tg + r cos u 

a dr . ^ 

cos u -j^ — rsmd 



-tantf 



=s V'-T- by reductioiu 



dr 



tan^fsin ^^Tj+rcos^j 

1+ — L_i2 ^ 

a dr . /I 

cos a -^ — rsma 



281, To find the polar equation to the tangent to a curve. 




Let SP= r, P^a? s= ^, be the polar co-ordinates of the point 
of contact. 

liCt 8Q = r , Q8x = ^, "be the polar co-ordinates of a point 
Q in the tangent line. From the triangle 8PQy we nave, 
putting /SP^ = ^, 

r^ sin/g(?P ^ sin(g-y-K^) 
r am 8PQ sin^ 

= sin {0-0') cot + cos {0-ff). 

tanA = r--r-: 
• ^ dr 

5 = l|8m(«-^)+C08(5-^ (1). 



But 

therefore 



This result may be written, 



.(2). 
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1 ^ 1 

Ifweput- = t«, and -7 = ft', then 

1 dr ^du 
^'?dJd^dd* 

Hence, dividing both sides of (1) by r, we obtain 
tt' = ttcos(^~^)-^sin(^-^), 

or t*' = wco8(^'-^) + ^sin(^-^). 

282. Tojind the polar equation to the normal at any point 
of a curve. 

Let 8P-=r, P8x = 0, 

SN=r\ NSx = ff, 

-N' being any point in the normal ; then 

therefore ^ = sin (^-^tan^ + co3(^-^ 

This may be written 

' ^ to a>\ dr 

and may be transfonned into 

u'^ucoB (^'-^) -w«^ sin {ff-ff). 

283. The polar equations in Arts. 281 and 282, may also 
be derived from the rectangular equations to the tangent 
imd normal of Arts. 257 and 258, by transforming these to 

polar coordinates, using the value of -^ given in Art, 27^. 
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284. From S draw SY perpendicular to the tangent FT; 
then 




8Y= r sin 8PT^- 



V(H-tan'>SPr)* 
Hence, it 8Y=py we have 

285. From 8 draw /Sr perpendicular to the radius vector, 
then 8Tia called the^oZar subtomgerU; its value is 

rtB3x8PT, that is r»^-. 

286. Since an asymptote is a tangent which remains at 
a finite distance from the origin when the point of contact 
moves off to an infinite distance, if a polar curve has an 
asymptote, 8P or r must be infinite while 8T remains finite. 
Hence to determine the asymptotes to a j)olar curve, we ihust 
first find those values of 0, if any, which make r infinite. 
Suppose a such a value of ^ ; if for this value of $ the polar 

subtangent ^ -r^ infivdtt^ there is no corresponding asymp- 
tote. If r^'^ be 'fmte there is an asymptote whick may be 
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constructed thus : ccwiceive a line drawn from 8 at an angle a 
to the initial line ; draw from 8 a line at right angles to the 

first, to the right of it, if r^ 3- be positive, and to the left of 

dO aT jQ 

it, if r* -7- be negative, and equal in length to r'^; through 

the end of this second line draw a line parallel to the first, 
and it will be the required asymptote* 

The terms right and Uft in the above rule are to be under- 
stood with respect to the line first drawn, the eye being sup- 
posed to look ahng that line /rowi 8* The reason of the rule 
must be collected from the figure of Art. 284 and the generiJ 
principle of the interpretation of signs ; that figure makes r 

increase with ^, and therefore r^-j- \a positive. If we draw 

a figure in which r diminishes when 6 increases, so that -^ 

and the polar subtangent are negative^ we shall find that 8T 
falls to the left oi 8P. 

287. Ex. r«-?^. 

sm^ 

Here r is infinite when is any multiple of tt. 

. - dr a (sin d — d cos 0) 

therefore ^ 3- = -'—h — z 2 • 

dr sm ^ — ^ cos a 

Hence, when sin 5 « 0, the value of the polar subtangent 

aO 

IS 3. 

cos^ 

When 5 =5 TT, the polar subtangent = air. 
When =a 27r, the polar subtangent « — 2a7r, 
and generally when B^nir^ the polar subtangent = {-^ly^nair. 

To draw the first asymptote, for which 5 « tt, the eye must 
be supposed to look from 8 along the direction opposite to 
&?, and then to measure from 8 perpendicular to 8x and 
towards the right, a Une in length aTr; a line drawn parallel 
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to the initial line and at a distance air from it is the required 
asymptote. 

To draw the second asymptote, for which 6 = 27r, the eye 
must be supposed to look along &c^ and then measure to the 
fo/i (since the subtangent is. negative) a length 2aw. Hence 
tne asymptote is parallel to the initial line at a distance 2a7r 
from it, and above the initial line. 

Proceeding in this way we find an infinite number of 
asymptotes parallel and equidistant, and all above Bx. 

If we ascribe to 6 negative values, we shall in like mannet 
obtain a series of asymptotes all parallel to ifir, and equi- 
distant, lying below 8x. 



EXAMPLES. 

1. In the curve r = a sin 5, shew that ^ = 5. 

2. Determine the points in the curve r = a (1 + cos tf) at 

which the tangent is parallel to the initial line. / 

3. Shew that in the curve r^ = a the polar subtangent is of 

constant length. 

4. In the curve r (ae* + Je"*) = oJ, the length of the polar 

subtangent is 5 — —::«. 

5. In any conic section, the focus being the pole, the locus 

of the extremities of the polar subtangents is a straight 
line perpendicular to the axis major. 

6. Find the angle between the radius vector and tangent 

at any point of an ellipse, (1) the focus being the poic, 
(2) the centie being the pole. Determine in each ciise 
when the angle is a maximum, 

6 ^ 

7. If r = a(l — cos5), then ^=x, 2?«2a8in*-, and the 


polar subtangent s= 2a sin*- taiv^. 
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8. K r'cos 20 = a*, shew that sin ^ = -tj . 

9. If 7^ = a*cos25, shew that 0=^ + 2^. 

ff 

10. If r = a sec' - , shew that the locus of F is a parabola. 

o 

See figure in Art. 284. 

11. If r = a (1 + cos 0), shew that the locus of Y is deter- 

mined by r = 2a (cos -J . 

12. If r* = a' cos 20, shew that the locus of Y is determined 

by r^ = a*fcos-r-j . 

13. Shew that the curve r cos ^ = a cos 25 has an asymptote 

having for its equation r cos 5 = — a. 

14. Shew that the curve (r — a) sin 5 = 6 has an asymptote 

having for its equation r sin 5 = J. 

15. Determine the asymptotes of the curve r cos 25 =s a. 

16. Determine the asymptotes of the curve 

r sin 45 = a sin 35. 



T. D. C. X 
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CHAPTEE XXL 



CONCAVITY AND CONVBXITT. 



288. The terms * concave* and * convex' are not usualljr 
defined in works on the Differential Calculus, but are used 
in their ordinarj- sense. The following definition however 
has been riven : " A curve is said to be concave at one of its 
points wim respect to a given line, when in passing from that 
point its two branches are initially includea within the acute 
angle formed by the given line and the tangent to the curve 
at that point. When, on the contrary, the two branches are 
initially outside this angle, the curve is said to be convex at 
this point with respect to the line." 

289. To find a test of the convexity or concavity of a 
curve. 

Let P be a point in a curve whose co-ordinates are a?, y. 





Draw the tangent at P; then if at the point P the curve be 
convex to the axis of a?, the ordinates..of-4be curve cor- 
responding to the abscissae x±h must be greater than the 
corresponding ordinates of the tangent at P, h having any 
value contained between some finite limit and zero : if the 
curve be concave, the ordinates of the curve must be less than 
the ordinates of the tangent. This may be deduced from the 
definition of Art. 288 ; or if we omit that definition it must 
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still be taken as a oonsequence of the meaning of the terms 
coTicave and convex. 

Jjet y, denote the ordinate of the curve corresponding 
to the abscissa aj+A, and y^ the corresponding ordinate to 
tlie tangent at P. If y = ^ {x) be the equation to the curve, 
"we have 

y, = <l>ix)^h<l>'{x) + ^<l>''{x+0h). 

And since the equation to the tangent at P is 

r-y = f{x)(X-«), 
we have 

therefore yi-yi=2-^"(^+^*)- 

This, if we take h small enough, will have the same sign 
as <f)'{x); and therefore if (f>"{x) be positive the curve is 
convex to the axis of x, and concave if <f> '{x) be negative. 

We have supposed in the figures that the curve is above the 
axis of a?. If it be below the axis of a;, then — y, and — y, are 
the numerical values of the ordinates, and the curve is convex 
if — y, + yj be positive, that is, if ^"(a?) be negative, and con- 
cave if <f>* (a?) be positive. 

Both cases may be included in one enunciation, thus, " A 
curve is convex or concave to the axis of x according as y -7^ 
is positive or negative." 

290. Def. a point of inflexion is a point at which a 
curve cuts its tangent at that point. 

To find the conditions for the existence of a point of 
inflexion. Let y = <^ (a:) be the equation to a curve ; let 
X, y, be the co-ordinates of a point in the curve, and x + h, yj, 
the co-ordinates of an adjacent point. Let the tangent of 
the curve at the point (a;, y) be drawn, and let y, be the 

X2 
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ordinate of this tangent corresponding to the abscissa x + h. 
Then 

y,^<l>{x)+h<f>'{x)+^ft>"{x+0h), 
y^ = (f>{x)+h<l>'{x); 

therefore ^i - ^i = o" ^" (^ + ^*) • 

Hence, if (f>"{x) be not zero, the sign of y-— y, will, if 
h be small enough, be the same as that of ^ (x), whether 
h be positive or negative, and the curve cannot cut its 
tangent. Therefore if there be a point of inflexion, we must 
have if)"{x)^0. Suppose this condition satisfied, then 

and this expression changes its sign when h does, provided 
<l>'"{x) be not zero. If <l>"'{x) be zero, it may be shewn that 
<f>"\x) must also vanish; and generally if for a certain value 
of X several of the successive differential coefficients of y 
vanish, beginning with the second, there is a point of in- 
flexion if the first differential coefficient that does not vanish 
is of an odd order. 

Since generally at a point of inflexion ^ vanishes while 
-T^ is finite^ -^ changes its sign. For ^ is the diffe- 
rential coefficient of ^; therefore by Art. 89 if ^ be 
positive ^ increases with a;, and if ^ be negative -^ 
decreases as x increases. Hence ^ must pass from negative 
to positive if ^ be positive, and from positive to negative if 
-7^ be negative. 
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291. In the atove figure P, Q, R^ are points of inflexion 
for the curves passing through them. At P there is a change 
from concavity *to convexity with respect to the axis of x. 
At Q there is a point of inflexion, but the curve on both 
sides of Q is convex to the axis of or. This agrees with 

Art. 289 ; since, if y and -y^ both change sign, no change 

occurs in the sign of their product. At R we have a point 

of inflexion at which -^ is infinite and therefore also -jK 
ax dar 

is infinite by Art. 113, a case which the investigation in 

Art. 290 does not include. We should therefore in any 

example ascertain if -t4 can become infinite, and if so we 

must examine that case specialljr. We may trace the curve 
in the neighbourhood of that point, or we may examine the 

sign of -7^ for values of x differing slightly from that which 

gives rise to the infinite value, and thus determine if the curve 
is concave or convex near the point in question. 

If we consider y as the independent variable, we may shew 
in the manner of the preceding articles, that a curve is convex 

or concave to the axis of y, according as x -jj is positive or 

wx 
negative, and that at a point of inflexion -^ must vanish and 

change its sign. This is often useful in cases in which ^ 



d'y 



becomes infinite. 

292. The connexion between ^4 and the concavity or 
convexity of a curve, may also be shewn thus. 
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Let Pi, QM^ BN, be three equidistant ordinates. 
the chord PB meeting QM in S. Let 
y = ^ (a?) be the equation to the curve ; 
X, y, the co-ordinates of P; LM^MN=h. 
If the^ curve be concave to the axis of a?, 
QM is greater than HM\ and therefore 
2 QM greater than 2HM, that is, greater 
than PL + RK Hence 

<^ (a? + 2A) — 2</> (a? + A) + ^ (a?) is negative, 

and therefore also 



Draw 




<^ (a; + 2A) - 2<^ (a; + A) + <^ (a?) 
A* 



is negative. 



Let K diminish indefinitely, and it follows by Art. 127, 
that ^" (a;) is negative. Similarly, if the curve be convex 
^" \x) is positive. 

293. We will briefly indicate another method by which 
the results of this chapter are sometimes obtained. It is either 
deduced from some definition of concavity and convexity, or 
given as the definition of those words, that a curve is convex 

to the axis of a?, (y being supposed positive,) if -^ be increasing, 
that is, if -t4 be positive, and concave if -^ be decreasing, that 
is, if -j^ be negative. 

Also a point of inflexion n\ay be defined as a point where 
the curve changes firom being concave to being convex, or 

vice versa. Hence -t4 must change sign at a point of inflexion. 

A point of inflexion may also be defined as a point at 
which the inclination of the tangent to the axis has a maxi- 
mum or minimum value. Since when this angle has a maxi- 
mum or minimum value, so also has its tangent, we must 

have ^ a maximum or minimum at a point of inflexion. 
Hence ^ must change sign. 
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294. A curve referred to polar co-ordinates is said to be 
concave or convex to the pole at any point, according as the 
curve in the neighhourhood of that point does, or does not, lie 
on the same side of the tangent as the pole. 

If ^ be the perpendicular from the pole on the tangent at 
a pomt whose co-ordinates are r, 6, it will be seen from a 
figure, that if the curve be concave to the pole, p increases if 

r increases, and decreases if r decreases ; hence ^ must be 

positive. Similarly if the curve be convex to the pole -^ must 
be negative. Thus at a point of inflexion -^ must change 
sign. 



295. Since ^ = w"+ (^\ Art. 284, 



therefore 



1 dp / . d\\ du 



therefore | = _y(„ + ^). 

dr^ "" du dr r* du 

Hence, at a point of inflexion we must have generally 
w + ^ changing its sign. 

EXAMPLES. 

of 

1. If y = , a , there is a point of inflexion at the origin, 

and another when x^±a V3. 

2. If y = —7 r , there is a point of inflexion when 

^ a{x-'a) ^ 

a;=-.a(/y2^1). 



Digitized by VjOOQIC 



312 POINTS OF INFLEXION. EXAMPLES. 

3. If y [a^ — i*) = a? (oj — a)* — a?6V there is a point of inflexion 

when oj = — . Is there a point of inflexion when 

4. If «^=A /[ J, there is a point of inflexion when 

3a 

5. If - = -^+ ( J , there is a point of inflexion when 

6. If a;*= logy, there is a point of inflexion when a? = 8. 

7. If cuK? — i^y — «'y = 0, there is a point of inflexion when 

8. If " = a/(o~TZ") ' *^^'® ^® * point of inflexion when 

a 
a? = — . 
2 

9. If ay = a' log-, there is a point of inflexion when 

X = oe'. 

10. Find the point of inflexion on the curve, 

{y — 2/y(a*a:)}' = 4aa?. RemlU x^'[-\ a. 

11. If y (a:* + a')=a'(a— a?), there are three points of in- 

flexion which lie on a straight line. 

12. Ifr=^ — T-, there is a point of inflexion when r= — , * 

13. If r = J . ^, there is a point of inflexion when 

r = 6{-w(n+l)}l 

14. If a: = a (1 - cos ^), and y =• a (w^ + sin ^), there is a 

point of inflexion when cos ^ == . 
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CHAPTEE XXn. 

SINGULAR POINTS. 

296. Under the common title of " Singular Points" are 
included all those points on a curve which offer any sin- 
gularity^ depending on the curve itself and indepencient of 
the position of the co-ordinate axes. We proceed to define 
the different singular points and to investigate the conditions 
of their existence. 

Points of Inflexion. 

297. These points have been considered in Arts. 288 — 295 ; 
the condition for their existence is that -y^ should change 
sign. 

Multiple Points. 

298. Def. a multiple point is a point through which 
two or more branches of a curve pass. 

Let ^(a?, y)=0 be an equation in a rational form; by 
Art. 177 

f^ff^O. (1). 

ax ay dx ^ ' 

Now since two or more branches of a curve pass 
through a multiple point, it will be possible to draw more 

than one tangent to the curve at that point; hence ^ must 

admit of more than one value. But since the equation 

^ (^> y) = is supposed rational^ -^ and •—- will each have 

but one value for the given values of x and y. Hence from 



Digitized by VjOOQ IC 



314 MULTIPLE POINTS. 

equation (1) -^ cannot have more than one value unless both 

^ = 0, and^ = 0. 
ax ay 

These then are the conditions for the existence of a mul- 
tiple point. If values of x and y can be found which satisfir 
these equations and the equation to the curve, then for such 
values of x and y we have, by Art. 181, 



dx"" 



dxdy dx dy*\dx) ^ '* 



From this quadratic we can find two values of ^ , and thus 

determine two tangents which can be drawn through the 
multiple point. In this case the multiple point is called 
a double point. 

If the above equation assumes an indeterminate form by 

the vanishing of -^ , , ^ , and -^ , for the values of 

X and y under consideration, we have, by Art. 184, 

dx''^^Wd^dx'^^dxdf\(L)'^df\dx) ""^ W- 

This cubic equation gives three values of ^ ; if they are 

all real, three tangents to the curve pass through the point 
imder consideration ; the point is then called a triple point. 
If the equation (3) assumes an indeterminate form by the 

vanishing of the coefficients of the different powers of -^ , we 

must proceed to the fourth derived equation from ^ (a;, y) = 0, 

and we thus obtain a biquadratic equation for determining -^. 

299. If the two values of ^ famished by equation (2) of 

Art. 298 are equal, the two branches which pass through the 

Kint in question have a common tangent at that point 
this case, however, the method by which we have arrived 
at equation (2) is not satisfactory, because in obtaining it we 
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Tiave assumed -~- to have more than one value. But as in 

this case two different b-anches of the curve pass through 
the same point, there will generally be two different values 

of^; by Art. 181, 

dx* dxdy dx dj^ \dx) dy da? ' 
and since ^ (x, y) is rational, each of the differential coefficients 

of ^ has only one value ; hence if -?- be different from zero • 

T^ can have only one value. But, by supposition -7^ has 

more than one value : therefore -^ = is the condition that 

dy 

must hold at the point where two branches touch. Since 
^ = 0, it follows from (1) of Art. 298 that -^ also = 0. 

If -v^ should have two equal values, then the reasoning 

of this article may be applied to -7^ and the iJiird derived 

equation of ^ (a, ^) = ; and the same result as before may 
be deduced. 

Points where two or more values of -j- are equal are 

called " Points of Osculation." 

300. Ex. Lety-aj"(l-a?) = Q. 

Hence a? = 0, jr = 0, are the co-ordinates of a point which 
may be a double point. Equation (2) of Art. 298 becomes 



'-(D'-«. 



therefore ^ = ± 1, and there is a double point. 

We may in this case put the given equation in the form 
y-±a;V(l-a;"), 
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and from this we see that for values of x comprised betweeji 
and 1, both positive and negative, y is possible, and that 
there are two values of y for every value of a;. When x = 
the two values of y become equal; but since 

we see that when a: = there are two values of ^- . Hence, 

instead of clearing an equation of radicals so as to bring 
it into a rational form, and then applying the method of 
Art. 298, we may often detect a multiple point more easily 
by observing what values of x make one of the radicals in the 
value ofy vanish. 

Cusps. 

301. Dep. a cusp is a point of a curve at which two 
branches meet a common tangent and stop at that point 
If the two branches lie on opposite sides of the common 
tangent, the cusp is said to be of the first species ; if on the 
same side, the cusp is said to be of the second species. 

Since a cusp is really a multiple point, if a cusp exist in 
the curve ^ (a;, y) = at any point, we must have 

at that point. To distinguish a cusp from an ordinary mul- 
tiple point, we must trace the curve in the vicinity of the 
point in question. 

Ex. Let (cy-Ja:)»-^^^=^ = (1). 

Here when x^a and y = — we have the equation to the 
curve satisfied and also 

^=0, and^ = 0. 
dx dy 

Putting the given equation in the form 

-^*V{^} ;•«. 
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we see that y is impossible so long as a; is less than a, and 
that when x is greater than a there are two values of y for 
every value of x. When x^a the radical in y vanishes, 
and the two values of y become equal; at the same time 

-^ has only one value, namely - . Hence there is a cusp. 

CiX c 

In the figure, A represents the cusp ; the line OA has for 

its equation y = — ; and since of 

the two values of y given by equa- 
tion (2), one is greater and the 

bx 

other less than — , it is obvious 

c 

that the two branches lie on op- 
posite sides of OA, and the cusp 
at A is of the Jirst species. Generally the cusp is of the Jirst 

species if the two values of -t4 indefinitely near to the point 

are of contrary signs, and of the second species if they are of 
the same sign. 

Cusps of the first species have been called " ceratoid cusps," 
and of the second " ramphoid cusps." 

Conjugate Paints, 
302. Def. a conjugate point is an isolated point the ' 
co-ordinates of which satisfy the equation to the curve. For 
example, let 

Here the values a; = 0, y = 0, satisfy the equation to the curve, 
but no branch of the curve passes through the point thus 
determined, y being impossible for all values of x comprised 
between and a. Hence the origin of co-ordinates is a con- 
jugate point in this curve. 
IxL the above example, since 

we find that the value of ^ is impossible when a? = ; ^^^^-^ 
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vMxy be possible at a ooujugate point ; for example, suppose 

Here, when a? = 0, we have ^ = ; but the origin is a con- 
jugate point, since a; = 0, y = 0, satisfy the equation, and y 
IS impossible for all other values of x between — a and a. In 

like manner -v^ or any number of the differential coefficients 

of y may be possible at a conjugate point, but they cannot be 
all possible, for if they were we should have nothing to dis- 
tinguish the point in question from an ordinary point of the 
curve. 

To find the cmditton for the eansteJice of a conjaaate point. 
Since at a conjugate point the values of the differential 
coefficients of y cannot be all possible, let the n* differential 
coefficient of y be the first that is impossible. Suppose the 
equation to the curve to be put in a rational form, and 
denoted by ^ (a?, y) =0. Take the n^ derived equation ; we 
have 

#^+ +^ = 

dy dx"^ etc* ' 

where the terms not written down contain differential coeffi- 
cients of ^ with respect to x and y, and also differential 
coefficients of y with respect to x of orders inferior to the n***. 

If then -^ be not zero the value of ^^, furnished by the 

above equation will be possible ; hence -j? = is a necessary 
conditi<Mi for the existence of a c(XLJugate point ; but 

dx dy dx ^ 

therefore also -5^ = 0. 

ax 

303. It appears from the preceding articles that if 
^ (oj, y) = be the equation to a curve, we must have at 
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an^ ordinary multiple point, at a cusp, and at a conjugate 
pointy 

^ = 0, and ^ = 0. 
ax ay 

Hence, whenever we have found values of x and y which 
satisfy these three equations, we must, by examining the 
particular curve^ and tracing it in the vicinity of the point 
in qu estion, determine what species of singular point exists. 

We now pass to some other singular points which occur 
"but rarely, and, as the student will find by experience, never 
present themselves in curves the equations to which are of an 
algebraical form. See Art. 6. 

Foinis ^TarrSL 

304. A point cTarrit is a point at which a single branch 
of a curve suddenly stops. 

Ex. Let y = ic log x. 
Here when a; = we have y = ; but if a? be negative, y 
becomes impossible. Hence the origin is a jpoint cTarrit. 

Again, suppose y =: « *. 

Here if x be made indefinitely small and positive, we have y 
approaching the limit zero ; out if a? be negative and indefi- 
mtely small, y is indefinitely great. 




Hence the curve has the form represented in the figure, the 
origin being a point cTarret; the dotted line is an asymptote 
having for its equation y = 1. 
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305. A point saiUant is a point at which two branches of 
a curve meet and stop without naving a common tang^ent. 

Ex. Let y = ;-, 

1 + e* 

1 

therefore ^ = j H j— . 

Here, iix^^^ positive and approach zero as its limit, we have 

ultimately y = and -^ = 0; but 

if X be negcttive, we have ultimately 

y = and ^ = !• Hence at the _ 

origin two branches meet, one 
having the axis of x as its tangent, 
and the other inclined to the axis 
of X at an angle of 45*. 

Brandies PointiUSes. 

306. If a curve has an infinite number of conjugate points, 
that series of points is called a hranche pointilUe. 

For example, suppose y* = a? sin* x\ for all positive values 
of X there are two possible values of y, but wnen x is nega- 
tive y is impossible, unless a; be a multiple of w. Hence we 
have an infinite number of conjugate points lying on the axis 
of X and forming a hranche pointilUe. 

EXAMPLES. 

1. If ay =3 aV — aj* there is a multiple point at the origin. 

2. In the following curves there is a point of inflexion at 

the origin, 
y = sina:; y = a?cosaj; y = tana;; y = a:^taiia:. 

3. If y = ^(a?) + (a: — a) '^ F{x)^ when a; = a, there isacusp 

of the first kind if -^ — be greater than 1 and less 
than 2, and a cusp of the second kind if -^ — 1)6 
greater than 2, 
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4. The following curves have cusps at the origin, 

5. The curve y* = (a; — a)' (x — c) has a cusp of the first kind 

at the point a? =s a, 

6. The curve {o5v + 1)* + {x - !)• (aj - 2) = has a cusp of 

the first kind at the point a; =» 1. 

7. The curve y— J = {x-^ay^ (a? — o)^ has a cusp of the 

second kind at the point a; = a. 

8. The curve a?* — 2aj5'y — aajy*+tiV = has a cusp of the 

second kind at the origin. 

9. The curve «* — aaj'y — aa^*+ay = has a .conjugate 

point at the origin, 

10. The curve a?* - 2a/ - 3ay — 2aV+ a* = has a double 

point when a; = ± a, and ^ then « + ^ J ; also a double 

point when y s^ — a, and ^ then =r ± Vf* 

11. If a^ = (aj — a)' (a? — 5), when x=^a there is a conjugate 

point if abe less than J, a double point if a be greater 
tiian by and a cusp if.as? J. 

12. Shew that the curve ay*— *aj^ + Jaj*s=0 has a conjugate 

point at' the origin and a point of inflexion when 

13. Find the points of inflexion in the following curves, 
y^(l4-a?)=:(l-.aj+a?)'; y^^:*:a',- r^sin^ = a. 

14. Pind the singular points in the following curves, 

(y + aj + iy»=(I-aj)"; y*-aay» + i»* = 0; 



T. P. C, Y 
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DIFFERENTIAL COEFFICIENTS OF AN ARC, AREA, ETC. 

307, The length of the arc of a curve APQ^ reckoned 
fipm any fixed point A to the 
point P, is evidently a func- 
tion of the abscissa x of the 
point P. This function is 
often very difficult to deter- 
mine, but its differential co- 
efficient with respect to x can 
always be assigned. 

Let P, Q, be two points on a curve ; 

a?, y, the co-ordinates of P; 

X + Aaj, y + Ay, the co-ordinates of Q. 

Draw the ordinates PJlf, QN^ and the tangent at P meet- 
ing ^jSTin JB and Ox in 21 

Let AP^^y AQ==^f + As. 

We cL88ume as an axioms that the length As is greater than 
the chord FQ, and less than PR + BQ. 

The chord FQ = V{(Aaj)' + (Ay)"}, 

PjB ^-iCV'secPrjf =-a£Z»'V(l + tan"Prjf) 

=y + Ay-{PM+AxtaaPTM) 
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therefore A5 lies between V{(Aa:)*+ (Ay)*} and 
tiierefpre xtl li^ "between a/\ 1 + (-^j !• and 



'Aa? 



Now the limit of ^|l + (^Yl , when Ax is indefinitely 
■ diminished, is " ^ ^ '^ •' 

The limit of -^ is, by definition, ^ ; hence 

SV{'-©} «• 

^ j , then 

-©■-(I)" «• 

If a? and y are each functions of a third variable f, since 

dx ^ dy 

dx ^ dt ^dy dt 

ds'^ds^^ cfe^^! 

dt dt 

W.U™ft0MW.(§'.(|)V (!)•.... ......(S). 



t2 
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308. Of the axioms oti whicli the preceding flemonstiifr- 
tiou is founded, the first will probably be readily granted ; 
the igecond is more difficult, and ynll not be necessarily true 
i^ the arc be not concave towards the chord PQ throughout 
its extent It must be understood therefore, in stating it, 
that the arc PQ must be taken 90 small that it is always 
concave towards its chord. 

There is anotlier mode of arriving at the results of Art. 
307, which is preferced by some writers : they assert that no 
precise idea can be formed of the length of an arc, except by 
fegardiiig it as ih^ limit of the p&rimeter of a polygon inacrtbm 
in that arCy when the length of each side of the polygon is inis* 
finitely diminished. If we adopt this- definition of the length 
of an arc, we must shew, that tne limit mentioned does exist, 
and is the same in whatever manner we suppose the polygon 
inscribed, provided .that each side is ultimately indefinitely 
diminished. 

Draw two chords dividing the whole arc we are consider- 
ing into two portion^; then in each of these subdivisions 
place two chords dividing the whole arc into four portions ; 
m each of the last subdivisions place two chords, and so on. 
The perimeters 'of the polygons thus formed constitute isi serite 
continually increasing; and as it is easy to see they cannot 
increase without limits we prove the first point, namely, that 
there is a lim^ to 1^^ perimeter of the inscribed polygon when 
the length of each side is indefinitely diminished. 

Suppose now two polygons with indefinitely small sides 
inscribed in the curve, one of them being one of the series just 
considered, and the other described after any other law. Draw 
t^iigenta to.tUe curve at , the angular j)oints of both polygons, 
thus forming one polygon circumscribing the arc. Then it is 
easy to see that any chord of either polygon bears to the cor- 
responding portion of the circumscribing figure, a ratio which 
can be made as Aear to unity as we please by sufficiently 
diminishing the length of each chord. Hence the perimeter of 
each inscribed figure befii;s to that of t^e circumscribed figure 
a ratio which is ultimately one of equality, and consequently 
the ratio of the perimeter of one inscribed figure to that of the 
otiier inscribed figure is ultimately one of equality. This 
proves the second point involved in the definition of the lengA 
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of an arc, namely, that the limit obtained ia the same accordr 
ing to whatever law the polygons be inscribed. ^ • 

Frdm this definition of the lengtt of an arc it follows that 
the ultimate ratio, of the length of an indefinite!}^ small a^ to^ 
its chord is one of equality, that is, . . 

309. Since secant P2lB=Vjl+(^yi , 

and sinP2i=;cosP2btanPra? *^ 

"" d^ dx'^ ds * 

310.. If X and y be expressed in terms of from the 
equations * ' 

0? s= r cos ^, ^ = r sin ^, 

, ds ds dx ' 



we have cosPjra? = - 



dx 
d$ 



V{®"-(l)]- 



But T^ = cos ff ng — r sm S, 

ss sm^-|g + rcos^; 
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tl.e«fo» S-\/{(S)*+''}- 

We have proved in Art. 279, that 

ifhere ^ is the angle between the radius vector at the point 
whose polar co-or£nates are r, Q^ and the tangent at that 
point. Hence 

M d0 

. . dr dr d0 



TF^'T " 



dv 
Similarly cos ^ =* -r- . 

These results may also be deduced immediately from the 

PL 

figure in Art. 279 ; for sin ^ is the limiting value of pj^ , 

. , ^ . jf PL As J, rsin A0 As rm. i- i^^ r 

that IS, of -7— . -^rp: or of — T . ^^75 . The Imiit of 

' As PQ As PQ 

r sin Ad . rdd . , - ,. . > As . -x- -l 
— -^ IS -T- ; and the Imiit of -p^ is umty ; hence 

sin <f> =5 -r- • Similarly the value of cos ^ may be found. 

da 
311. The value of Tg* ^^ -A.rt. 310, may also be obtained 

thus : 
Let Pj Q, be points in a curve, and suppose 
SP^ry P8x^0, 

^Q = r + Ar, Q8i^r=.0-j.A0. 

Draw. PL perpendicular to SQ, 
then 

Piis=rsinA^, ^ 
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LQ =s r + Ar^r COB A0 

2 

Also the chord PQ = sl{PU+L(f). 

From this, if we proceed according to the method of the 
preoeding articles, we shall arrive at 

312. If A denote the area contained between a curve and. 
{he 9S3S of X, we have proved, Art. 43, 

dA 

313. To find the differential coefficient of the area of a 
curve referred to polar co-ordinates. 

* Let A denote the area contained between the radius BP, 
the radius 8G drawn to some 
fixed point in the curve, and 
the curve GP. Let AA denote 
the area P8Q. With centre 8 
and radius ^lP describe an arc 
meeting 8Q in i, . and with . 
centre 8 and radius 8Q describe 
an arc meeting 8P produced in 
M. Then A^ lies between P8L and Q8M, that is, between 




^^^iUiMl^e; 



\ ^ 



therefore -jt-k lies betweea - and ^ — . . ^ 

Av 2 2 / / 

H6nce, proceeding to the limit, we have } 

dA_'^ 

314. Differential coefficient of the volume of a solid of re- 
volution. 

Suppose the curve APQ in the figure of Art. 307 to 
revolve round the axis "of a?, and thus to generatfe^a solid. 
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Let V denote the volume of a portion of this solid contained 
between two planes perpendicular to the axis Ox, one drawn 
through a fixed point A and the othet through P. Let A V 
denote the volume of the solid contained between planes 
through P and ^ perpendicular to the axis. The volume 
cf a cylinder having Jky.for its axis and for ite base the 
circular area formed by the revolution of PM round the axis; 
Ox, is iry^/ix. The volume of a cylinder having MN for its 
axis and for its base the circular area formed by the revolu- 
tion of Q-^ round Oa, ia w {y + AyYAx. Hence A Flies 

AV 

between inj^Ax and tt (y + Ay)*Aa?. Therefore ^— lies be- 
tween Try* and ir (y + Ay)*. Hence, proceeding to the limit, 
we have ' 

dV 

316» Differential doeffident of the surface of a solid of re- 
volution. 

Let P, Q, be two points in a curve which by revolving 
round the axis Ox generates 
a solid of revolution. Let A 
be a fixed point in the curve, r 
and suppose -4P= », PQ^As. 
Let S denote the area of the 
surface formed by the revolu- 
tion of AP, and AS the area 
of the surface formed by the 
revolution of PQ. J)raw PB and QT each eoual to As and 
each parallel to Ox* If PB revolve round Ux it generates 
a cylmder, the surface of which is 27ryA«- If QT revolve 
round Ox it generates a cylindet, the surface of which is 
2^ {tf + Ay) As. We assume as an axiom that the surface 
generated by the arc PQ lies between the former and the 
fatter. Hence AS lies between 2iryAs and 2'n- (y + Ay) A«, 
and proceeding to the limit, we have 

dS ^ ^ . ■ . {..^ . 




therefore 



dS , da 



'\ 
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EXAMPLES. 
!• In the ellipse -j- ^ kj \ a_^ J > ^^^ if a; = a sin ^, 
^^ a \/(l — e" sin* ^). 

2. ^In the parabola y'=4aa?, ^ "^A/i ) • ' 

3. In the circle -j- = - . 

4. Find the differential coeflScient of the arc of the curve 

J. . ds ^'^V\ 



dx^e^-r 



6. In the curve r^ = a'co3 2^, jg =- • 

7. In the curve r5=a^, j- = — ^^ ^. 

8. lie^^oosXf 27'=' ^^^^ 
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CHAPTER XXIV. 

CONTACT, CURVATUBE. EVOLUTES AND INVOLUTES. 

316. Let y = ^ (a?) be the equation to one curve, and 
y^'^[x) the equation to another ; then if ^ (a) = -^ (a) the 
curves intersect at the point whose abscissa is a. If more- 
over ^'(a) ="^'(0) the curves have a common tangent at the 
common point ; in this case they are said to have a contact 
of \\l^ first order. If moreover ^"(a) ='Jr"(a) the curves are 
said to have a contact of the second oraer. If 6 (a) ^-Jr (a), 
f (a)=i^'(a), f (a)=i^"(a), f "(a) =1^'" (a), and soon up to 
^*(a)='^*(aV the curves are said to have a contact of the 
n*** order at the common point. When we speak of two curves 



having contact of th|^ nr order we implv tnat they have not 
contact of a higher order ; that is, with the preceding notation 
we imply that ^*""(a) is not equal to '^"**({^. 

317. K two curves have at any point a contact of the 
n*** order, then in the vicinity of the common point no curve 
can pass between them unless, it has with both of then\ a 
contact of an order not lower than the n***. For let y = 6 («) 
and y = '^(x) be the equations to two curves which nave 
contact ot the n*^ order at the point x = a; and let y^ denote 
the ordinate in the former curve corresponding to the abscissa 
a + h, and v^ the ordinate in the latter curve corresponding to 
the same aoscissa ; then, by Art. 92, 

y, = ^(a)+Af(a)+^f'(a)...+|*"(«)+j^^""(«+% 
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Hence, since the curres have contact of the n^ order, 

Now suppose y = Y(aj) to be the equation to a third curve 
which has contact of the m*^ order with the first curve at the 
point a?s=a; then if ^3 = x (<» + *)> we have 



If «i be less than n.we can give such a value to A as will 
render Jft—y^ less than yx—y^ for that value of h and all 
numerically inferior values both positive and negative. Hence 
in the vicinity of the common pomt the second curve is nearer 
to the first than the third is. . 

In the above expressions denotes merely a projjer fraction, 
and it is not necessarily the same proper fraction in the 
different cases. 

318. The expression for y^—y^ in Art. 317, when A is 
suflSciently diminished, h?is the same sign as 

and therefore ehauges sign with \\i n be eoen; therefore 
if two curves have contact of an even order they cross each 
other at the common point. If two curves have contact of 
an pdd order they do not cross each other at the common 
point. " 

319. In order that a curve may have contact of the 
«*** order with a given curve, it appears from Art. 316 that 
n + 1 equations must be satisfied. Hence, if the equation 
to a species of curves contain n + 1 constants, we may, by 
giving the proper values to those constants, find the par- 
ticular curve of the species that has contact of the nfi^ order 
with a given curve at a given point. For example, the 
equation- to a straight line is of the form y^mx-\-c\ since 
there are two constants, m and c, we may, by properly de- 
termining them, find the straight line which has contact of 
the^r«< order with a giv^n curve at a given point. If the 
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given curve te if^<l>{x), and the given point Ihat wEfise 
co-ordinates are a? = a, y = (a), then we must have 

and m=i<l>{a). 

Hence m and d are determined. 

If y = ^ (a?) be the equation to a curve, then 

y = ^(a),+ («>a)f(a)+-^^f'(«)...+^^§^*"(«) 

is the equation to a curve which has a contact of the n^ order 
with the given curve at the point x^a. This may be ea^ly 
veriiSed. 

320. CVrcfe ofcurvcUure. The general equation to a circle 
involves three constants ; hence at any point of a curve a circle 
may be found which has contact of the second order with the 
curve at that point. We proceed to determii^e the radios and * 
centre of such a circle* 

Dep. The circle of curvature at any point of a curve 
is a circle which has at that point a contact of the second 
order with the curve. 

Let (X-a)*+(r-J)* = p" ..(1) 

be the equation to a circle, so that a, b^ are the co-ordinates 
of its centre and p its radius* From (1) by di£^ntiating 
we have 



dX' 



-©•-(-')S=» 



..(2). 



If this circle is th6 circle of curvature at the point (a;, y) 
of a given curve, we muat have 

dY^dy 

dX ,3J 
d'Y d*y 
dX*~da? 



,(3). 
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IHence, from (2),* 






>33d 



(4).-: 



Therefore 



y-5=_. 



1 + 



3V 



da? 
By (1) and (5) we have 



(5). ' 



p = . 



Hence the values of a, 5, />, are found, and thus the position 
and radius of the circle of curvature at i^ny point of a curve 
are determined. 

In the value of p it will he proper in any particular 
example to give to the radical in the numerator the same 

sign as ^ has, so as to make p positive. Hence if y be 

positive and the curve, cowcaw to the axis of x we should put 



hi? 



■■ d^ ' ■ 

t ■ " • 
From the first of equations (4) we see that the point (a, h) 
is on the normal to the ffiven curve at the point {x, y). ^ 
The centre of the circie'of curvature at any point is called 
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for shortness the " centre of curvature/' Also the radius of 
the circle of curvature is called the " radius of curvature.'' 

If a line be drawn from any point of a curve in any direc- 
tion the portion of this line which is intercepted by the 
circle of curvature at the assumed point ia called the chord 
of curvature at the assumed point in the assumed direction. 
Sy the nature of a circle the length of the chord of curvature 
will be obtained by multiplying the diameter of the circle of 
curvature by the cosine, of the angle between th^ chord of 
curvature and»the common normal to the curve and circle 
at the assumed point 

321. If © be the perpendicular from the origin on the 
tangent at the point (a?, y) of a curve, we have 

dy 
dx 



dy 

X -7^—1 



therefore j- 
dx 



i, -S{'^(i)]-ig('i-^) 

Alaojif , r«=a5'+3^», 

From the values of ^ and^, and the value of /) in Art. 
320, we see that^ 

' .■■'••,. dx" p dx^ 

- . dr 

and . p = r 



^* 
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322. If X and ff be each a fiineticm of a third yariable t^ 
we have 

rfy d^ydx d^xdy 

dy^^dt d^y '^H'^lf dt 

dt \dt) 

Using these values, we deduce 

r tfy dx d'x dy ' 
\ d^ dt df dt 

For example, if «=« the arc of the curve measured from 
some fixed point, then 

1 

^=^^„A4 ^^^' 

<&* di» da* <fo 

since by Art. 307 (§y+(§y"l*- (2). 

Hence 1_,A^_^^ ,o\ 

Bj differentiating (2) we obtain 

" da d^^ da d^ '"' -• W« 

Square (3) and (4), and add; thus 

p*-[da')^[d^)' 
From (3), "by means of (4), we may also deduce 
d^y d^x 

p ^x dy * 

da da - 

323. If we put ajar cos Q^ and y^r sin 5, we have from 
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•Art 201 the values of -^ and -j^ • Substitute these' in the 
ax dmr 

expression for p in Art. 320, and we find 

"^ dry 3v* 






dti'~u\de) ~i^d^' 

Substitute these in the alwve value of p ; then 

• This result may -also be found thus. By Art. 321 

dr l^du 

. r dp" u^dp* 

By Art. 284 }. = «H(|)V 



therefore 



1 dp ( ' d^u\du^ 



p*dd' 

and |^^__p.(„+Jj).; • 



1 
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The chord of curvature passing through the oriffin will be 
o'btained by multiplying 2p by the cosine of the angle between 
the radius vector and the normal to the curve at the point 
considered. (Art. 320), Hence the chord of curvature 
through the origin 



2w» + 2 



\dd) 






rfVT 
7 



324. If '^ be the ajigle which the tangent at any point of 
a carve makes with the axis of x, we have 

therefore p = -rr • 

'^ ay 

325. If two polar curves have a common point the polar 
co-ordinates of that point must satisfy the equations to both 
curves. If thejr have a conta<;t of the first order at that point 

the value of —^ is the same for both curves at that point, and 

hence, by Art. 201, the value of -^ is the same for both 

curves. If the curves have contact of the second order the 

value of -j^ also is the same for both curves at the common 
oar ^^ 

point, and hence, by Art. 201, the value of ^a is the same 

for both curves at that point. Proceeding in this way, we 
see that if two curves have contact of the n^ order at any 
point, if they are referred to polar co-ordinates, the values of 
T. D. c. Z 
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-33 i js> •••• jAi "^lU be the same for both curves at tie 
ctu afr atr 

common point. 



Since i, = ^ + ^(|y, 



326. 

P' 

it follows from the last article, that if two curves have contact 
of the first order the value of p will be the same for both 
curves at the common point. Also, since 

dp 

'dp dff . ^ , dr , rfV 

^ or ^ involves only r, ^, and ^, 

d0 
it follows that if two curves have contact of the second order 

the value of -^ must also be the same for both curves at 
dr 

the common point. 

327. We majr apply the preceding article to establish the 
equation proved m Art. 321 as follows. 

If B be the radius vector of a point in a circle, 

F the perpendicular on the tangent, 

c the radius of the circle, 

h the distance of the centre from the origin, 

we have, from the properties of a circle, 

2cP=i?+c«-i*. 

Differentiating, c = B -jp . 

If this circle be the circle of curvature at a point in a 
curve having r for its radius vector and j> for the perpen- 
dicular on the tangent, we have by the last article, 

JS = r, 

dRdr. 
dP^'dp' 
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therefore o = r -j- ; 

that is, the radius of curvature = r -r- • 

dp 

328. At a point where the radius of curvature is a maxi- 
mum or minimum the circle of curvature has contact of the 
third order with the durve. 



.hM 



Since p = t. 



^ 
M 



we hare, when ^ = 0, 

If in Art. 320 we differentiate the second of equations (2), 
we have 



Hence 



^dYa}Y 
d^Y ^dXdX* 
dX* Y^^V 



_'(; 



dWdy 
da?) dx 



-(I)' 



by equations (3) of that article. In order that the circle of 
curvature may have contact of the third order with the curve 
at the proposed point, we must have 

d^Y^d^ 
dX^" da?' 



therefore -r i 



if"^(^)j Krf) ^* 



Z2 
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This is the relation we have already shewn to hold at 
points where the radius of curvature is a maximum or 
minimum. 

329. In the figure of Art. 284 let 8P^r and 8Y^p; 
if p' denote the perpendicular from 8 on the tangent at Y 
to the locus of F, then will 

/=■£-. 

•^ r 
Let a?, y, he the co-ordinates of P, 
x\ y\ the co-ordinates of F; 

then y = ]j i KM ' (1). 



'7Fm 



The equation to the tangent at P is 

ri and f being the variable co-ordinates. 
Since the point Fis on the tangent, 

y''-y=%i^'-<') "(2). 

The equation to 8Yvi V = ^.^ (3)- 

But 8Y is perpendicular to PYy therefore 

x' dy ^*^- 

Combining (2) and (4), 

therefore yy + a»j'=y" + a?'* (5). 

Differentiate (5), thus 

,dy dy' . , dx* ^ ,dy ^ ,dsd 
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This by (4) reduces to 

(2.'-^)g+(2y'-y)f==0, 

therefore ^, = _^. 

Substitute in (1), and we obtain 

330. Dep. The evolute of a plane curve is the locus of the 
centre of curvature ; a curve when considered with respect to 
its evolute is called an involute. 

If a?', y', be the co-ordinates of the centre of curvature at 
the point {xj y) of a curve, we have by Art. 320, 



x-x' + {y-y')% = (1), 



dx 



■+(i)"+<y-»')S-» ••(^)- 



By means of the equation to the curve y , -^ , and -lA can be 

expressed in terms of x ; hence from the above equations we 
can, by eliminating x, obtain a relation between x and i/ 
which is the equation to the evolute. From the above equa- 
tions, a?' and y' may be considered functions of x \ differen- 
tiating the first, we have 

Bj means of (2) this gives 

^'+^$? = (3), 



dx dx dx 

dy dy 
dx dx 



therefore 1+^^ = (4). 
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342 EYOLUTE AND INVOLUTE. 

HeDce (1) may be written 

which shews that the point {x, v) is situated on the tangent to 
the evolute at the point [x\ y). Also (1) shews that the 
point {x\ y*) is on the normal \o the curve at the point {x^y). 
Ilence the normal at any point of an involute is a tangent at 
the corresponding point of the evolute. 

331. If p be the length of the radius of curvature at the 
point (a?, y) of a curve, and a?', y ', the co-ordinates of the centre 
of curvature, we have 

As x' and j/ are functions of x, so also is /> ; hence differen- 
tiating we have 

By means of equation (1) of the preceding article this gives 

'.'-'')%^^y-y-)%-^% (')• 

From equations (1) and (3) of the preceding article we obtain 
d^ dy[ 

dx dx _ ,.^___.-.««.._ — 

aj'-a?"y -y""^ l(a?'-a;)'+ {y'-yY^ " "? 

«' being the length of the arc of the evolute. See Art. 30T. 
Hence, by (1), 



\ [dxj "^ \dx) \ _,ld^ 



therefore £ = ±S (2). 

Since ^^^^^ = 0, we have, by Art. 102, 
«' + p = some constant, say ?. 
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Let ABG be the given curve, and ABO' the evolute, 




J5!B' being the radius of curvature of the given curve at 5, 
and GO* at G. Then if A be the fixed point in the evolute 
from which the arc is measured, we have 



therefore 



A£* + B'B = l, 
AB'G*+G'G=l, 
EG' = BB'^GG\ 



-^ 4 »: 



Hence, if a flexible string of length I be fastened at A and 
placed in contact with the evolute AB*G\ then, as the string 
IS unwound from the evolute, the free end of it will describe 
the involute GBA. From this property the names evolute 
and involute are obtained* 

In the figure as a' increases p diminishes and we have 
« +p = a constant; if 5' be measured in the direction from C 
towards Aj then a' and p increase together and we have 
«' — p = a constant. 

It will be observed that a curve has only one evolute; but 
a curve has an infinite nimiber of involutes, for in the equa- 
tion «' + p = some constant, the constant may have any value 
we please. 

332. The following polar formulsB for determining thie 
evolute of a curve are sometimes useful. 
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; Let be the centre of curvature corresponding to the 
point P of a curve referred to polar co-ordinates. Let <SF be 
the perpendicular on the tangent at P. 




. ' . / 

Let fiP=r, PO = p, SY^p, 

SO = r'y p = perpendicular from 8 on PO. 
From the triangle SOP we have 

r'« = p« + r^ - 2r/ocos 8P0 
= p* + 7^ -2rp sin SPY 

^p' + ^-2pp (1). 

Also p'^^r^'-p' (2). 

o='|--- • (»)• 

From the given equation to the curve we can find p in terms- 
of r, and then between (I) and (2) we can eliminate r, and 
thus we have an equation between p and r to determine the 
locus of 0. Since PO is a tangent to the locus of 0, p' is 
the perpendicular from the origin on the tangent to the 
evolute at 0. 
In the figure the curve is drawn c&ncave to the pole* 

If the curve be convex to the pole -j- is negative (Art. 294), 

and we should take p = — r -^ ; in this case we shall find in- 
stead of (1) the equation 
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Thus in both cases we have 

r'' = p* + r'— 2pr^. 

333. Involute of a circle. 




Let 8 be the centre of a circle, APQ a portion of the 
involute, 0P= OA the portion of the string unwound. Let 
SO — a, 08A = ^, and let a?, y, be the co-ordinates of P, 
the origin being at S^ and iSii the direction of the axis of a?. 
Then OP^aif>, ^ ^ 

x = a cos ^ + a^ sin ^y ' : 

y = asin ^— a^ cos ^. 
Let -4P= 5, then 

Hence, as we shall see in the Integral Calculus, 

•= 2 • 



1. In the curve 



EXAMPLES. 



e * -•- 



the ordinate at any point is a mean proportional between 
the radius of curvature there and at the lowest poiiit. 
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2. In the curve 

the radius of curvature at the origin = ^ . 

3. In the curve , . 

the radius of curvature at the origin =22.506. -4t 
what point is the radius of curvature infinite ? 

4. K ^ (a?, y) = be the equation to a curve, then 

mum 

\dy) da? dxdy dxdy \dx) dy^ 

5. Find the parabola whose axis is parallel to that of y 

which has the closest possible contact with the curve 

Ql? 

y == -J at the point where a: = a, 

6. If r = a (l — cos5), /> = — sin-. 

fr Ti? /^ /I ^N a (5 — 4 COS ^)* 

7. K r = a(2cosd-l), o^-^ — -z J- . 

^ ^ '^ 9 — 6 cos ^ 

8. If the curves f(x, y) = and ^ {x, y)=0 touch, shew that 

at the point of contact 

dxdy dy dx 

9. Apply the last result to find if the straight line 

?+f-l=0 
a o 

touches the curve 

a'+y'-(a*+i»)* = 0. 

10. When the angle between the radius vector and the per- 
pendicular on the tangent has a maximum or minimum 
value, shew that /?/>== r^. 
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11. If at every point of a curve 

2a-7-=— + v, then pg -^ » 

111 

Shew also that - + - = -«., 

n p a 

where n is the portion of the normal intercepted by the^ 
axis of X. 

12. Find the value of p when r = a cos ^. 

13. If a? = V(c" + 0>findp. 

14. The equations which determine the co-ordinates a, J, of 

the centre of curvature of a curve may be put in the 
form 

_ d^x rfV _,efy d^r^ 

where 7^ = 0?+^. 

15. In the parabola. ^ = 47na:, 

o . o X 2aj* 2{m + x)^ 

Shew that the circle of curvature at anjr point of a 
parabola, except the vertex, cuts the axis m two points 
on opposite sides of the vertex. 

16. If ^a? + 5y«+C^=0, 

a- 50 ^' ^- AG ^* 

dy a ^, a' + «" 
-^ — - , then p = . 

18. The radius of curvature of the curve 
^_ox (a; — 3a) 

at one of the points where y = is — , and at the 



17. If^ = ^thenp = ' 



other — . 



3a - - 8 
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19. If 5 = a sin* ylt, find p. See Art. 324. 

20. Find the equation to the circle of curvature of the curve 

y* = 4aV — a?*, at the origin* 

31. Ky + ae"^=0, thenp=^^^-i^. 
' ^ ay 

22. Shew that the circle 

(--TJ +(y-T) =2 
and the curve tsjx -k-tjy^^^s/a 
have contact of the third order at the point a?=y =- . 

^ 

23. If r = a sec*-, find p. Result, p = 2asec'-. 

24. Find the two parabolas which, having their axes parallel 

to the co-ordinate axes respectively, have a contact of 
the second order with the circle aj'+y" = 5a', at the 
point a? = a, y = 2a. 

o - / 8aV 2a /7a \ / aV 16a /lla \ 

25. In the curve - = ^r (e* + «'•), shew that the co-ordinates 

c 2 ^ ' 

of the centre of curvature are 

and find the equation to the evolute. 

26. Find the equation to the evolute of the ellipse, and the 

whole length of the evolute. 

Results, {ax)^^- {hy)^^ {a^-V)^i 4 (|--j • 
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27. If r—f{p)'be the polar equation to a curve, shew that 

the equation to the locus of the foot of the perpendicular 

'i 
drawn from the pole on the tangent is p =^ 77-T- . Find 

the locus when p*=- , and shew that it is a circle. 

28. Find the evolute of the curve ^* = r* — a*. 

29. If A be the area between a curve, its radius of curvature, 

and its evolute, then 



dA^l 



-(l)T 



dx d^y 

30. If p be the radius of curvature of a curve, then the radius 

of curvature of the evolute at the corresponding point 
dp 

31. If a/, y\ be the co-ordinates of the centre of curvature of 

the curve y" = a*aj ; sh^w that 

""" 6ya* ' ^" 2a* ' 
and find the equation to the evolute. 

32. Shew that in a parabola the radius of curvature at any 

point is equal to twice the portion of the normal which 
IS intercepted between the point and the directrix. 

33. Prove the following expressions for the radius of curva- 

ture at any point of an ellipse : 

(^) ""^F"' ^^^ a(l-6»sin''<^)^' 

where r and r are the focal distances of the point and 
^ is the angle which the normal at the point makes 
with the major axis. 

34. The locus of the centres of all ellipses having the 

directions of their axes given, and having a contact of 
the second order with a given curve at a given point, 
is a rectangular hyperbola passing through that point. 
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35. Find the asymptotes of the evolnte of the etore 

y = a tan x, 

36. Shew that corresponding to the portion of the curve 

ay = afi near the origin, the evolute is approximately 
a curve whose equation is of the form xy* = c*. 

37. Shew that corresponding to the portion of the curve 

a^y = c^a? + x^ near the origin, the evolute is approxi- 
mately a curve whose equation is 

38. Shew that the chord of curvature parallel to the axis 

of X of the curve sec - = e" iai constant ; and that 



sec 



Cf)'=- 



approximately represents the evolute of this curve for 
the part near the origin, 

39. If along a curve and its circle of curvature at any point 

equal arcs (&) be measured from the point of contact 
and on the same side of it, shew that the distance be- 
tween their extremities will be ultimately - -^ W- . 

^ Q 08 p"" 

40. Prove that in general a conic section may be found which 

has a contact of the Jburtk order with a given curve at 
a proposed point, and shew how to find it when the 
length of the curve is riven in terms of the angle which 
the normal makes with a fixed line. 

If the curve be an equiangular spiral, and a be the 
angle between the radius vector and the tangent at any 
point, shew that the conic section is an ellipse, the 
major axis of which makes with the normal to the 
curve an angle to given by the equation 

tan 2ft) + 3 tan a = 0. 
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CHAPTER XXy. 

ENVELOPS. 



334. SupposE^ 



> 



J^(a?,y,«)=o (1) 

to be the equation to a curve, a being some constant quantity. 
By changing a into a + A, we obtain another curve of me 
same species as (1), the equation to which is 

F{x,y,a-\-h)^0 (2). 

The point of intersection of (1) and (2) will be found by 
combining the equations. Now (2) may be written 

F{x, y, a)^-ir {x, y, a-^ eh)^0 (3), 

the accent denoting that F(x^ y, a) is to be differentiated 
with respect to a, and in the result a changed into a + Oh. 
Hence, combining (3) and (1), we have the point of inter- 
section determined by 

F{x, y, a) = 0, and F' {x, y,a + 0h) = O (4). 

If we diminish h indefinitely, the equations (4) become 
F{x,y,a)=0, and i^'(a?, y, a) = 0... (5). 

The point determined by equations (5) is the limit of the 
intersection of {I) and (2). 

If between equations (5) we eliminate a, we obtain the 
equation to a curve which is called the locus of the ultimate 
intersections of the curves formed by varying a continuously in 
the eqtiation F{x, y^ a) = 0. 

The quantity a is called the parameter of the curve. 

335. The locus of the ultimate intersections of a series of 
curves touches each of the series of intersecting curves. 
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Let F{x^ y> «) = be the equation which gives the series 
of curves by varying continuously the quantity a. Then the 
locus of the ultimate intersections is found by eliminating a 
between 

F{x,y,a)^0 (1), 

and F'{x, y, a) =0 (2). 

Suppose from (2) we obtain a in terms of x and y, say 
a = ^ (a;, y) ; then if we substitute in (1) we have 

F[x,y,4>{x,y)]^0...... (3), 

r 

which is therefore the equation to the locus of the ultimate 
intersections. Now if for any assigned value of a the equa- 
tions (1) and (2) give possible values to x and y, then the 
curve represented by (1) when a has this assigned value, will 
meet the curve represented by (3). 

The value of -^ for the curve (1) is found by the equation 

4F{x, y, a) dF{x, y, a) d}/ ^^ ,^x 

dx dy dx ^ '' 

The value of -^ for the curve (3) is found by 

dFjx, y, <^) dF{x, y, 4>) dy 
dx dy dx 

dF{x,y,<f>) {d<l> d<l>dy] 

d^ Is "^ ^ ^j " ^ ^^J- 

But ^ only differs from ^ in having ^ {x, y) in the 
place of a; hence by (2) we have at the point where (1) 
and (3) meet^ ^~^' Thus (5) becomes at that point 

dF{x, y, <^) ^ dF{x, y, ^) dy ^^ , 

dx dy dx * ^ '* 

Since at the point of intersection of (1) and (3) we have 

a = ^{x, y), equation (6) gives for ^ at that point the same 
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value as equation (4). Hence (1) and (3) Umch at their 
common point. 

From this property the locus of the ultimate intersections 
of a series of curves is called the envelop of the series of 
curves, 

336. Ex. Find the locus of the ultimate intersections of 
a series of parabolas found by varying a in the equation 

Here F[x, y, a^^y-ax + -y-^o;' = (1), 

F'{x,y,a)= ^-x =0 1.(2). 

From (2) a=^. 

X 

Substitute in (1) and we have 

or x^ + 2py-'p^-0, 

which is the equation to a parabola. 

337. Kequired the locus of the ultimate intersections of a 
series of normals drawn at different points of a given curve. 

Let X, y, be co-ordinates of a point in the given curve, then 

a?'-^+(y-3^)^=o (1) 

is the equation to the normal at that point ; x', y', being the 
variable co-ordinates. From the equation to the given curve 

y and -^ can be expressed as functions of x ; thus x is the 

parameter in (1), by varying which the series of normals 
is obtained. Hence the required locus is to be found by 

T. D.C. A A 
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eliminating x between (1) and the equation obtained from (1) 
by diflferentiating it witii respect to x, which is 



-i + (y_y) 






ii)'-"- 



.(2). 



It appears from (1) and (2), compared with Art. 320, that 
x\ y\ will be the co-ordinates of the centre of curvature at 
the point (a?, y) of the given curve. Hence the locus of the 
ultimate intersectiona of the normals to a curve is the evolute 
of that curve, 

338. It may happen that the envelop does not touch all 
the curves of the series, as will appear from an example. 

Suppose the centre of a circle of variable radius to move 
along the axis of a?, so that the 
abscissa OP of its centre and its 
radius PM are the abscissa apd 
ordinate of an ellipse AMB which 
has for its equation 

Ll2- = 1 • 

m . n 
required the envelop of the system of circles. 
If 0P= a,' the equation to the circle will be 

(^->)'+3^"i^«(^-?)r^ 

Hence diflferentiating with respect to a, we have 




.(1). 



na ^ 

x — a 2=0; 

m 



therefore 



a=- 



mx 



m^+n* 
Substitute in (1) and we obtain 



(2). 



m + n^ n 



(3), 



which is the equation to the envelop. 
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For all values of a comprised between -77— » = and m. 

the circles do not ultimately intersect, and are not touched by 
the envelop : for the value of y found from (2) and (3) is 

which is impossible when a is greater than 



Therefore in the enunciation of Art. 335 we do not assert 
that the envelop touches each of the series of curves, but that 
it touches each of the series o ijmtersectmf/ curves. The de- 
monstration in that article assumes that the equations (1) and 
(2) lead to possible values of x and y ; or in other words, that 
one curve of the series ultimately intersects the adjacent curve. 

339. The method of Art. 334 may be extended to the case 
in which there are n parameters connected by w — 1 equations. 
For example, suppose 

F{x, y, a, i, c) = (1) 

to be the equation to a curve, the parameters a, 5, c, being 
connected by the equations 

^,K&,c) = Oj ^^^' 

and that we require the locus of the ultimate intersections of 
the curves obtamed by giving to the parameters in (1) all 
possible values consistent with (2). If from equations (2) we 
find the values of h and c in terms of a and substitute them in 
^1), we may then proceed as in Art. 834. If however the 
solution of equations (2) be diflScult we may proceed thus. 
Regarding h and c in (1) as implicit functions of a, we have, 
if we difierentiate with respect to a, and put the result equal 
to zero as in Art. 334, 

dF §F^dFdc^_ 

da db da dc da'' ^ ^' 

dh dr 

To find -7- and -^ , we have by differentiating (2), 

AA2 
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da dh da dc da 

d^ d^ db^d^^ ^ = 
da dh da dc da 



w. 



If the values of ^ and j- from (4) be substituted in (3 J, 

and then a, &, c, be eliminated between (1), (2), and (3), the 
resulting equation between a: and y will be the required locus. 

This process may be rendered more symmetrical by supi)08- 
ine a, i, c all functions of a third variable, say t ; then using 

7 77 7 

Da, Dh, ^<' ^^^ ai ' dt ' di '^^P^^^^^^^' ^® ^^^^ instead of 
(3) and (4) the equations 



^Da + ^Db + ^Dc^O 
da do dc 

^Da + ^Dh + ^Dc = (i 
da do a^i 



(5). 



And the solution of the problem will be facilitated by the use 
of indeterminate multipliers. Thus multiply the second of 
equations (5) by X, the third by /it, and add to the first; 
this gives 

Now since X and yx are at present undetermined, we may 
take them such that 



da da '^ da ' 

dF^^d<f> d<t>, ^ 



(7), 
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from which it follows by (6) that 

dc^^ dc^f" dc -" ;• (®^- 

Hence we have to eliminate df, 5, c, X and /a from equations 
(1), (2), (7) and (8) ; the result is the equation to the envelop 
required. 

Example. A line moves so that the length intercepted 
between the co-ordinate axes is constant ; required the envelop 
of the moving line. 

Let the equation to the line be 

M-' ('). - 

SO that a* +&^ = a constant = i', say (10). 

. From (9) Ji>a + |i>J = 0, 

from (10) aDa + hDh = ; 

thus S+ ^) ^^ + (I + ^) ^* = 0. 

therefore ^+Xa = 0, and|^ + X5=:0 (11); 

multiply the first of these equations by a and the second by 
h and add ; thus 

?+f + X(a* + J«)=0, 
a ^ ' ' 

Then from (11) 
Therefore by (9) 

or . a?' + y* = A*. 

This equation determines the envelop. 



that is, 1 + \k^ = 0, therefore \ = — -- , 
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EXAMPLES. 

1. Find the envelop of the series of lines 

-+? = !. 
a 

where f^a + ^b = ^k b. constant. 

Result. a;* + y* = ^*. 

2. Ellipses are described with coincident centre and axes, 

and having the sum of the semiaxes = c. The locus of . 
ultimate intersections is 

3. Find the envelop of all ellipses having a constant area, 

the axes being coincident. 

Result. ^a?y^ = c* where ir(? is the given area. 

4. A straight line cuts off from the co-ordinate axes distances 

AB^ AG, such that 

nAB + AC=c, 
prove that the envelop of the lines is 
{y+nx — cy = 4noey. 

5. Find the evolute of a parabola y*=:4aa?, taking the 

equation to the normal in the form 

y = m (a? — 2a) — am*. See Art. 337. 

Result. 27a^=4(aj-2a)*, 

6. Find the evolute of the curve a? + y = a . (See 

Example 9, to Chapter xviii. 

Result, (a? + y)* + (aj - y)* s 2a*. 

7. Shew that the envelop to the series of parabolas 

under the condition ah^^^ is an' hyperbola having its 
asymptotes coinciding with the axes. 
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8. Find the locus of the ultimate intersections of perpen- 

diculars drawn to normals to the parabola y* = 4aa?, 
at the points where they cut the axis. 

Result, y* = 4a (^ — x). 

9. Straight lines drawn at right angles to the tangents of a 



parabola at the points where they meet a given straight 
line perpendicular to the axis, are in general tangents 
to a confocal parabola. 

10. Find the envelop of the curves 

(^)'H^)'-'' 

the variable parameters a, 5, being connected by thjB 
equation gy+(|y=l. 






Remit. Tsj + Tf = 4' 



11. Circles are described on successive double ordinates of a 

parabola as diameters ; shew that their envelop is an 
equal parabola. What part of this system of circles 
does not admit of an envelop ? 

12. A circle moves with its centre on a parabola whose 

equation is y^ — Aax = 0, and always passes through 
the vertex oi the parabola ; shew that it always touches 
the curve y* (« + 2a) +x^ = 0. 

13. A series of parabolas of latus rectum I is described with 

their vertices in a given parabola of latus rectum T. 
Shew that the locus of the ultimate intersections is a 
parabola with latus rectum I + ?', the concavities being 
in the same direction and the axes parallel. 

14. Find the envelop of all ellipses having the same centre 

and in which the line joining the ends of the axes is 
of constant length. 

Result. x±y^±c. 
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15. From any point of the ellipse 

-1 4- 'JL = 1 



perpendiculars are drawn to the axes, and the feet of 
these perpendiculars joined; shew that the straight 
line thus formed always touches the curve 

1. 



©'^(f)'- 



16. From every point of the ellipse ' 

as' 1? 

pairs of tangents are drawn to the ellipse 
a? «/* 

the locus of the ultimate intersections of the chords 
of contact is 

a* ^ b' "^• 

17. Circles are drawn passing through the origin and 

having their centres on the curve 

shew that the locus of the ultimate intersections of 
these circles is 

{a? + y^- 2axy - 4aV - 4jy = 0. 

18. The circle whose equation is 

a^ + y^+2ax + 2by + 2c=^0y 

is cut by another circle which passes through the 
origin and whose centre is on the curve 

prove that the chord joining the points of intersection 
touches the curve 

aV + iSy = (oa? + fty + c)^ 
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19. Find the locus of the ultimate intersections of a system 
of lines defined by the equation 

y cos ^ — a? sin ^ = c — c sin ^ log tan ( t + o ) • 

where is the variable parameter. 

Result. 2y = c{^ + e"*). 

20. The equation to a spiral is r'*cosw^ = a*; if perpen- 

diculars are drawn through the extremities of the radii 
vectores the envelop of the perpendiculars is the 
curve 

r"* cos m^ = a"*, where w = -. 

w + 1 

21. A series of ellipses has the same centre and directrix; 

shew that the envelop is a pair of parabolas, but that 
the envelop will not meet those ellipses whose excen- 

tricity is less than -j- . 

22. Find the locus of the ultimate intersections of an ellipse 

which touches a given line at a given point at the 
extremity of the axis minor, the excentricity varying 
as the axis major. What are the limits of the excen- 
tricity in order that two consecutive ellipses may 
intersect ? 

23. A line is drawn firom the focus to any point of a conic 

section, and a circle is described upon it as a diameter ; 
shew that the locus of the ultimate intersections of all 
such circles is a circle, except, in a certain case, where 
it is a right line. 

24. Shew that the locus of the ultimate intersections of all 

the chords of an ellipse which join the points of con- 
tact of pairs of tangents at right angles to one another 
is a confocal ellipse. 

25. Find the locus of the ultimate intersections of the lines 

X cos 3^ + y sin 3^ = a (cos 2^)*, 
where is the variable parameter. 
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26. Find the envelop of the circles described on the radii of 

an ellipse, drawn from the centre, as diameters. 

27. On any radius vector of the curve r=^c sec** - as diameter 

is described a circle : shew that the envelop of all such 



circles is the curve r = c sec*""^ r . 

n — 1 

28. Find the locus of the ultimate intersections of a family 

of parabolas of which the pole of a given equiangular 
spiral is the focus, and its tangents directrices. 

Result, A similar equiangular spiral. 

29. Perpendiculars are drawn from the pole of an equi- 

angular spiral on the tangents to the curve ; find the 
envelop oi the circles described on these perpendiculars 
as diameters. 

ResuU. A similar equiangular spiral. 

30. From every point of a parabola as centre a circle is 

described with a radius exceeding the focal distance 
of the point by a constant quantity ; find the envelop 
of the circles. 

RemU. {x^-c-^-a) {y'+ (a — a)* — c"} = ; where 
c is the constant quantity. 

31. Find the envelop of the straight lines 

ooj sec ^ — hy cosec = a*'- V. 

Result, {ax)^ + (Jy)« = {of - ft*)*. 

32. From a fixed pdint A in the circumference of a circle 

any chord AP is drawn and bisected in JET, and on 
PHsls diameter a circle is described ; find the locus of 
the ultimate intersections of the system of circles 
described according to this law. 

Result. a'(aj*4-y) = (2aj* + 2y*-3aaj)"; 
where a:^ +y" = 2ax is the equation to the given circle. 
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CHAPTER XXVI. 

TEACING OF GUEYES. 

340. In this chapter we shall give some examples of 
tracing curves from their equations. 

Ex.(l). Let y = ^g£±^ : (1). 

First find the value of -r- ; taking the logarithms of both 

sides of the equation and diflferentiating, we have 

1 ^_ 1 X X ^ 

y dx'^ X aj* — 4a* ic* — a" 

Next find the asymptotes : since 



X 






therefore y=±a;(^l--^j (l-^j 

= .»|x-^-|'-...){..^.g....} 



Hence y = x 

and y = — 05 

are asjinptotesi. 
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Also when a? = ± a we see that y is infinite. 
Hence a? = a 

and a? = — a 

are asymptotes. 

We may now assign different values to a?, and note the 

corresponding values of y and -j- obtained from (1) and (2). 

Since the curve is symmetrical with respect to the axis of a?, 
we may confine our attention to the positive values of y. 

When aj = 0, y = 0, ^=±2- 

From a; = Otoa? = a, y\& possible. 

When x^ay y = Qo, -^ = 00. 

From a? = a to aj = 2a, y is impossible. 

When ' a? = 2a, ^ = 0, -^ = oo . 

cux 

When X is greater than 2a, y is possible. 

It is not necessary to give negative values to x in this 
example, because the curve is symmetrical with respect to 
the axis of y. 

If we draw the asymptotes and make use of the above 

list of particular values of y and -7^, we shall have sufficient 

materials for ascertaining the general form of the curve. If 

necessary, in any example, we may find ^, in order to 

determine the points of inflexion ; also by examining when ^ 

vanishes, we can determine the maxima and minima values 
of y. 

If we take the upper sign in equation (3), we have for 
the asymptote 

y-=-x (4); 

3a* 
and for the curve y = a; — — ^^ (^)' 
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When X is verjr large the terms included in the &c. of 

3a' 
equation (5) will be very small compared with ■---. Hence 

comparing (4) and (5) we see that corresponding to the same 
abscissa the ordinate of the curve is less than that of the 
asymptote, and therefore the curve lies below the asymptote 
as represented in the figure. 



s. 
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(1); 



341. Ex. (2). Suppose 

^ a;'-h3a 

therefore - -j = - H \ «- , "^ 5 

y ax X x — a x — 2a ic + 3a 

^^1 /\ x{x-a)[x-2a) U\ 1 1 1_ | 

dx 2V t a? + 3a ]\x x — a x — 2a x + Sa) 

(2). 

Also from (1) we have 
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If the three aeries be multiplied together we have 
^ /, 3a ^ 11a* \ 



= .(.-3a.-.) 



.(3). 



Hence 
and 
are asymptotes. 

Also from (1) 

is an asymptote. 

From (1) and (2) we have the following results, confining 
ourselves to the positive values of y. 



y = aj — 3a 
y = — a; + 3a 

aj = — 3a 




When a; = 0, ' y = 0, 

From aj = to a? = a, y is possible. 
When x = ay y = 0, 



dx 



= 00. 



^=00. 

dx 
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From a? = a to a; = 2a, y is impossible. 

When x = 2a, y = 0, ^='^- 

When X is greater than 2a, y is possible. 

When X is negative and between and — 3a, y is impossible. 

When a; = — 3a, y = QO, ^"°^' 

When a? lies between — 3a and — oo , y is possible. 

From (3) we see that the equation to the curve when x 
is very great is approximately 

n 11a' 
and whether x be positive or negative a; — 3a + — — is 

JuX 

numerically greater than x — 3a. Hence the curve lies above 
the asymptote. 

342. In the above examples the value of y is given 
explicitly in terms of x. In a similar manner we may pro- 
ceed if X is given explicitly in terms of y. But if the equa- 
tion connecting x and y does not admit of easy solution we 
must abandon this method. In such cases we may find the 
asymptotes by Art. 277 : we may determine the nature of 
the curve near the origin by a method exemplified in the 
next two articles; from these results we may obtain some 
idea of the form of the curve. By transforming the equation 
to polar co-ordinates we shall sometimes be enabled to trace 
it more accurately. ^ 

343. To determine the form of the curve 

x^"aya? + by^^O (1) 

near the origin. 

Suppose that near the origin the term hy^ can be neglected 
in comparison with the other two terms in (1) ; in that case 
we should have 

X* — ay a? = 0, 

therefore Qi?^ay. 
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This makes y vary as a^, and therefore y* vary as a?'. 
Hence the neglected term Jy' varies as a?*, while the terms 
retained, a?* and ayo^y vary as a;*. But by taking x small 
enough aj® can be made as small as we please compared with 
a?*, and therefore near the origin one branch of the curve may- 
be found approximately by neglecting hy^. The branch we 
thus obtain, being determined by the equation a?=ay^ is 
a portion of a parabola having its axis comcident with that 
oi y. 

Again, assume that near the origin the term ayc^ may be 
neglected in comparison with the others. We thus find 

therefore y varies as aj*. 

Hence the neglected term aysf would vary as x^^ ; that is 

10 

as a;* , while the terms retained would vary as a;*. But since 

10 

x^ can be made as greca as we please compared with a?* 
by taking x small enough, we do not obtain an approximate 
branch near the origin by neglecting aya?. 

Lastly, assume that a?* may be neglected near the origin ; 
then 

hy^ — ax^y = 0, 

therefore J>y^'~ «iK^ = 0. 

Hence y varies as a; ; the terms retained vary as a?' and the 
rejected term as x*\ and thus 



hf-ao^^O, ory=±aj^p 



will give us an approximation to the 
curve near the origin. 

The figure shews the nature of the 
curve near the origin ; AB is the para- 
bolic branch, and CD, GD\ are the two 
branches found by neglecting a?*. 
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The conclusions in this case may be verified by solving the 
given equation with respect to a?. We thus find 

Expand ij{a^—^ly) in powers oiy by the binomial theorem^ 
and take the upper sign, then 

Q?—ay approximately; 

with the lower sign 

a?= -^ approximately. 

In this manner, or bv transforming the equation into a 
polar form, we may complete the tracing of the curve. It will 
be found that the branches extending from the origin to G 
and B respectively, unite, thus forming a loop. The branch 
from the origin to D' extends to infinity, and has no recti- 
linear asymptote. The curve is obviously symmetrical with 
respect to the axis of y. 

344. Determine the nature of the curve 

near the origin. 

K we neglect aj* we have 

therefore j^z=i^ax. 

Hence x varies as y*; the rejected term varies as y®, while 
the terms retained vary as y*, and therefore we have in the 
parabola y* = — aa; an approximation to the given curve near 
the origin. 

Secondly, reject the term ai^x ; thus 

therefore y = ± a?. 

Hence y varies as x] the rejected term varies as a:', and 
the terms retained as a?*; hence this does not give us an ap- 
proximate branch. 

T. D. C. B B 
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Lastly, reject y*; thus 

a? 
therefore ^' = — • 

Hence y* varies as x^; the rejected term varies as x% 
and the terms retained as x\ and 
consequently we obtain an ap- 
proximate branch. 

The branch to the left of the 

axis of y is that given by i/^= — axy 

and the cusp to the right of the 

x^ 
axis of y is that given by y*= — . 

In this example, y' may be found 

in terms of x and the whole curve traced. 

345. We may observe that in the examples of the pre- 
ceding articles, the supposition which was found inadmissible 
near the origin, will be admissible for points at a very great 
distance from the origin. Thus if 

y^ + afx-x^ = 0, 

when X and y are indefinitely great, ay^x may be neglected in 
comparison with y^ and x* ; and y* = a;*, or y=± x, will be an 
approximation at points remote from the origin. If we find 
the asymptotes by Art. 277, we shall have 

to which y= ±x 

may be considered an approximation when x and y are inde- 
finitely great. 

346. Required the nature of the curve 

y^+xy*+ao[^y — bx^=0 
near the origin. 

Assume aa^y — bx^=0 
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as an approximation near the origin. Hence 

ay = hx, 
therefore y varies as a?, 

the terms retained vary as x% and those rejected vary as a?*, 
and we have therefore an approximation to the curve at the 
origin. If we examine all the six cases that present them- 
selves by retaining two of the terms of the given equation and 
rejecting the other two, we shall find that the only other 
allowable supposition is, that xy^ and bx^ can be rejected, and 

y^+ax^y = 0, 

or y* = — aaj* 

gives us an approximate branch. It will be easy to draw the 
branches we nave found; the equation y'= — aa;^ gives us a 
cusp, the two branches being on the two sides of the negative 
part of the axis of y. 

347. If in any examples we wish only to find the direc- 
tions of the tangents at the origin, we may arrive at them 
immediately, as shewn in Art. 105. 

Suppose y* + xy^ -h aa^y — hx^ = 0, 

therefore {y-\-x) (^) +a^-b = 0. 

\xj X 

Hence, when x and y vanish, we have 

Limit of- =^-. 
X a 

Besides this, the limit of - may have an infinite value, and 
this can be determined by examining if - has zero for a limit. 
The given equation may be put in the form 



y + a;+ - 



1.^ 
a — o- 



= 0. 



B B2 
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Hence one of the limiting values of - is zero. 

y 

In like manner, if 

we have y (-) + « (-) -a? = 0. 

Hence ^ has zero for one of its limiting values. Also from 
the given equation we may deduce 

Hence - has zero for one of its limiting values. Thus - 

mav he zero or infinity when x and y are indefinitely dimi- 
nished, and therefore the axes of x and y are tangents to the 
branches through the origin. 

348, We shall now give some examples of polar curves. 

Suppose r = a sec - , 

. 
J sm - 

therefore ^^3—0^ 

cos«^ 

tan<^ = r^=:3cot|. (Art. 279). 

Polar subtangent = r^ -j- = 3a cosec - . 

When « = r , ^ is infinite, and the polar subtangent = 3a ; 
3 2 ^ 3,yj. 

hence we have an asymptote. As 9 increases from to -^ , 

^ is positive, and r is positive and increases with 0. As 
ad 
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increases fix)in -2»to Stt, r is negative, and -^ is positive so 
that T numerically diminishes. 

To draw the asymptote we proceed thus: since, when 




^ = -— , r is infinite, and the polar subtangent is 3a, the eye 

must be supposed at looking along OF^ and a distance 
OG = Sa must be measured to the right of OF and perpen- 
dicular to it ; a line drawn through O parallel to OF is the 
required asymptote. 

As changes from to — the branch ABCD is traced 

out, cutting OA at right angles at A since tan ^ » oo when 

^ = 0. When 6 becomes greater than --- , r is negative, and 

according to the usual conventions with respect to sign, must 
be measured in a direction opposite to that which it would 
have if it were positive. For example, if the angle AOQ 
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measured in the ordinary way round from OA te V- 

M 4 



the corresponding value of r is 



3 V 2 "^4; 



or or - a V2 (V3 + 1) ; 



cos — sin — 

3 V 2 ^4; 12 

hence we take OP=a V2 (\/3+ 1) measuring it along QO 

3w 

produced. In this way, as changes from — to 37r, we 

obtain the portion ECFA of the curve. 

K we suppose negative, or positive and greater than 
37r, we shall only obtain repetitions of the branches already 
found. 

349. A very common mistake in drawing polar curves is 
made with respect to the asymptotes. For example, if r is 
infinite when a = 0, it is assumed that the initial line is an 
asymptote. This involves a double error, for in the first 
place it does not follow that because r is infinite there is an 
asymptote ; and secondly, if there be an asymptote it may be 
paraUel to the initial line instead of coinciding with it. 

For example, the polar equation to the parabola from the 
vertex is 

4a cos ^ 
8in^5 

Here when ^ = 0, r is go , but the curve has no asymptote. 
In the curve 



r = - 



Bin- 

when ^ = 0, r is infinite ; there is an asymptote, but it does 
not coincide with the initial line; it will be found to be 
parallel to it and at a distance 3a from it. 

350. Trace the curve 

a sind 



r = - 



• 

Digitized by VjOOQ IC 



Here 



TRACINa OP POLAB CURVES. 

dr _a {6 COS 0" sin 0) 
d0 ^ ' 



375 



As r is never infinite there is no asymptote ; r is positive 
from ^ = to ^=9r, negative from ^ = 7r to = 2'ir, and 
so on. 

When ^ = 0, tan <f> assumes the form - ; on examination it 

will be found infinite. 

The curve begins at -4, crossing the initial line at right 




angles, since there. tan ^ is infinite : as changes from to tt 
the portion ABO is traced out; as changes from nr to 27r 
the portion ODEFO is traced out, and so on. The curve 
forms an infinite number of loops, each smaller than the pre- 
ceding and all passing through 0. 

If we ascribe negative values to we obtain the dotted 
part lying lehw the line OA. 



351. Trace the curve 



r = 



1+^; 
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In this case the curve begins at the pole and makes 




an infinite number of revolutions round it ; r can never bc>« 
come so great as a, to which value however it continually 
approaches. Hence r = a is the equation to an asymptotic 
circle, to which the curve continuaUy approaches as increases 
without limit. 

If we give to negative values, we have a branch similar 
to that obtained from positive values of 0. It is represented 
in the figure by the dotted portion. 

352. We shall now give the equations and the figures of 
a few curves which frequently occur in problems. 

The Logarithmic Cvr&e, 
The equation to this curve is 

or, which is an equivalent form, 

y = Ja*. 

The curve extends to infinity 
both in the positive and negative 
directions of the axis of x. As x 
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is increased ntuiierically in the negative direction, y tends 
to the limit zero, so that the axis of x is an asymptote. 

353* The Catenary. 

The equation to this cnrve is 



It is the curve in which a flexible string 
would hang if suspended from two points, 
as is shewn in works on Statics, 




354. The Logarithmic Spiral. 
The equation to this curve is 

r^le% 
or r = ha^. 

Taking the first form we have 

dd 
tan = r -1- = c. 

Since ^ is thus constant the curve is also called the 
equiangular spiral. 




The dotted part arises from negative values of 0. 



Digitized by VjOOQ IC 



378 SPIRAL OF ARCHIMEDES. CYCLOID. 

: 355. The Spiral of Archimedes. 

r = aO, 




356. The Cycloid. 




The cycloid is traced out by a point in the circumference 
of a circle as the circle roUs along a straight line. 

Let Ax be the line along which the circle rolls ; 

M the fixed point in the circle BMC which traces out 
the cycloid ; 

A the point in the liae Ax with which M was 
originally in contact; 

the centre of the circle: 

AP^x, MP^y, MOB=^^, OB^a. 

The arc MB^atf), and by the nature of the curve it ia 
equal to AB; 

therefore x = a<f> — PB ^a^-^a sin ^, 

y^a — a cos ^. 

If we eliminate ^ we have 

x^a cos'^ — V(2ay — y*)« 
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357. From the last equation we have 

— = /f-^—] 
dy \/\ia-y)' 

Hence the equation to the tangent at M\b 



and to the normal 



?'-*--\/(s^>''-'''- 



If in the last equation we put y = 0, we have 

aj' — aj = tj\y (2a —y)} = a sin ^ = PB. 

Hence MB is the direction of the normal at Jf, and therefore 
MG is the direction of the tangent at M. 

If in the equations of Art. 356 we put <^ = tt, we have y =2a 
and a; = aTT as the co-ordinates of the vertex E. Hence 

PD = aTT- a^ + a sin ^ 

= a(tf + sin^), if ^ = 7r-<^. 

Also the distance of if from a line through E parallel to Ax is 
2a — a (1 — cos <f>) or a (1 — cos 0). 

358, If we take the vertex as the origin, and the tangent 
at that point as the axis of y, we have by the last article 



aj = ^iV=a(l-cos^)r 



.(1). 




Describe a semicircle on AD as diameter : let PN meet 
this circle in if, and join if with the centre ; then 

^iV^=a(l-cos.40if); 

therefore A OM^ 0. 
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y = acos " — ^ + V(2«» — a?)« 



.(2). 



Since the arc AM=^ a0, it follows that 
i¥P=arc^if. 
From (1) we have 

^^a — oo 
a 

therefore | = ^(?^). 

Its denote the arc JJP, we have 

therefore « = V (8««) , 

as will appear from the Integral Calculus. 

The normal to the curve at P is parallel to MD, as we 
may see from Art. 357 or from an independent investigation, 

6y the property of the circle it follows that 

MD = 2a cos - . 
*t 

If we investigate the value of the radius of curvature at P 
we shall find it to be twice MD, that is, 

Q 

4a cos - , or 2 V(4a^ — 2aa?). 
359. The evolute of the cydoid is an equal cydoii. 



J^ ^y 



For it appears hy Art. 358 that the radius of curvatme at 
a point -Jf of a cycloid is twice MN, Hence if we produce 
mN to 0, making NO = MN^ is the centre of curvature 
corresponding to the point M. Draw EIB and make lB=2a; 
draw BC parallel to UD; the circle described on NC as 
a diameter will pass through 0. 
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The arc NO = arc MN and therefore = -4^, 

therefore arc 0(7= NI== CB. 

Hence is a point in a cycloid generated by rolling a circle 
of radios a along BC. Hence the evolute of the cycloid 
AEA' is composed of the two semi-cycloids AB and A'B. 

360. The epicycloid is the curve traced out hy a point in 
the perimeter of a circle which rolls on the outside of a fixed 
circle. 




Let and C be the centres of the fixed and revolving 
circles respectively, B the point of contact, P the tracing 

Soint, A its initial position. Take OA as the axis of x ; 
raw GNy PM^ perpendicular to the axis of x. Let 

OB^a, BG^h, AOB^e, BCP=^4>. 

Then x^ON+NM 

= (a + S)cos^ + j8in {<f>-i^ + 0) 

= (a + b) COS0 -b cos {^ + 0). 

But the arc AB^ the arc jKP, by the mode of generation, 
that is, atf =: b<f>, therefore 

a; = (a + J) cos ^ — J cos — r— ^. 

Similarly y = (a + J) sin ^ — & sin , 6. 

The hypocycloid is the curve traced out by a point in the 
perimeter of a circle which rolls on the inside of a fixed circle. 
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EPICYCLOID. HYPOCTCLOID. 

It may be found by a method similar to the above that for 
the hypocycloid 

a?= (a — J) cos ^ + J cos — T — 0^ 

y = (a — J) sin ^ — J sin , 6. 

361. The radius of the rolling circle may be greater or 
less than the radius of the fixed circle both in the epicy- 
cloid and in the hypocycloid; it is however easy to infer 
from the figure that a hypocycloid in which the radius of the 
revolving circle is greater than that of the fixed circle may 
be counted as an epicycloid. This can also be shewn from 
the equations. For in the equations to the hypocycloid put 

— — 0=^<f>; then those equations may be written 

x=^{a + b—a) cos ^ — ( J — a) cos — v ^, 

y= (a + J— a) sin^— (5 — a) sin — 7 — —^<f>l 

these are the equations to an epicycloid in which the radius 
of the fixed circle is a, and the radius of the rolling circle 
is J — a. 

Similarly we may shew that a hypocycloid in which the 
radius of the rolling circle is greater than half the radius of 
the fixed circle may be counted as a hypocycloid in which the 
radius of the rolling circle is less than naif the radius of the 
fixed circle. Thus we can obtain afl epicycloids and hypo- 
cycloids if in addition to epicycloids we take hypocycloids in 
which the radius of the rolling circle is less than half the 
radius of the fixed circle. 

362. If a and h are in the proportion of two whole num- 
bers we may eliminate between the two equations which 
determine an epicycloid or a hvpocycloid, and thus obtain the 
equation to the curve in an algebraical form^ For example, 
suppose in the hypocycloid that a = 45 ; then 
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a? = 3 J COS ^ + J COS 3^ = 4J cos^ 0, 

y = 3isin^-Jsin3^ = 4Jsin*^; 

therefore a?^ + ^* = a*. 

If in the hypocycloid we suppose a = 2i, we obtain 

X = 2b cos and y = ; 

thus y is always zero and x may have any value between — a 
and + a ; therefore the curve reduces to a diameter of the fixed 
circle. 

363. If in Art. 360 the describing point, instead of being 
on the perimeter of the rolling circle, is on a fixed radius 
of that circle, but either within or without the perimeter, the 
curve generated is called the epitrochoid when the rolling 
circle moves on the outside of the fixed circle, and the hypo- 
trochoid when the rolling circle moves on the inside of the 
fixed circle. In the former case we have 

a; = (a + J) cos ^ — mb cos —r— 0, 

y = {a + b)sia0 — mb sin — r — 0^ 
and in the latter 

x = (a — b)cos0 + mb cos , 0, 

yr={a — b) sin^ — w&sin— 7 — 0j 

mb being the distance of the describing point from the centre 
of the rolling circle. 

364. If a circle roll along a straight line the curve traced 
out by a point in the perimeter of the rolling circle is, as we 
have already stated, called the cycloid. If the describing 
point be outside the perimeter the curve is called the prolate 
cycloid, if inside, the curtate cycloid ; the term trochoid is also 
used to denote both the palate cycloid and the curtate cycloid. 
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The equations 

x = a{l — mcoa0)y 

will represent a prolate cycloid, a common cycloid, or a 
curtate cycloid, according as m is greater than unity, equal 
to unity, or less than unity. See Art. 358. 

EXAMPLES. 
Trace the following curves : 
1. t^ = aa?-x\ 2. y = a'-a?'. 

3. t^{x'-a)^{x + a)a?. 4. nff ^cf{a?'-f). 

5. ^(aj-4a)=aa?(a? — 3a). 6. (ai* + ^)' = 4aV^. 

7. y* (2a '-x)=a?. (The cissoid.) 

8. a?y = (a* - y) (* 1 2^)'- C^^® conchoid.) Transfer the 

origin to the point (0, — b) and then change to polar 
co-ordinates and we have for the equation 

r = b cosec ±a. 

9. {a?'\-jff^a^ (»"-y)- (The lemniscata.) 

10. r = a^sin^. 11. r = a(^+sin^. 

12. rsin^ = acos'^. 13. r=:logsin^. 

14. f^ cos ^ = a" sin* 3^. 15. 7^cos« = a'sin'*«. 

16. r(«-sin«)=a(« + sin«). 

17. r = a (1 - cos 6). (The cardioide.) 

18. r0 = a. (The hyperbolic spiral.) 

19. Find the equations to the tangent and normal at the 

point P in the epicycloid. See Fig. to Art 360. 
Shew that the normal at P passes through B. 

20. Trace the curve determined by the equations 

a; = a (1 — cos ^), y==a^; 
this curve is called the companion to the cycloid. 
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21. Obtain in an algebraical form the equation to the epi- 

cycloid for which a = 2&. 

Result. 4.{x^-\-y''-ay = 21a'y\ 

22. Shew that when a = J the epicycloid becomes the car- 

dioide. 



23. Trace the curve whose equation is r = a cos - ; and 

tj 

shew that if A be the point where the curve meets the 
prime radius produced backwards and P8QR any 
chord drawn tnrough the pole 8 meeting the curve 
in P, Q^ and R, the angles PA Q and QAR are each 
60°, and the angle AoQ equal to thrice the angle 
APS. 

24. Shew that the equations 

r = a — atan^ and 2a = r — rtan^ 

represent the same curve in diflferent positions, and 
that the radii vectores to the points of intersection 
bisect the angles between the tangents at those points. 

25. Trace the curve ^ = sin - log f m sin - J , (1) when m is 

greater than unity, (2) when m is equal to unity, 

(3) when m is less than unity and greater than the 
reciprocal of the base of the Napierian logarithms, 

(4) when m is less than the reciprocal of the base of 
the Napierian logarithms. 



T. D. C. C C 
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CHAPTER XXVII. 

ON DIFFERENTIALS, 

365. In the preceding pages we have giyen the proposi- 
tions usually found in treatises on the Differential Cfalculus, 
and have used the method of limits in all the demonstrations. 
We now offer a few remarks on another method of treating 
the subject. 

In the expansion of f{x + A) by Taylor's Theorem, the 
coefficient of A was shewn to be that function of x which we 
had called the differential coefficient oif(x) with respect to x. 
Lagrange prbposed to define the differential coefficient oif{x) 
with respect \x> x as the coefficient of h in the expansion of 
y(aj + A), and thus to avoid all reference to the theory of 
limits. Lagrange's views were propounded towards the close 
of the last century and were generally adopted by elementary 
writers. 

One objection to this method is its use of infinite series 
without ascertaining that those series are convergent^ and the 
proof that f{x + h) can always be expanded in a series of 
ascending powers of h, which is made the foundation of the 
Differential Calculus, labours under serious defects. Another 
objection is that it is impossible to avoid introducing the 
notion of a limit in the applications of the subject to geometry 
and mechanics ; the definition of the tangent line to a curve 
may be given as an example. 

366. Nearly all the recent treatises on the Differential 
Calculus have followed the method of limits, and the only 
point of importance in which a difference exists among them 
is with respect to the use of differentials. In the present 

work ^ has been defined as one symbol, thus — ify = ^ (a?) 
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the limit of — V — ^ when h is indefinitely diminished 

is denoted hy -j- • Some writers add the following words — the 

quantities dx and dy are called the differentials of x and y 
respectively; their absolute values are indeterminate, and they 
may be either finite or indefinitely small provided their relative 

magnitudes he such that -^ is equal to the limit ahove mentioned. 

With this meaning attached to dy and dx such equations 
may occur as 

dy = <^' (x) dxy 

where <^'(a?) Is the differential coefficient of ^ {x) or y. 

Equations expressed by means of differentials are in 
general capable of immediate translation into the language 
of differential coefficients. For example, if x and y be co- 
ordinates of a point on a curve and be functions of a third 
variable t, and if s denote the corresponding arc of the curve 
beginning at some fixed point, we have, by Art. 307, 

fdx\\fdy^^ fdsV 
[dij "^ [dtj [dtj ' 

and by differentiation 

dx cPx dy d^y ^ds cPs 
It W^di Wdt de' 

A writer who uses differentials will express these results thus, 

da^ + di^ = d^, 

dxd^x + dyd^y = dsd^s. 

The student may look upon the latter as merely abbreviated 
methods of writing the previous equations, and may take 
dx, dy, d'x, ... as standing for 



dx dy cPx , . • 

W' i' -^^....respectiTely. 



367. Let w be a function of any number of variables, 
for example three, so that w = ^(a?, y, «). If we suppose 

CC2 
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Xj tfj Zj all functions of a variable t, and for shortness put 



du J. dx j^ dy J. dz j. 



we have 

^=©^^0^^©^^ (•)• 

In works on the Differential Calculus, which use differentials, 
we find an equation similar to the above occurring at an 
early period, namely, 

The introduction and use of this equation form the principal 
difference between such works ana one which, like the pre- 
sent, uses only drffhrenttal coefficients. To establish (2) the 
following method is adopted. 

Let u=^<f>{x, y, z), 

and u + Au = ^{x + Ax, y + Atf, z + Az)^ 

therefore 

Att =^{x + Ax,y + Ay, « + A«) - <^ (a?, y, z) 

_ ^ (a; 4- Aa?, y + Ay, g + Ag) -<f>{x, y+Ay,z+Az) 
Ax 

<l>{x, y + Ay, g + Ag)-<^(a?, y, z + Az) 

Ay ^ 

4> {x, y, g-f Ag) -<^ (a;, y, z) ^^ ^ 

If Aa?, Ay, and Ag, diminish without limit, the quantity 

^(a? + Aa?, y + Ay, g+ Ag) -^ (a;, y + Ay, z + Az) 
Ax 

approaches the limit (-^\ . If then we put for this quantity 

f^j + af we know that a diminishes without limit when 
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Ao;, Ay, and A2;, do so. In this manner we may deduce from 
(3) the equation 

a».|(«)+,}^4|)+4a,+|(|)+,}a......(.). 

where a,/8,7, all diminish without limit when Aa;, Ay, A«, do 
so. If then du, dx, dy^ and dz^ denote quantities whose abso- 
lute magnitudes ate undetermined, but whose relative magni- 
tudes are those to which Am, Aa?, Ay, and Ajs, respectiveljr 
approach as their limits when they are all indefinitely dimi- 
nishied, we have 



*-©^+(i)*-©^- 



Having thus proved (2), we give an example of its 
application. Since in establishing (2) we had no occasion to 
consider whether a;, y, and z, were independent or not, the 
result is universally true, whatever relation be given or sujp- 
posed between the variables. If, for example, ^ (a?, y, z) is 
always = 0, we have 

©^Hl)*^©*-" <')• 

Now if <^ (a;, y, z)^0 is the only equation connecting x, y, 
and Zf we may if we please vary x and z without changing y. 
Hence in the preceding investigation Ay = throughout, and 
therefore in (5) rfy = ; thus we have 



Hence 



{thH^)^-o w- 

dz _ \dx) 
dx" 7^' 
\dz) 



where -?- is the differential coefficient of 0, sil^posing x to 
vary and y to be constant. See Art 188. 

368. It would occupy too much space if we were to pro- 
ceed further with the subject of differentials^ Differential 
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coefficients liave been used exclusively in the present work, 
from the conviction that the subject is thus presented in the 
clearest form, and that if some of the operations are thus 
rendered a little longer than they would otherwise be, there 
is at the same time far less liabili^ to error. The equation 
(2) is certainly of great use in applications of the Differential 
Calculus, particularly in the higher parts of the Geometry of 
Three Dimensions: after the remarks already made, the 
student will probably find little difficulty in those applications. 
Perhaps he may be ftirther assisted by referrmg to the 
theorem for the expansion of a fimction of three variables. 
If t* = ^ (a?, y, 2? ), we have 

<l> {x + h, y + kf « + Z) — ^ (a?, y, z) or Aw 

where B involves squares and products of A, i, Z. Hence the 
smaller h, k, Z, are taken, the smaller is the error contained in 
the assertion 

dx ay dz 



MISCELLANEOUS EXAMPLES. 

1. Given w = sin"* V^ — V(^ — a^j 

V = cos"* (a?* a*) — {^orc^ — x'a»)% 

find 3". 
dv 

2. Find the maxima and minima values of (sin a;)**^*. 

3. Find the area of the greatest isosceles triangle that can 

be inscribed in a given ellipse, the triangle having its 
vertex toincident with one extremity of the major axis. 

4. APFB is a semicircle Whose diameter is JLB, and PP is 

parallel to AB. Draw AP and BP^ and let them meet 
m Q ; find the position of P and F so that the triangle 
PQP may be a maximum. 

4 
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5. A figure made up of a rectangle and an isosceles triangle 

is inscribed in a semidircle ; determine its dimensions 
so that its area may be a maximum. 

6. Find the cone of least surface, excluding the base, that 

can surround a given sphere, 

BesuU. The sine of the semivertical angle = V2 — 1. 

7. Find the cone .of least surface, including the base, that 

can surround a given sphere. 

Remit. The sine of the semivertical angle = J. 

8. Find the maximum value of cos d cos ^ cos -^j where 

e + if^^-'^^ir. 

9. Transform ^+^ = ^> by assummg 

10. An equation between three variables contains n arbi- 

trary functions of one of them, and 4w'-- n — 1 arbitrary 
constants ; shew that generally the equation must be 
differentiated at least An — 2 times in order that the 
functions and constants may be eliminated. 

11. If F be any function of a, y, z, and F' the value of F 

when vw is substituted for x^ wu for y, and uv for z ; 
then 

,cfF ,^F. ,^F. i?F . d^V £?F 

If .^v'.d^r^ ,£?Fi 

12. If y = e*'+e"**, and « + ice"***=0, prove that the general 

term in the value oiy when expanded in a series is 

g!{(2n + ir-(2«-in. 

13. If y = a; + a^(y) + i8^(y) + , then 

i^(y)=i?'H+...+|^,[i^(a,){«f(a,)+^^(a:) + ...n + ... 
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14. If y = » + a:<^(y), and y = «' + a;''^(y'), z and z being 

independent variables, rihew that the general term in 
the expansion of/(y, y') in powers and products oi x 
and X is 

Find the coefficient of a?x in the expansion of 
cos {ay+at/'), when y=«+a;siny, and y'=z'+x' siny. 

15. In any curve the part of the tangent between the point 

of contact and the perpendicular from the origin on the 

tangent is equal to ~-y- . 

16. Shew that the equation to the normal at any point of a 

curve may be put under the form 

x—x y—y 
dPx " cTy * 
d? ds' 

Shew that this equation is the analytical expression 
of the fact, that if a tangent be drawn to a curve at 
any point P, and in the tangent FT be taken equal to 
the arc PQ and on the same side of F, then the line 
QTiB ultimately perpendicular to the tangent. 

17. In the ellipse the focal distance cuts the curve at an 

angle, the tangent of which is a mean proportional be- 
tween the tangents of the angles at which the corre- 
sponding diameter and a parallel through the point to 
the transverse axis cut the curve. 

18. If a curve be referred to axes inclined at an angle a to 

each other, prove that the radius of Curvature is 
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19. The equation to a parabola referred to any two tangents 

being (-] +(t) =1, shew that the radius of cur- 

2 ■ 

vature is -j—, — {ax — 2 cos a s/{ahxif) + hyy^ where a 

is the inclination of the tangents ; and thence find the 
co-ordinates of the vertex assuming that the curvature 
is a maximum at that point. 

20. If a curve pass through the origin and touch the axis 

of y, the diameter of the circle of curvature is equal 

to the limit of ^ ; if it touch the axis of x the diameter 
is equal to the limit of — . 

21. K a curve pass through the orlrin at an inclination a to 

the axis of «, shew that the diameter of curvature at 

• \ a?* + 1/* 

the oririn is the limit of — ; ^ . Hence, shew 

° ajsma— ycosa 

that the radius of curvature at the origin of the ctirve 
y+2ay — 2aa; = is 2»j2a. 

22. If ^ be the anele between the tangent and the radius 

vector of a polar curve, prove that the radius of cur- 

. , rcosec6 
vature is jT . 

^ de 

23. The equations to an epicycloid being 

0? = a (2 cos d — cog 20) , 
y«=a(2 8ind-fiin2^, 
find /), and shew that the evolute is an epicycloid in 

which the radius of each circle is - . 

24. In the curve y = a:* — ia^*-- l^a?^ find the nature of the 

curve at the points aj = 3, — 1, and |(1 ± V^). 

25. Shew that the curve y « e^ has points of inflexion when 
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26. In any curve the equation ^+1=0 holds at a point 

of inflexion, and ^ being the angles which the prime 
radius and tangent make respectively with the radius 
vector. 

dv • 

27. Is -52i necessarily of the form - at a multiple point? 

au 

28. K (a, )8) be a point of the curve <l> (a;, y) = 0, through 

which pass n tangents, the locus of all the tangents 
at that point is expressed by 

29. Find the singular points in the curves 

and y*-2icy + 2ai"-ic'=0. 

30. Find the nature of the curve 

at the point a; = 2. 

31. Determine the point of inflexion in the curve 

y = ic'-.9a"+24a;-16. 

32. From the pole of the curve r — Aaf perpendiculars are 

drawn upon the tangei^t ; through the points of inter- 
section of the perpendiculars with the tangents, lines 
are drawn parallel to the radii vectores ; shew that the 
equation to the locus of the ultimate intersections of 
all such lines is 

T^A cosaa^ 
where cot a = log a. 

33. If radii vectores of an equiangular spiral be diameters of 

a series of circles, the locus of the ultimate intersections 
of the circles will be a similar spiral. 

34. K a semicircle roll along a straight line, the (^urve to 

which its diameter is always a tangent is. a cycloid. 
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35. If a cycloid roll along a straight line, the equation to 
the curve which its base touches is 



H'<i))H&f 



36. A series of circles is described having their centres on an 

equilateral hyperbola and passing through its centre, 
shew that the locus of their ultimate intersections will 
be a lemniscate. 

37. Examine the nature of the following curves at the origin : 

y* + 2a/a; + OJ* - 2aic' = 0, 

ct 
y* — 4icy {ay — bx) — a;* = 0, 

38. Trace the curve a^y +{a?- a') {a? — i*) = 0, and shew 

that the breadth ofeach closed portion is twice as great 
in the direction of y as in that of x. Prove also that 
when b approaches a as its limit, each of these portions 
is ultimately similai' to an ellipse. 

39. Trace the curve (aj^-ay+(y*- jy=a*. Shew that 

when J = a it reduces to two ellipses. 

40. If a conic section whose focus is at the pole of a given 

cmrve have with the curve a contact of the second 
order at the point (w, 6) the equation to the conic sec- 
tion, will be 

[ ^ 1 

41. A given curve rolls on a straight line, explain the 

method of finding the locus of the centre of curvar: 
ture at the point of contact of the curve and straight 
line. 

If the rolling curve be an equiangular spiral the re- 
quired locus will be a straight line; if a cycloid a 
circle; and if a cate^ary a parabola. 



Digitized by VjOOQ IC 



396 MISCELLANEOUS EXAMPLES. 

42. Bright-angled triangles are inscribed in a circle ; if one 

of the sides containing the right angle pass through 
a fixed point, find the curve to which the other is 
always a tangent. 

where a and h are the co-ordinates of the centre of the 
given circle and c its radios, the fixed point being the 
origin. 

43. Determine the equation to the envelop of all the equi- 

lateral hyperbolas which have a common centre and 
cut at right angles the same straight line. 

BeauU. a" + 3 (oay)* - y* + a* =0, 

where x = a represents the given straight line. 

44. Find the envelop of the axis of a parabola having a 

focal chord given in position and magnitude. 

Result. a;' + y' = c'; the origin being the middle 
point of the given chord, and one of the axes coinciding 
with that chord. 

45. A system of ellipses is described such that each ellipse 

touches two rectangular axes, to which its axes are 
parallel, and that the rectangle under the axes of 
the ellipse is constant; prove that each ellipse is 
touched by two rectangular hyperbolas, the rectangle 
under the transverse axes of which is equal to the 
rectangle under the axes of any one of the ellipses. 

46. -4, 5, are the centres of two equal circles, and -4P, BQ^ 

are two radii which are always perpendicular to each 
other ; find the curve which is always touched by the 
right line PQ^ and explain the result when 

47. Trace the following curves : 
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a (aj* + 7aj*y + 7a^* + y») - a^y = 0, 

2^- 5aaj'/ + a;' = 0, 

y = e-V(^'-l), 
e^"^ =sm-, 

r^ sin ^ = a* COS 2^, 

48. 8 and jET are two fixed points, and a curve is described 

such that, if P be any point in it the rectangle con- 
tained by 8P and HP is constant; shew that the 
straight lines drawn from ;S^ at right angles to SP and 
from -ffat right angles to HP meet the tangent at P in 
points equidistant from P. 

49. I£/f-, t) be a rational homogeneous ftmction of -, t 

of n dimensions, shew that the envelop of the curves 

represented by the equation /(-, f) = ^> under the 

condition ab = constant, consists in general of n rect- 
angular hyperbolae having the axes as asymptotes, 

50. K any quadrilateral ABCD change its form, its sides 

remaining constant, prove that the variations of the 
angles A, B, (7, 1) are ultimately in the game ratio as 
the areas of the triangles BCD, GDA, DAB, ABG. 
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51. In Art. 274, if ^ = w — 1, we have approximately when 

X and y are very large 

^-^+i wherei--^^^^- 
^-/*i+^, where^ ^,^y 

shew that if j = n— 5, we have by continuing the 
approximation 

Hence shew that in general the two extremities of 
the rectilinear asymptote are on opposite sides of the 
curve. 

52. In Art. 275, if ^ = w — 1, we have approximately when 

X and y are very large 



l-a +(^\^ where ^ ^±M.. 



shew that if q=n — 2, we have by continuing the 
approximation 



V /A\* B 



^here B^-tM.rO^lA 
_ x(m.) + j^>^ + |f V.) + J ^'>.) + f f V.)}^ 



CAXBRIDGB: FBINTBD FT G. J. CLAY, NJU AT THE triTIYBBSITT PKBSa 
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6. A Treatise on the Integral Calculus and its Ap- 

plications; with numerous Examples. Crown 8vo, cloth, los. 6d. 

7. A Treatise on Analytical Statics; with nume- 

rous Examples. Second Edition^ revised and enlarged. Crown 8vo, 
cloth, 108. 6d. 

8. Examples of Analytical Geometry of Three 

Dimensions. Crown 8to, doth, 49. 



' Preparing for Publication^ 

A Critical History of the Progress of the Calculus 

of Variations during the Nineteenth Century. 
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mOR, OOXiLBQ-BS ANI> SOHOOXiS. 



ABITHMETIC AND ALGEBSA IN THEIB 
PRINCIPLES AND APPLICATIONS. 

WITH NUMEEOUS EXAMPLES, SYSTEMATICALLY 
ARRANGED. 

JBy BARNARD SMITH, M.A, 

Fellow of St. Peter's College, Cambridge. 



Seventh Edition. 696 pp. (i860). Crown 8vo. strongly bound 
in cloth. 108, 6d. 

The first edition of this work was published in 1864. It was primarily 
intended for the use of students in the IJniyersities, and for Schools 
which prepare for the IJniyersities. It has however been found to 
meet the requirements of a much larger class, and is now in use in 
a large nimiber of Schools and Collegea both at home and in the 
Cdonies. It has been found of great service for students preparing 
for Middlb-Class and Civn. and Milita&y Seryicb Examinations, 
from the care that has been taken to elucidate the principles of all the 
Eules. Testimony of its excellence has been borne by some of the 
highest practical and theoretical authorities; of which the following 
from the late Dean Peacock may be taken as a specimen : 

" Mr. Smith's Work is a most useful publication. The Rules are 
stated with great clearness. The Examples are well selected and worked 
out with just sufficient detail without being encumbered by too minute 
explanations ; and there prevails throughout it that just proportion of 
theory and practice, which is the crowning excellence of an elementary 
work." 
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ARITHMETIC. 

FOR THE USE OF SCHOOLS. 

By BARNARD SMITH, M.A. 

New Edition (1861), 348 pp. Crown 8 vo. strongly bound in 
cloth. 4«. 6d. Answers to all the Questions. 

KJSir to the above, containing Solutions to all the 
Questions. Crown 8vo. 392 pp. (i860). 8«. 6d. 

EXERCISES IN AEITHMETIC. Paet I. 48 pp. 
(i86o)r Crown 8vo. Is. — Part II. 56 pp. (i860). Crown 
8vo. U, Answees, 6d, The Two Parts bound together. 2». 
Or with Answees. 2«. 6d. 

To meet a widely expressed wish, the ARITHMETIC was published 
separately from the larger work in 1854, with so much alteration as was 
necessary to make it quite independent of the ALGEBRA. It has now a 
large and increasing sale in all classes of Schools at home andin the Colonies. 
A very copious collection of Examples, under each rule, has been embodied 
in the work in a systematic order, and a Collection of Miscellaneous Papers 
in all branches of Arithmetic have been appended to the book. 

The EXERCISES have been published in order to give the pupil 
examples of every rule in Arithmetic, and they have been carefully com- 
piled from the latest University and School Examination Papers. 



ALGEBRA. 

FOR THE USE OF COLLEGES AND SCHOOLS. 

By L TODHUNTERy M.A. 

Fellow and Head Lecturer of St. John's College, Cambridge. 

Second Edition. 516 pp. (i860), strongly bound in cloth. 
7«. 6d. 

This work contains all the propositions which are usuallv included 
in elementary treatises on Algebra,, and a large number 01 Examplea 
for Exercise. The author has sought to render the work easily intelligible 
to students without impairing the accuracy of the demonstrations, or 
contracting the limits of the subject. The examples have been selected 
with a view to illustrate every part of the subject, and as the number 
of them is about sixteen hundred andjiftyy it is hoped they will supply 
ample exercise for the student. Each set of examples has been carefrdly 
arranged, commencing with very simple exercises, and proceeding 
gradually to those which are less dbvious. 
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ABITHMETIC IN THEOBT AND 
PRACTICE. 

FOR ADVANCED PUPILS. 

By J. BROOK SMITH, M.A, 

St. John's College, Cambridge. 

Pabt I. Crown 8vo. cloth. 3*. 6d.^ 

This work forms the first part of a Treatise on Arithmetic, in which 
the Author has endeavoured, from very different principles, to Explain in 
a full and satisfeuH^ry manner all the important processes in that subject. 

The proo& haye in all oases been given in a form entirely arithmetical : 

* for the author does not think that recourse ought to be had to Algebra 

until the arithmetical proof has become hopelessly long and perplexing. 

At the end of every chapter several examples have been worked out at 
length, carefully pointing out the best practical method of operation. 



A SHOBT MANUAL OF ARITHMETIC. 

By C. W. UNDERWOOD, M.A. 

Vice-Principal of the Collegiate Institution, Liverpool. 
Fcp. 8vo. 96 pp. (i860), limp cloth. 28. 6d. 

■ The object aimed at by the Compiler of this Mantiol is to bring before 
junior stuoents so much of the Theory of Arithmetic as may be fairly ex- 
pected of them, and to present it in such a form that the study of the 
Science may become to some extent a mental training. It ifl rather a 
Orammar of Arithmetic than a treatise on that subject, and should for 
the most part be committed to memory. It will be found well adapted 
for vivd voce examination, and enable candidates to prepare themselves 
for the Local University Examination. The Definitions are briefly and 
carefully worded. Each rule is stated so as to include tiie proof of it 
where this was possible. 
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PLANE TBIGONOMETBY. 

FOE SCHOOLS AND COLLEOES. 

By I. TODHUNTER, M.A. 

Seooitd EDiriOK. Crown 8vo. ^79 pp. (i860), strongly bound 
in cloth. 5«. 

The design of this work has been to render the subject intelli- 
gible to beginners, and at the same time to afford the student the 
opportunity of obtaining all the information which he will require on 
this branch of Mathematics. Eaich chapter is followed by a set of 
examples; those which are entitled Miseettaneotu Example8^ together 
with a few in some of the other sets, nmy be advantageously reserved 
by the student for exercise after he has made some progress in the 
subject. As 'the Text and Examples of the present work have been tested 
by considerable experience in teaching, the nope is entertained that they 
will be suitable for imparting a sound and comprehensive knowledge of 
Plane Trigonometry, together with readiness in the application of this 
knowledge to the solution of problems. In the Second Edition the hints 
for the solution of the Examples have been considerably increased. 



SFHEBICAL TRIGONOMETBT 

FOE THE TTSE OF COLLEOES AND SCHOOLS. 
By I. TODHUNTER, M.A. 

■^. 

>v 

■L 112 pp. Crown 8vo. (1859), strongly bound in cloth. 4*. 6d. 

"%. 

% This work is constructed on the same plan as the Treatiae on Flam 

s^ Trigonometry^ to which it is intended as a sequel. Considerable labour 

has been expended on the text in order to render it comprehensive and 
r^ aoourate, and the Examples, which have been diiefly selected from 

l* University and College Papers, have all been carefiilly verified. 
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PLANE TRIGONOMETRY. 
An Elementary Treatise. 

WITH A NUMEBOUS COLLECTION OF EXAMPLES. 

By R. D. BEA8LEY, M.A. 

Head Master of Grantham School. 

1 06 pp. (1858), strongly bound in cloth. 3*. 6d. 

This Treatise is specially intended for use in Schools. The choice 
matter has been chiefly guided by the requirements of the three da^ 
Examination at Cambndge, with the exception of proportional parts : 
logarithms, which have been omitted. About four hundred exampl 
have been added, mainly collected from the Examination Papers of tl 
last ten years, and great pains haye been taken to exclude from the boc 
of the work any which might dishearten a beginner by their difficulty. 



PLANE AND SPHERICAL 
TRIGONOMETRY. 

WITH THE CONSTEUCTION AND USE OP TABLES 01 
LOGARITHMS. 

By J. a SNOWBALL, M.A. 
Late Fellow of St. John's College, Cambridge. 

l^inth Edition. 240 pp. (1857). Crown 8vo. 7*. 6d, 

In preparing a new edition, the proofs of some of the more in 
portant propositions haye been rendered more strict and general ; ai 
a considerable addition, of more than two hundred examples, take 
principally from the questions in the Examinations of Colleges and tl 
Uniyersity, has been made to the collection of Examples and Problen 
for practice. 
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ELEMENTABT TBEATISE ON 
MECHANICS. 

WITH A COLLECTION OP EXAMPLES. 

By S, PARKINSON, B,I). 

Fellow and Praelector at St. John's College, Cambridge. 

Second Edition. 345 pp. (1861). Crown. 8vo. Qloth. g8,6d. 

The Author has endeayoured to render the present yolmne suitable as 
a Manual for the junior classes in Uniyersities and the higher classes in 
Schools. With this object there haye been included in it those portions of 
theoretical Mechanics which can be conyeniently inyestigated without 
the Differential Calculus, and with one or two short exceptions the 
student is not presumed to require a knowledge of any branches of 
Mathematics beyond the elements of Algebra, Geometry and Trigo- 
nometry. A collection of Problems and Examples has been added, 
chiefly taken from the Senate-House and College Examination Papers — 
which wiU, it is trusted, be found useful as an exercise for the student. 
In the Second Edition seyeral additional propositions haye been incorpo- 
rated in the work for the purpose of rendering it more complete, and the 
Collection of Examples and l^blems has been largely increased. 



ELEMENTARY HYDBOSTATICSL 

WITH NUMEEOUS EXAMPLES AND SOLUTIONS. 

By J. B, PHEAR, M.A. 

Fellow and late Mathematical Lecturer of Clare College. 

ond Edition. 156 pp. (1857). Crown 8vo. cloth. 5*. 6d, 

*An excellent Introductory Book. The definitions are yery clear; 
descriptions and explanations are sufficiently full and intelligible ; the 
»tigations are simple and scientific. The examples greatly enhance 
ralue."— English Jouknal op Education. 

Dhis Edition contains 147 Examples, and solutions to all these cx- 
)les are giyen at the end of the book. 
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A TREATISE ON ATTItACTIONS, 
LA PLACETS FUNCTIONS AND 
. THE FIGTJBE OF THE EABTH. 

By J. R. PRATT, M.A. 

Archdeacon of Calcutta, late Fellow of Gronville and Gains College, 
Cambridge. 

Crown 8vQ. 126 pp. (i860), cloth. 6s. 6d, 

In the present Treatise the author has endeayoured to supply the want 
of a work on a subject of great importance and high interest— La Place's 
Coefficients and Functions and the calculation of the Fig^ure of the Earth 
by means of his remarkable analysis. No student of ^e higher branches 
of Physical Astronomy should be ignorant of Laplace's analysis and its 
result — " a calculus," says Airy, ** me most singular in its nature and the 
most powerful in its application that has eyer appeared." 



DYNAMICS OF A SYSTEM OF EIQID 
BODIES. 

WITH NUMEROUS EXAMPLES. 

By EDWARD JOHN ROUTH, M.A. 

Fellow and Assistant Tutor of St. Peter's College, Cambridge. 

336 pp. (i860). Crown 8vo. cloth, ios, 6d. 

The numerous Examples which will be found at the end of each 
lapter haye been chiefly selected from the Examination Papers set in 
le Uniyersity and Colleges of Cambridge during the last few years. 
ONTBNTs : Cnap. I. Of Moments of Inertia. — II. D'Alemberfs Prin- 
ple. — III. Motfbn about a Fixed Axis. — IV. Motion in Two Dimen- 
ons. — ^V. Motion of a Rigid Body in Three Dimensions. — ^YI. Motion 
: a Flexible String.— VII. Motion of a System of Rigid Bodies.— YIII. 
f Impulsiye Forces. — ^IX. Miscellaneous Examples. 
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A TREATISE ON OPTICS. 

By 8. PARKINSON, B.D. 
Fellow and Assistant Tutor of St. John's College, Cambridge. 

304 pp. (1859). Crown 8vo. 10*. 6i. 

The present work may be regarded as a new edition of the Treatise on 
Optics^ by the Eev. W. N. GrS^ which being some time ago out of 
print, was very kindly and liberally placed at my disposal by the author. 
The author has freely used the libeity accorded to him, and has rearranged 
the matter with considerable alterations and additions — especially in those 
parts which required more copious explanation and illustration to render 
the work suitable for the present course of reading in the University. 
A collection of Examples and Problems has been appended, which are 
sufficiently numerous and varied in character to afford an useful exercise 
for the student : for the greater part of them recourse has been had to 
the Examination Papers set in the University and the several Colleges 
during the last twenty years. 

Subjoined to the copious Table of Contents the author has ventured to 
indicate an elementary course of reading not unsuitable for the require- 
ments of the First Three Bays in the Cambridge Senate House Ex- 
aminations. 



GEOMETBICAL TBEATISE ON CONIC 
SECTIONS. 

WITH A COPIOUS COLLECTION OF EX AM PLES. 

By W. H, DREW, M.A. 

Second Master of Blackheath School. 

121 pp. (1857). Crown 8vo. cloth. 4*. 6d, 

In this work the subject of Conic Sections has been placed before 
the student in such a form that, it is hoped, after mastering the ele- 
ments of Euclid, he may find it an easy and interesting continuation oJ 
his geometrical studies. With a view also of rendering the work a com- 
plete Manual of what is required at the Universities, there have beei 
either embodied into the text, or inserted among the examples, everj 
book-work question, problem, and rider, which has been proposed in the 
Cambridge examinations up to the present time. 
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A TBEATISE ON PLANE CO-OBDINATE 
OBOMETBY 

AS APPLIED TO THE STRAIGHT LINE AND THE 
CONIC SECTIONS; 

By I. TOBSTJNTER, M,A. 

Second Edition. 316 pp. (1858). Crown 8vo. cloth. io«. 6d. 

This Treatise exhibits the subject in a simple maniLer for the benefit of 
beginners, and at the same time includes in one volume all that 
students usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, the methods of abridged 
notation, which are of more recent origin, have been introduced ; these 
methods, which are of a less elementi^y character than the rest of the 
work, areplaced in separate chapters, and may be omitted by the student 
at first. The Examples at the end of each chapter will, it is hoped, furnish 
sufficient exercise, as they have been carefally selected with the view of 
illustrating the most important points, and have been tested by repeated 
experience with pupils. 



EXAMPLES OF ANALYTICAL 
GEOMETBT OF THBEE DIMENSIONS. 

ColUeted hy L TOBHUNTER, M.A. 
76 pp. (1858). Crown 8vo. cloth. 4*. 



A collection of examples in illustration of Analytical Geometry of 
Three Dimensions has long been required both by students and teachers, 
and the present work is published with the view of supplying the want. 
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CONIC SECTIONS AN] 
GEOMETB 

WITH NUMEEOUS EASY EXAMP 
ABRANGED. 

By Q. H. PUCK J 

Principal of Windeimer 

Second Edition. 264 pp. (1856). 

This book has been written with special 
and misapprehensions which commonfy best 
mences. With this object in view, the earli( 
dwelt on at length, and geometrical and i 
analysis have been introduced. The Exam 
are mostly of a very elementary description, 
be found to contain all that is required by 
and by the generality of students at the Uni 
as a preparation for such as may wish to e 
treatises. 



THE DIFFERENTIAL 

By L TODEVNTE. 

Third Edition, 398 pp. (i860) CroT 

This work is intended to exhibit a compi 
ential Calculus on the method of Limits, 
portions, explanations have been given in conf 
that a reader who is withog^ the assistance < 
acquire a competent acquaintance with the i 
vestigation of a theorem has been frequently 
that the student derives advantage from v 
under different aspects, and that, in order to i 
which he may have to undergo, he should be 
variety in the order of arranging the several 
for a corresponding variety in the mode of dc 



Digitized by VjOOQ IC 



12 

THE INTEOSAIi CAIiCXTIiUS AND ITS 
APPLICATIONS. 

By L TODHUNTER, M.A. 

268 pp. (1857). Crown 8vo. cloth. 10*. 6d. 

In writing the present Treatise on the Integral CaleuluSf the object has 
been to produce a work at once elementary and completer-adapted for the 
use of beginners, and sufficient for l^e wants of advanced students. In 
the selection of the propositions, and in the mode of establishing them, 
the author has endeavoured to exhibit fully and clearly the principles of 
the subject, and to illustrate all their most important results. In order 
that the student may find in the volume all that he requires, a large 
collection of Examples for exercise has been appended to the different 
chapters. 

DIFFEBENTIAL EQUATIONS. 

By GEORGE BOOLE, D.C.L. 

Professor of Mathematics in the Queen's University, Ireland. 
468 pp. (1859). Crown 8vo. cloth. 14*. 

The Author has endeavoured in this treatise to convey as complete an 
account of the present state of ]aiowledjg;e on tiie subject of tiie Difi&rential 
Equations as was consistent with the idea of a work intended, primarily, 
for elementary instruction; The object has been first of all to meet the 
wants of those who had no previous acquaintance with the subject, and 
also not quite to disappoint others who miffht seek for more advanced 
information. The earlier sections of each chapter contain that kind of 
matter which has usually been thought suitable for the beginner, while 
the latter ones are devoted either to an account of recent discovery, or to 
the discussion of such deeper questions of principle as are likely to 
present themselves to the reflective student in coimection with the methods 
and processes of his previous course. 

The CAIiCXTIiXJS of FINITE DIFFEBENCES 

By GEORGE BOOLE, D,C.L. 

248 pp. (i860). Crown 8vo. cloth. 10*. 6d. 

In this work particular attention has been paid to the connexion of the 
methods with those of the Differential Calculus — a connexion which in 
some instances involves far more than a merely formal analogy. The 
work is in some measure desu;ned as a sequel to tiie Author's Treatise on 
Differential EquatMne, and it has been composed on the same plan. 
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SENATE-HOTTSE MATHEMATICAL 
PROBLEMS. 

WITH SOLUTIONS. 

1848-51. By FERRERS and JACKSON. 8vo. 168, 6d, 
1848-51. (RiDBKs). By JAMESON. 8vo. Is. 6d. 
1864. By WALTON and MACKENZIE. 8vo. 10*. 6rf. 
1867. By CAMPION and WALTON. 8vo. 8*. 6d. 
1860. By ROUTH and WATSON. Crown 8vo. 7«. 6d, 

The above books contain Problems and Examples which have been i 
in the Cambridge Senate-house Examinations at various perio 
during the last twelve years, together with Solutions of the sau 
and wiU afford Teachers and Students who are livine at a distai 
£rom the University a better idea of the nature of the studies and 1 
best methods of pursuing them than anything else would. T 
Solutions are in all cases given either by the Examiners themselves 
under their sanction. 



A COLLECTION OF MATHEMATICA 
PBOBLEMS AND EXAMPLES. 

WITH ANSWERS. 

By m A. MORQANy M,A. 

Fellow of Jesus College, Cambridge. 
190 pp. (1858). Crown 8vo. 6«. 6d. 

This book contains a number of problems, chiefly elementary, in t 
Mathematical subjects usually read at Cambridge. They have be 
selected from the papers set during late years at Jesus College. Ye 
few of them are to be met with in otner collections, and by far t 
larger number are due to some of the most distinguished Mathematicia 
in me University. 

MATHEMATICAL TBACTS 

ON THE LUNAR AND PLANETARY THEORIES, FIGUI 
OF THE EARTH, THE UNDULATORY THEORY C 
OPTICS, &c. 

By the ASTRONOMER ROYAL, G. B. Aiet, M.A. 

Fourth Edition. 400 pp. (1858). 8vo. 15*. 
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THEOBY of EBBOBS of OBSEBVA- 

TIONS ANI> THE COMBINATION 

of OBSEBVATIONS. 

By the ASTRONOMER ROYAL, G. B. Aiet, M.A. 

103 pp. ( 1 86 1 ). Crown. 8vo. 6*. 6d. 

In order to spare astronomers and obserrers in natural philosophy 
the confnsion and loss of time which are produced by referring to tfaie 
ordinary treatises embracing both branches of Probabilities, the author 
has thought it desirable to draw up this work, relating only to Errors of 
Observation, and to the rules derivable £rom the consideration of these 
Errors, for tiie Combination of the Results of Observations. The Author 
has thus also the advantage of entering somewhat more fully into several 
points of interest to the observer, than can possibly be done in a General 
Theory of Probabilities. 

THE CONSTRUCTION OP 
WBOTTGHT-IBON BBTDGES. 

EMBRACING THE PRACTICAL APPLICATION OF THE 

PRINCIPLES OF MECHANICS TO WROUGHT-IRON 

GIRDER-WORK. 

By J. HERBERT LATHAM, M.A., CwU Engines. 

** The great merit of this book is that it deals with practice more than 
theory. All the calculations in the book connected with the strength of 
^(irders are based upon their actual application which abounds in practical 
investigations into girder- work in aU its bearings, and will be welcomed as 
<me of the moat valmble contributiona yet made to this important branch of 
engineering** — Athbn^tjh. 

HISTORY OP THE PROGRESS OP 
THE OALCUIiUS OF VABIATIONS 

DURING THE NINETEENTH CENTURY. 
By L TODHUNTERy M.A. 

Fellow and Principal Mathematical Lecturer of St John's Coll. Camb. 

It is of importance that those who wish to cnltiyate any subject may 
be able to ascertain what results have already been obtained, and thus 
reserve their strength for difficulties which hare not yet been conquered. 
And those who merely desire to ascertain the present state of a subject 
without any purpose of original investigation will often find that tiie 
studj of the past history of that subject assists them materially in ob- 
taining a sound and extensive knowled^ of the condition which it has 
attained. The Author has endeavoured in this work to ascertain distinctiy 
what has been exacted in the Progress of tiie Calculus, and to form some 
estimate of the manner in which it has been effected : accordingly, unless 
the contrary is distinctiy stated, it ma^^ be assumed that any treatise or 
memoir ^pekting to the Calculus of Variations which is described in this 
work has undergone thorough examination and study. • 
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HELP TO LATIN GSAMMAB. 

WITH EASY EXERCISES, BOTH ENGLISH ANb' LATIN, 
QUESTIONS AND VOOABULAEY. 

By J. WRIGHT, M.A. 

Head Master of Sutton Coldfield School. 

^75 PP* ('^5S)- Crown 8vo. cloth. 4«. 6d, 

"This book aims at helping the learner to overstep the threshold 
difficulties of the Latin Grammar; and never was there a better aid 
offered alike to teacher and scholar in that arduous pass. The style is at 
once familiar and strikingly simple and lucid ; and the explanations pre- 
cisely hit the difficulties, and thoroughly explain them. It will also 
much &cilitate the acquirement of English Grammar." — ^English Journal 
OP Education. 



THE SEVEN EINaS OF SOME. 

A FIEST LATIN READING BOOK, ABEIBGED FROM LIVY, 
BY THE OMISSION OF DIFFICULT PASSAGES, WITH 
NOTES AND INDEX. 

By J. WRIGHT, M.A. 

Second Edition. 138 pp. (1857). Fcap. 8vo. doth. 3*. 

This work is intended to supply the pupil with an eas^r Construing-hook, 
which may, at the same time, he made tiie vehicle for instructing him in 
the rules of grammar and principles of composition. These branches of 
the study of Latin seem to the author to haye hitherto been kept too much 
apart. Boys haye construed their Delectus, or Eutropius, or Nepos, and 
have gone elsewhere for their grammatical exercises. Nor can this he 
wondered at. An educated man must feel posltiyely ashamed of taking 
his pupils away from our good English authors, and setting before him 
instead a Delectus or Eutropius. He therefore skims over them as 
lightly, and escapes £nom them as quickly as possible, and has recourse 
for his composition lesson to one of the many exercise-books which 
swarm from our educational press. To remedy these eyils this book 
has been published. Here liyy tells his own pleasant stories in his own 
pleasant words. What is omitted, is that which no one can wish 
a beginner to learn, and which may be better learnt elsewhere. Let 
Liyy be the master to teach a boy Latin, not some English collector of 
se^tenceB, and he will not be found a duU ond. 



Digitized by VjOOQ IC 



16 



VOCABTJLABY AND EXEBCISES 
ON ''THE SEVEN KINGS OF SOME." 

94 PP* (i^S?)' Crown 8vo. cloth. 28. 6d. 

The Yocabulary is published apart from the Text in order to suit the 
views of those who prefer their pupils to consult a general dictionary. 
As the aim of the Text is to teadi tl^e elements of grammar, so the 
Exercises are intended to test the pupil's knowledge of grammar. Indeed 
there is hardly an ordinary Latin construction wmch is not illustrated in 
the text, explained in the notes, and proved in the exercises. 



HELLENICA. 
A First Greek Beading Book. 

Si DIODORUS AND THUCYDIDES. WITH VOCABULAEY. 

By J. WRIGHT, M,A, 

Author of "A Latin Grammar." 

ttd Edition. 150 pp. (185 1). Fcap. 8vo. doth. ^8, 6d. 

. the last twenty chapters of this volume, Thucydides sketches the 
tnd progress of me Athenian Empire in so clear a style and in such, 
e language, that the author doubts whether any easier or more 
Lctive passages can be selected for the use of me pupil who is 
lencing Greek. 



FIBST LATIN CONSTBTHNG BOOK. 

By EDWARD THRING, M.A. 

Head Master of Uppingham School. 

104 pp. (1855). Fcap. 8vo. 28. 6d. 

lis Construing Book is drawn up on the same sort of graduated scale 
9 Author's English Grammar. Passages out of the best Latin Poets 
radually built up into their perfect shape. The few words altered, or 
ted as the passages go on, are printed in Italics. It is hoped by 
plan that the learner, whilst acquiring the rudiments of language, 
store his mind with good poetry and a good vocabulary. 
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DEMOSTHENES ON THE CEOWN. 

WITH ENGLISH NOTES. 

By B. DRAKE, M.A. 

Late Fellow of King's College, Cambridge. 

Second Edition. To whicli is prefixed .^schdtes asainst 
Ctesiphok. With Englisli Notes. 

287 pp. (i860). JFcap. 8vo. doth. 5*. 

The first edition of the late Mr. Drake's edition of Demosthenes de 
Corona having met with considerable acceptance in yarions Schools, and 
a new edition being called for, in accordance with the wishes of many 
teachers has been appended the Oration of iBschines against Ctesiphon, 
with useful notes by a competent scholar. 

DEMOSTHENES ON THE CBOWN. 

TRANSLATED INTO ENGLISH. 

By J. P. N0RRI8, M.A. 

H.M. Inspector of Schools. 

(1850). Crown 8vo. 3«. 

" Admirably representing both the sense and style of the original." 
-^Athenaux. 

THTJCYDIDES. Book VI. 

WITH ENGLISH NOTES, MAP AND INDEX. 

By P. FROST, Jun., M,A. 

Late Fellow of St. John's CoDege, Cambridge. 

8yo. doth. *js. 6d. 

It has been attempted in this work to facilitate the attainment of 
accuracy in translation. With this end in view the Text has been treated 
grammatically. 

JEISCHYU EUMENH^ES. 

WITH ENGLISH VERSE TRANSLATION, COPIOUS 
INTRODUCTION, AND NOTES. 

By B, DRAKE, M.A. 

Editor of ** Demosthenes de Corona." 

" Mr. Drake's ability as a critical Scholar is known and admitted. In 
the edition of the Eumenides before us we meet with him also in the 
capacity of a Poet and Historical Essayist. The translation is flowing 
and melodious, elegant and soholarlike. The Greek Text is well printed : 
the notes are dear and useful." — Guardian. 
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ELEMENTS OF GBAMM 
IN ENGLISE 

WITH QUESTIONS 

By EDWARD THRINi 
Head Master of Uppingham Gxtu 

Third Edition. 136 pp. (i860.) '. 



THE CHILD'S ENGLISH 

By the same Autho 

New Edition. 86 pp. (1859). D 

The Author^B effort in these two books has h 
beaten, every-day path, carefully avoiding dig] 
and eccentricities of language. This Work to 
ings in National Schools, and the whole of 
the writing out in order the answers to qui 
used already with success. The study of ( 
been much neglected, nay by some put on one 
There was perhaps much ground for this opinio 
trary rules thrown before the student, which a] 
number of instances, but would not work at all 
always be the case when principles are not put i 
of ambiguities. The present work does not, 
a compendium of idioms, or a philological treat 
in other words, its intention is to teach the 1 
write correctly, and to understand and explain t 
others. Its success, not only in National Scho< 
which it took its rise, but also in classical sdi 
ment. 

SCHOOL SONC 

A COLLECTION OP SONGS F( 

9Bii\i i\it pnstc ^txwxfjth iai 

EdiUd by the Rev. M TRRING, c 

Mudc Size. 7*. 6< 
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ST. PAUL'S EPISTLE TO THE BOMANS. 

THE GREEK TEXT WITH ENGLISH NOTES. 

By a J. VAUGUAN, D.B. 
Head Master of Harrow School. 

Second Edition. Crown 8yo. doth (1861). 5«. 



By dedicating this work to liifi elder Pupils at Harrow, the Author 
hopes that he si&cieutly indicates what is and what is not to be looked 
for in it He desires to record his impression, derived £rom the experience 
of many years, that the Epistles of the New Testament, no less than the 
Gospels, are capable of furnishing useM and solid instraction to the 
highest classes of our Public Schools. If they are taught accurately, not 
controversially; positivdy, not negatively; authoritatively, yet not 
dogmatically ; taught witn dose and constant reference to ueir literal 
meaning, to tlie connexion of their parts, to the sequence of their argu- 
ment, as well as to their moral and spiritual instruction; they wiU 
interest, they will inform, they will elevate ; they will inspire a rever- 
ence for Scripture never to be discarded, they will awaken a desire to 
drink more deeply of the Word of God, certain hereafter to be gratified 
and fulfilled. 



RELIGIOUS CLASS BOOKS. 

THE CHURCH CATECHISM ILLUSTRATED AND Ex- 
plained. By ABTHUB BAHSAY, M.A. 304 pp. (1854). i8ino. cloth. 

NOTES FOR LECTURES ON CONFIRMATION: With 

Suitable Prayers. By C. J. YAUGHAN D.D. TUid Edition. 70 pp. (1859). 
Fcp. 8yo. 18. 6d. 

HAND-BOOK TO BUTLER'S ANALOGY. By C. A. 

SWAINSON, M.A. 55 pp. (1856). Crown 8to. i«. 6d, 

HISTORY OF THE CHRISTIAN CHURCH DURING 

THE FIB8T THREE CENTURIES, AND THE REFORMATION IN ENG- 
LAND. By WILLIAM SIMPSON, M.A. yn pp. (1857). Fop. 8to. clotli. 5«. 

ANALYSIS OF JPALETS EVIDENCES OF CHRISTI- 
ANITY. By CHARLES H. CROSSE, M. A. 115 pp. (1855). l8mo. 3f. 6d. 
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UANT7AIi8 FOB THEOLOOIOAIi STUDENTS-Continiied. 

HISTOET OF THE BOOK OF COMMON 

PRAYER. With a Rationale of its Offices. By FRANCIS 
PROCTER, M.A. Fonrth Edition. 464 pp. [I860]. Crown 8vo. 
cloth. 10*. 6d, 

The Subject of this Book has been already treated by numerous 
writers of distinction. When the present series of Manuals was projected, 
it did not appear that any one of the existing volumes taken singly was 
available for the desired object. In the course of the last twenty years 
tiie whole question of liturgical knowledge has been reopened with great 
learning and accurate research, and it is mainly wil^ the view of epito- 
mizing their extensive publications, and correcting by their help the 
errors and misconceptions which had obtained currency, that the present 
volimie has been put together. 



HISTORY OF THE CANON OF THE NEW 

TESTAMENT DURING THE FIRST FOUR CENTURIES. 
By BROOKE FOSS WESTCOTT, M.A. 694 pp. [1866]. 
Crown 8vo. doth. 128, 6d. 

The Author has endeavoured to connect the histoiy of the New Testa- 
ment Canon with the growth and consolidation of the Catholic Church, 
and to point out the relation existing between the amount of evidence 
for the authenticity of its component parts and the whole mass of Christian 
literature. Such a method of inquiry will convey both the truest notion 
of the connexion of the written Word with the living Body of Christ, and 
the surest conviction of its divine authority. 



INTRODUCTION TO THE STUDY OF THE 

GOSPELS. By BROOKE FOSS WESTCOTT, M.A. 468 pp. 
[I860]. Crown 8vo. doth. 10». 6rf. 

The title of this book will explain the chief aim which the Author 
had in view. It is intended to be an Introduction to the Studff of the 
Gospels. The Author has therefore confined himself in many cases to 
the mere indication of lines of thought and inquiry from the conviction 
that truth is felt to be more precious in proportion as it is opened to us 
by our own work. In a subject which involves so vast a literature much 
must have been overlooked ; but the Author has made it a point at least 
to study the researcheB of the great writers, and consciously to neglect 
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KEPT IN VARIOUS BINDINGS BY THE PUBI 
TOM BKOWN'8 SCHOOL DAYS. Br An Old 

Edition. Fcap. Svo. cloth. 5«. 

THE HEEOES; or GREEK FAIRY TALES 

KiNOBLET, Hector of Eversley. Second Edition, with E: 
Imperial i6mo. cloth, gUt leaves. 5«. 

DAVID, EUSTG OF ISRAEL; Readings f 

With Six Illvstbations. By J. Wbioht, M.A. 
5«. 

LITTLE ESTELLA AND OTHER FAIRY ' 

i6ino. cloth. 5«. 

DAYS OF OLD: STORIES FROM 01 

HISTORY of the Druids, Anglo-Saxons, and the Cmsac 
of Bttth AMD Hbb Fbiends. Imperial i6mo. cloth. 5«. 

RUTH AND HER FRIENDS. A Story for 

Edition. With a Frontispiece. Imp. i6mo. cloth. 5«. 

OUR YEAR: A Child's Book in Prose and A 

Author of "John Halifax." Nnmerons Illustrations. Bo 
leaves. 5s, 

WESTWARD HO! THE ADVENTURES 01 

LEIGH in the Reign of EUzabeth. Third Edition. By 
Crown 8vo. cloth. 6», 

TWO YEARS AGO. By Charles Kingslet. 

Crown 8vo. cloth. 6$, 

THE RECOLLECTIONS OF GEOFFRY H 

HENRY KINGSLEY. Secokd EnrriON. Crown 8vo. d 

GLAUCU8; or, WONDERS OF THE SHORE 

KiMosLBT. Illustrated Editiok, containing Coloui 
the objects mentioned in the Work. Imp. i6mo. 

ESSAYS, CHIEFLY ON ENGLISH POETl 

Masson, M.A. Svo. cloth, lis. 6d. 

THE REPUBLIC OF PLATO. Translated i: 

J. Llewellyn Davibs, M.A., and D. J. Vatjohan, M.A. £ 
cloth. io«. 6d, 

ARCHER BUTLER'S HISTORY OF AN 

LOSOPHY. a vols. Svo. cloth, i/. 5*. 

HISTORY AND RATIONALE OF THE BC 

MON PRAYER. By F. Pboctek,m:a. 4th Edition. Crow 

HISTORY OF THE CHRISTIAN CHUR< 

THE MIDDLE AGES AND THE REFORMATION 
Habdwicx. a vols. Crown Svo. cloth. io«. 6d. eachvolu 

HISTORY OF THE CANON OF THE NEW ' 

By B. F. Westcott, M.A. Third Edition. Crown Svo. do 

INTRODUCTION TO THE STUDY OF TB 

By B. F. WESTCOTT, M.A. Crown Svo. cloth. io». 6d 

GEORGE BRIMLET8 ESSAYS. Second I 

Svo. doth. 5«. 

THE PLATONIC DIALOGUES FOR ENGLIS 

By W. WHEWELL, D.D. 2 Vols. Fcp. Svo. doth. 14 
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FORTHCOMING BOOKS. 

First Book of Algebra. For Schools. By 

J. C. W. ELLIS, M.A., and P. M. CLAEK, M.A., Sidney Sussex 
College, Cambridge. [iV^parm^. 

An Elementary Treatise on Quaternions. 

With numerous Examples. By P. G. TAIT, M.A., Professor of 
Natural Philosophy in the University of Edinburgh. [Preparing, 

A Treatise on G-eometry of Three Dimen- 
sions. 

By PEBCIVAL FROST, M.A., St. John's College, and JOSEPH 
WOLSTENHOLME, M.A., Christ's College, Cambridge. 

[In the Press, 
\* The Firet Portion has been issued for the convenience of Cambridge Students. 

A Treatise on Trilinear Coordinates. 

By N. M. FEBBERS, M.A., Fellow and Mathematical Leotorer of 
Gonyille and Caius College. [In the Press, 

Aristotelis de Ehetorica. With Notes and 

Introduction. By E. M. COPE, M.A., Fellow and Assistant Tutor 
of Trinity College, Cambridge. 

The New Testament in the Original Greek. 

Text revised by B. F. WESTCOTT, M.A., and F. J. HOBT, M.A., 
formerly Fellows of Trinity College. 

Winer's Grammar of the New Testament 

IDIOM. Freely Translated and revised by the Bev. F. J. A. 
HOBT, M.A., formerly Fellow of Trinity College, Cambridge. 

MACMILLAN AND CO. 

AND 28, HBNBIETTA STBEBT, COVBNT GABDEN, LONDON, W.C. 



Imatl^ f simnr, f nnier, Cambriiygt. 
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